R T G o
" | UNTT-V s

Bounalcvuj Value probloms:

A PﬂOblErﬂ un which we howe to Solv
at The ard PDMIZB:{

g A A)mehd

f _ eﬁluaﬁvn ad,on? with conditions gpgujﬁ'ed
an antowvel Cise, at Hhe boundany), us called pounda™¥yf Value
problom - Thone ane boundany Value problams for ordinary

differenti ol Etlua’ciur\& Lea. banounj 04 beams) ard parttial difjomtid
ec),uah“’m (29, one Adimansional  Wove uluaHon, haak oq uation 2te)

| Often, analytical Solutions [ clpsed foam SoWitors) ans rot

Owoilable o4 Hhose problems and Sp we U2 numodcal  teshnigial
| Classification of Second enden Linzwr pantiad diff sential oquation
The genotal Jonm of Secwond onden linear PDE us,

2 2 2’ au 2
AZU S pdd e 528 4p0b o,
x> udy 2y* 0% 2Y ‘%

T

whoe AB,----- 61 are functions of seand y .

t The 9ennal fonm of Second endent uasi - Linpan pDE us,

2 2
AZL 4 U 4o DUy (ng,u,du 2o,
92 3y ay* %7y

Here £ aims uhvoivir? Sewnd oadet pantial dendvatives :

alore gne A%ujﬂld to be Llincan .
The above cquations ane Classidfied og :

| - QWPHQ 'j B?:'Hﬂ-c 0

* a patabolic, : fR kB

&
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We disuns hone, 4, Finite difforncs mathod for Slvirg

| ot~ dimensional oy 24 uation and pne ard two dimarsioral

| hoat equations.
The classifiation of gpme \m postant PDENE
|- Two - diraernsional "I.Qa:t @C[(uaﬁon um St@adﬂ Sf:aie
(Laplacwe Q_xluah'Dﬂ)'-
Uz + Uyg =0.
Here, A=, B2o, c=1
“BL pAC=-KLO
" The equation s of elliptic type.
<. poisson uluah‘on'.
Ut + Uyy = £(20Y)
A=), B=0,C=
 The eﬁtunh‘on w of elliptic type.
& - One—dimméional W%mt—iom

O'u_ _ a8y

“on’ AE

Here Az1, B=0, C=0.
2, R IPRCED:
. The %uﬂ‘ﬁﬂn us of panabelic type.

4 - One- dirmensional  Wowe equation.

| D n 0 A%
aE? 2n?
| ) AigAAHEE gl o
5 e i ax? at*
- aﬂ Bap, L=l : = B 4Ac=haso.
Thg ﬂuﬂt’mﬂ us 0f l’E{PMbobc mp&g'
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' paoblems!

Clarsify the (ﬁ)lLowina PDE'S!

I fp(ﬂ'f')f){!j«f;fﬂlj"o.

A=y B2 Ln)
SBLAAC = h-h=p .
- The 2quation us pasiabolic -
:Fm("“ffsg =0
A=\, B=0,c=--2
BL s4Ac-42x.
2 The aLuah'on us
elliptic if % <o
Patabolic i -0

hypaoibolic if %>0

Ellptic Equations CLaplate equation and. Poilson oguation).
Lapmm Ectu ation’
Lapla e Qiuation, un two dimensions ub given by,

3;52 £ %_} =0 or UyxtUyy =0 (0w tu=p

Standand five-point formula

Congi dwrt The equation, @20 o 23w
Du 692

We roplace the pantial derivotives by the C‘aN\MPond-l"}
diff eance quotients
o DR T ) puiga
| T{ we take h 2K (1,0 Squone mash ) w'-a'-b;

=0

& ‘?;f‘i'k B

| Scanned with CamScanner



e

NIRRT
u' ' . [
),y + ul'-l,J i UF,J'-H + u;u--. "llul,J"o'

U"' ':_L \ .
LN | h[u"f‘l’,j. +u"~l;j+u"1..l'f'+ uf;J—-l] —2(,

This us called Standard five point foamuda -

According by s Lo i Hhe value of U ab any intesiot
gh-id PDEI’I": 1< "ﬁj_ Mwage D,JC the Valueh of U at the CfoMjf‘)d

points noan it, namely the two points just above and below tha

given point and fRe two point o e

JUJN? 0§ The 3ivm point -

Uij+
U.i-l,j UllJ . Uiil'bj
Ui'\_j__",'__ o Jow

The value 05 U ak A= average
|

and "

Dl‘a,aonal £ive Poin{: Jormula

Laplac ezLuﬂ’dOﬂ Jom aind ‘ wun changed whan the ¢o -ovdindds

e s ndtatzd TRrRUEN G5 o IRt Gl MR to-inside with dhe

alsoe tnke valle od Wy,
d.mﬂorwdé #‘nough(«'u) S0 we may 13 tha )

at tha neansst diagoral
| ¢ o0f tha values of U
_,aA the owerag i

| 18]

g

iy g ol e e, b T u“’"‘l{l

.—_?'7 P
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N g

Ui, j+ Ujar gt

u.-,_j

U~ ,j = uu‘-”o_‘j"

The Valie of W at A - avetage of fhe Valuss of U at B ¢q,¢

Note:
Standard five-point fonmula ( SFpF) us preferrsd o

djaamal dive point foamula (DFPF) Sine the @uion un DFPF

ow Eimes that un SFPF-

’ Lolution of laplace equation by Liebmannis | tenation prow«
i Considut a Squane mﬂa\on, with the valuzs of u ﬁ'lvmd:
The grid points on Afhe bounday - To solve Lapla aimﬁon,gﬁm

these boundany conditions, we divide TRe given Sq uane ngi&n

AT gty

‘ unbo a network of |6 SuB._‘chuMu.
ot t82 Valus of u on mf,ow,dwuj i 51y TR
@rdl points be W, U3,.----- Ug as un fta figune
b'g’ ba _h.! lu._ T

LTS O Sy

= one 0 ot Tl P \-.-J
. R EoTsrmats
¥ ol ol D " ¥
k

< 4 ik Bt

Scanned with CamScanner



T RS TR,

1ﬁ‘eiya&mpn6 q tUﬁﬁnowns unLh!'

To dind initiay Valugs of

i : uz, d
i Finst find Ue¢ w;'mg SFPF, than we $ind U,,U3, 47,

Ug WIng DFPE and Hhan PR
02 Ug- IJ; C By 8 BbibiE) ¢ SEPP)
Ui =L ChitbatUs +bis) C DFPF)
uz= L (b3+bg+bitus) (DFPF)
U= JE ( bis +Us +by+by3z) (DFPF)
Uq = JLT ( uc+b+ba+ b LDFPF)
Ua = Ji? ( u, +b3+uz +us) { SFPF)
Uy = "1? ( big + Uy +-us +47) (SFPH)
ue = 4 ( Us+Us +bg+Ua) (SFPF)
( <FPF)

ug = JE Lus +Ug+Ug +bu)

Now that we hove got fRe initial value o u ot all
the internol qw‘d Points,wa. itemate 10 TRe onden uugy---Uq ,
M‘:rtj CEPES aj_wa,a/,. us ing tte dotest available values s

cn) wn)
(n+) _ (n+) (n+1) LIRS e by )
u"«lj v —h(ui'l:‘j +u'l;J'-H 4 ul-l'lu 1y -1

whae 1ha Sup s pupls Adonolte the ) Eeration numben This

Bl He vaues of U ab each point cuw etlwul upte desired
ar;wﬂaxg in two Successive itemations.

bb USI"a 5FPF ai' -rpe mmunbmongud Points, we an foam 9

idol mathod .

Scanned with CamScanner
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poisson Fquation

' The Sewne onden portial Ai fferential eq uation,
v3u = 4 (2,Y) (07

_Qau_ + agl.'— =
ax* oy’

W Called poisson utuat'mn-
Numedcal Solution of PoiSson Eclmﬁom

Considon o 89 uane Naion, with The values o4 u |
given dt the grd points on the boundary We W"Sh*"*“”.u
Poisson equation with 4o given boundony (ondibions and obtni,l;
The valuis 0§ u ak +Hee unterion grid points.

Substitute tRe pantial dotivatives by He Connespondity
difjmance quotionts and puk x=ih, y=jh tie takean =0,

Y=o and h=k) as in previows discussions) . |

\,\jajd;l
Ui-r,j = 2Ui, 5 + Yin,g g Uigj—1 = 2Uj,j+ Ui, +)
h* h*
=4Cih,jh)

Wicij H Wi, i+ U5 - = k24 (Gingh)
Ui, 3+ Yign g+ Y4 LT —hf:d = h?§tihgh
L>0

APptg mluauon O ot each lntgier mah, Ppm'h melw
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PaﬂabDUL Eﬁ}lah‘onf
Ore - dimensional We‘tmﬁmc

Heat equation W a Secwnd onder Linean pontiol
du{ferential equation wrfich closuibesr e Ais tydbution of peak
W a  given egion o'vwr a puod of h‘m:l-'TM D;I;*A;’“”“i"‘l
| heat equation modus tte flow of hoak un a Yod ot s

wi sulaled mﬂg Hhe Sides Sothat +hore us no doss oF haat- -

' The tempotatune u un Hpe wd dopencs &n fwo-varia b les - X
 (position en the wd) and + (Hime)- We consider orly sne
dirmension of fhe vod, +he Jﬁa‘tﬁ. Henwe The name one -

dimonsional Sine +he thickness us assumed to be ngligible

Cornp aned to He J.v_nﬂ‘l'h Henw tHhe Name one - dimanAi onal
\ heat e:LuaHon- The 39.nofra1 one - direnAional  heat equation us,
i @E— = C} ._..____-alq

‘ ok ax*

| ] _ .2

Ci,e) ut" C Uxx .

whoe Ca‘:,é.‘a-_ ut the thermal diffusivily, a tonstant

s which dﬂ.Pmou en the matedel OFf +he vod - K ud R Hhanmal

Condu cbivity , p v the depsity and o us the Spedfic hoat

~ Capauky of 1re mateual &f The ved.




whne 4 W The ijfrﬁ of e vod- £t and £20t)

ant functions Of t (usually Constants) and $3(0) ub o Jundim,

of A-

Numerical Solution o one ~dimensional  heat %uaﬁom
We disaws two methols 4o Solve -Hhe one- dimansions
heat - e,i_uation nwumeu cally -
| - ExpAicit metiod ~ Benclor - Schmislt metiiod

3 - Imphicit method - Cnank- Nicholson method.

Eaplic’ b method - Bendonr Schmidb method

To Solve +ha one- dimensional heat aqua bi'on
We = C* Uyy , with Initiad and bounday conditions asabove,
Considr Hhe Step -Sizosin dand + B be h and kwaﬁvdd.
 Substituting (2= L in 4, equation, we' have.
Uzx=auy —>@
Now vuplace tha partiod derivatives by the cwwspomﬂ‘nag
i ffersnce quotients to got

Wi j Ui+ Uiy Hisg 41 Uy
2 i G n——k——m-%:_‘!
h K 0
-. u_

iy §H= Uiy ®

e
ah'.l l+‘JJ.-'2‘u|')J.+u|'__iJj)

Now Substitule, 9 . kK
ah?*

LM dtis

JJ A ‘.ul'-H)J Q‘uix_l + Ujy U.)

ul,J-H “u“J =2 tu"""-‘— "J o “H!J ‘H"IrJ)
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The expy ¢y
PUel%:. formula fer Soluin
%uahon W given by

u;

ona - dimarisi onal haok

04 = Aljgy,g + (0 AN+ AUy, ~2D

b X0 <R ol :
4 '{"1 + the expuat fosmula U8 valid ord tha Sution

A Stab le -
us TS A >4 the Solution vis Ungtabla: Whan A2 Hee

above fonmule Ly Simplifted and rwduces tov.

_ u; § »
Wi jg = i HUEL s ®
2

Whith W called Bonder— Schmidt s auene equatiop,
It ws vald only when.

Az K. 2 aal (i ah’
e ) (T A
ah® 2 HA 2

The vaniows terms occuning inthe fomula can be
gupassented Using hodes - Since tha problems unvolve tHimet,
we usually forrn the table Stanbing with t=o in tha Fnst

vwow -

G,e) The Ci+1) 1™ yow omas pelow +he j™ 7ww ., S0 we

napwﬂﬂ‘-' +he points a5,

Uiy jt1

Gioe) VaLWI-a.-f u at :D=wmsz O:I'fhvd.uu

,i

'air‘A‘and £

| Scahhed with CamScanner



_—__,‘ B |
; | 1 . thods
Tmpltik method - Cran - Nit hotgon't metho

A aak oquation
Considen i Oné At u\fJI%"!””\ﬂ‘ /"{’ i’

,f”x 4?“‘ 1”‘
Ao voluses 4 o,

Wi "'h“lnur- Aax by Hhe onentafht of L

A {fomnce 41"\11‘41»‘(” al il';j\ and ([, 41 wo ﬁl};
AUy 4 Ay, 4172 A+ Uj, 41

'AU,‘,“‘I'--XH" lr'l }9(3 ')'Ji;j

F7 uation @ 9iVes (30:19}1(1“ (nank- Nichol son diffa,, J

Scheme - The ternmg g((“)u'n? un the formula moy be

{1
v,

Jepasented as nodes as Shown below.

Bi-1y uj,; Ui,

( 4 F ,

A /

() ()
|3 Uiy, j+1 Ui, j+ Ui+, ]+

T4 we put Azl un oﬂwzh'on @ ,tha élltlﬂhﬂr) neducy o

Lotng. L :
P ul'H)_l'f"’-) ul—l)J'H - Qujk]'*'

Lau . -
7 Ming -4 Auyy

‘j,-l’) u;: : - J_.
2]+ A [Ul =]+ -+ “i+|._j+.+ ui"l._j +

“iﬁ,jj

, The diagnammatic mpzmﬂnfnﬁnq o._f -h?.. torimd
wh QiuHan@u.&, 7
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TR

P A0 blom

The

ui"':_j""

This method s cailed wi pliit method Sinte bY

Ui, j+!

vabe of oy at g. awenage 0 Apa valuws of uak
A'CI.DCLth f a8

applying the fonmula at the wa-LumA peints, we gk equations
Whith honve to Solued to get te 7equirnd valus 0F U- The

fermuwa dloes not give the Solublon diur_Ha,.

Solve dfe eliptic oquation Uy +Uyy=0 for the Followirg Sjuse
mess with bawwlwui Values ok @Apum,.wsr‘rg Jiebman's 1 Eemativr

Uin, g

pho ta dure

Sdutien :
3 s 1 I7-0 £9: ___1|g.;,
0 219
obo 1 2)-0
B2 :'. 9" "'“ 458 3

£
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i R

and dioaomd five P"""t jwmulﬂ (DFPF)

U;,j:'JE_[u;_"J +Uin, Mg

UIJJ - '}r[ui—i_;\'pl*' ul‘f'dl 4 ui”"'}ai'“ T ui").j ""]

After +his, we ituate wsry SFPF-

0 1 \7:0 191 18-6
| f '

0 )y U3 !ul 219 i
| |
) |Ua ug ;ub 12).0 !
: |
D b T NN B 1Ys I7-0 |
]
U ’l - . | - i L q o I
81 12-1 12-8 |

To ;fiﬂcl intial valug | '

The jnibiad Vahwt b oue Jound in the ondam Us, Uyl 3, U, ug |

u" UIHUQ,UQ .

Ug = Ju"[o 170 +210412:10 2) 2-§3 CSFPP)
Us'= JIT[0+|'1-0+I2-S3+0:( = 7.28 C DFPF)

|
Uz = L[170418-6 +21-0412:53]= 1729 (DFPF) |

Ur= L[ 0+12:53412:14+0] =418 ( DFPF) |
Uq 2 ‘L_[;z-r;+1;-o+4-0—!—1:-1]:;3..55 (DFPF)
Ua- JE[‘T-BIH 17 .o+r7-28+!2-53] =13-5S (SFPF?

Uy - J£[0+T'38+l9'53+6' Ib]eb-52 CSFpPR?
up =4 [12:83+ 1M28 4210 H13-46] s lbi2 (sFPF)
Ug = -h '[6-ﬁ5+ 12,83 41346 H2-U= 1n { SFPF)
J "’
Uélg SFPF and always H&lrg e Lalisk Wailable Valugs.
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' j Finst 1Euation «

|
}
; u" - -h[o-ruwu 5S4+ bsaj=T1T9

ujfl) .

=T

Pt S e

L [779110 1728 +12-583] = 1385
uzt¥ - t L13bs+19:74+20 9416120 = 1784

W= 4 [04 779421534 6:16]=6:b2

ug" = L6624 1365 16124011 = 1188
w Y- J‘;[“_&,g,,n.g,ﬂt 21 +13bb] = 1b-10

Uiz J5 Jo+b-b2+ 111 4+8-T]= 661

v gl Jﬂ[é bl+4)1-88 +12-bbH2-1] 2 11:06

(1)
ug —‘%[”-Dﬁ-}lb-lu +1T-0+12:8]= 124
We entu Those values N +he 31-3&! ard tonBinusis. i
1‘
1 o |
11- - __”‘0_“7 i, lq_" ey I 9{:: 5
0 ool Pt 2 4 2l
% SRR
’
| |
| |
o 138 &k fase 367 fodet KTET |
| | | 41 i1gs 1789
| 119 Tk i3es 13
| 1-&4 T8 13-b4 13bS I7- gy 130
.. 1-43 T-£¢ 1363 1368 ‘g1 171-90
.83 113 bs IT- 8¢
m Jus. - o fue — . - Ao
o l | (52 b-bﬁ 12: $3 - as 1o-12 )b 30
| 652 b bl (1 g8 N-ak j6- 1 630
ps8 60 -8 n-46  |1p23  Ib30
| | 467 b-b) I‘".ql a6 |16:27 630
| | 459 |94 jfo- 1 |
| T IR— L B i AU 7 4
o fiigs T e btk oy 1026 1366 1434 |
| b-bl 6764 n-ob 1126 2k 3
651 bba ag 26 w3t k34|
662  b64 124 126 W33 1434
663 n-2$ 1434
e e —————————— S —— AIEENRET] SRR ST g |
o R, 121 i
All e value of u in The grs iteration Cointice wiiR tRe wyom(b} :
;/aim wn -H‘._u prawi DU itausHon Hene we wndud.e_M A !
U TE8S Us= |1,‘16 Ur s 1t ‘16 Ug= 4. 64 : Uq }4 31, : E
'- 4 i Hey : Atk 5 3 = eslas
a3 bl uge S e e 1680 Wg= (126 A
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S TR
& |
&[\12 U.R.x - u.l}H 2p Dved | ;ﬂ 'gri (LOAL: Fr.gé 2] Dd‘ Sido /f UMI}_{

&'I.i&'kjinx o (_fu)tm,,,-m] ;’""mtﬂﬂ”a (o ndd Hons.
(

U0 s 0 fon, 02y 4

Wl Y) 129y dm 02 Yy ¢ )y,

4 U092 3%, for 0 2 Ly
)‘l' u(”;‘-l): ﬂfnr *ﬂq D{,yslf

Solution:
We deave thy mosh unto b Smallar Squeizs oy #,

Side one unit The bottom dogt cotrnen U taken as (0,057,

Values of U en the boundany one got WG the givan funbu,

FM EXa-mPln,
Ues, D =1241=13
U(Z,])“S,\':g:q
u(:’;h):},j:q.
o I 4 9 Ib
TS
of——u s
i LA E—‘“f |ue :u" Iy
I U1 u u
ol ST 2 ) 13
o ey o : !
3 2 4q 12
ok U U e oo Ug be he requinad valuss of u at Hhs
un tonion 3ru'd poinks . To obtan the intial values, we we SFPF.
: | Ui g2 5 [ Yiengort Yind 4 Uiy 3 001
|
|
| ond DFPF

Uj,j= l;; [”i-:,j—t t Uiyt UH:Q*IWE,J-J
The we jtenate wing SFPF-
Tnitial valuess
| PSR s

Scanned with CamScanner




R

"A Ly

e
RGOS
X ,~.|—.J[|_-:‘_ ¥

s
.jt; LG,

We = L Torhsilbt]=4 (SFPF)

Ui ok [osntbtol=ac  CPFPP)
us = _‘l; Ch41b+1446)=)0 ( PFPF)
Up= "ﬁ (o+b+b+to) =3 (DFPF)

Ua= L (b+i4+2+b) =a.5  (DFPF)
u; - 4 (2S+hHot6) =5 b2s (SFPP)
Uy, "k Co+9-s+6+3):.a.g;r; (SFPF)
Ug= 4 (6+Ho++4.6)=9.87c  (SFPF)

ug - 4 (3i-b+4-r+6):6-1:25 (SFFE)

yiia now entet these values un the gaiel and iterate uain; SFPT-

0, S 4 1 I

2-So0 2-3b4 cb28 5888 |p-voo 9-86b

2-375 2365  |s-894 5-589 |9-8T7 9q-8bb
230 R-3bb &5y -84 |q-863 9-8bb
2363 2.366  S$58b  ©.5c89 | 3-8 9-846b

I-?-R'E‘ 2-€13 b-poo  b-124 987 9-&7¢
28w R&TH blo 612k (9865 9-81S | xay




A

3 | Bl UNN""UHHTO e mdﬂj\PalntS of The tf"flnwl'?jéi%

gud using <tha boundary yaluts i dicalid

0 P s ol

20! A !“' e 2 lko

Avi B j‘” 2 iw' b

bo ( 1 : : -v:»éo'
Lo £o

Solutien ¢
HM;‘l'fc inibal valuss cannot be Jcounc' U.Jlfﬂ dj‘ago'\ﬂ-[
:F"va_—P"‘an: formnula on Stanclard five poink  forroula-So. an hue
P prowed jn one 0f the following mefhods:
I- Use Standatd five point Jurmula at the fow inbmimghid
Points, ond 31;(; fowt euations in U,,u2,U3, Uy oy
< Assurne ong 0f the fowt §rid Values bosed on the bounddU
Values and then Phoceed with jtgration w!il}j Standad v
Point forrmula .
Method (a :
Stondartd Fivepoint forro wia i
Claea B0y | .
ek [u"'»J*”i’th FUigo) U]
UbTng s at A, ue got,
u, = JL; C20+10 +Ustuy )

(e 4”|“Up—q3 =20 —>m
'A'b B, We ’\a‘\ll-

Uy s
2 Jl; Lf"””“‘"*“#)

|
|
l
f.

(e) -
12) U.|+l‘.u2--(.lq:60 —@
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At C, We have,

Uz = -‘Lf ( 4o+uy 4 uytbo) TR
Qe =Wy +thuz=uUy = oo 3%

Af D IV‘ AO/V‘J
Uy = L (U340, 150 +b0)

| O-®3 uy=ut+20—>@
Mi"ﬂ ® w @, we geb,

t U +2Ua = 44O —>@
E Miﬂd@u}l@, wﬂg',b,

—U, +2uz2 =bo —50® .

5‘o|vir5 OO /@ we geb,

U, 226-67, U2=-33-33, U3=43-33, Uy=u, $20= Lt b

Method ()
Faem tha boundaty Velrs: Job us asrsume that Uy = 45 -
The jritial Valss otr,
U= ’L'T (0 +20Hh& +ho) = A6-25 (DFPF)
Uz - ,b C nb-zg—}:o-ma-l-us): 3.2:8) . .CSHREF)

uz = (Lo + 26- 25+ € 4+60) = 42°8) (DFPE)

'E‘ ‘ lo 20 30

; 33“ 7'33..33
. 33-33 . |

SR e S s

Scanned with CamScanner



5 A
I | Solve The poiSon 6€1uo+mn 2w =~ 0 (% 74y e R 9t

mesh wrth Sides M 99 =0,n2Y*= 2 wth U=o on 1he bm"’d&)ué

!ancf mesh \ianﬁ'ﬁ": | Wt

Solutien: Vs 3
1 u=0
| |
| ‘ 1%,
| . L B
; A U, ]
’] ) ] i, 9, A - ‘ uU=0
|‘,? > Uy |
= H_jL__n I— T
| |
! ‘ !
| | , | e a8
f V=20
{‘ uze

The given PDE and boundany. cenditions me wialtoed
When 3¢ and y o intmahargu!-d;e) The PDE ard bowndm&
Valueh ame Symmetoucal about the dine X2y, Henco foo intaon
| Vel of U are aldo eymmetaicad about the dine X =y
Uy zuy,

We wse the farmula,

Uicrg +Yign, j# Ug i) 4uj s
] 141, U,,J_, +UUJH_ 4”’3_1' :h:f”h:jh)

at eath gaid point, whyy,

fnyr=-10 (X*+y *410), h =)

,hﬂ s B Sl n
FUh,jhd= £ ll,J)?—IDC12+J'2+;g)

S Ui 1 Uiey i ks
? i1 J %1, + U;,J_, +U ,Jﬂ"‘ft{f”' :-loc‘,’_;j 9.;10) —>d

: : We apply equationm ot A, .
A{: Aa, , 7'/j:-"

”

. O4u -
1 Us+uz AUz 10 (1242%0)

G) @ = hu,+u, tUs=-)gp
AtB.iza, j-2

—3®

' Uidorotuy-Als = -l0(a"y 2,

PPN PN
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r | O~

ul“llu.') 1~u4,:. “HU

2 Ujp=Lug =) @0

Uy-auy = - 9p _—
Ak €

- '.r'.l\j el

04 u
P YULO ~hU3 = —jy (422,55

U, huz +uy=-120

i AU, ~4uz - -ja0

W-2ugz =-bo —>@

: We .
f Solve %Mhm @,0,m to find U,,Us and Uz,

(2 = Ug - Uit 9o
2

; - = Uz = u;+bo
. 2
gubSHqur\lf in ®,we gets

U =75
Us = 82-g0
-i Uz =p7-50
! Uy=U, =75 -
a4 Solve the po]’gssn e,?/wah‘on gﬁg_ + B2 = -3k (2 1y 3. Subject

i ox* 63‘
o +he conditiep u=0 abk %20, % =3, Oy 3, UZO at y=o ard Y =)

ak y=13 0223 . Find the Solutien talciﬂﬂ h=] with a €q uane

mesh,.

TR

o
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Ry

at cach 3Mdpo}nt, whoit,
Ff(o,y)= 3b (%3+y>45), h=)
h2gtihyh) = £0i,)) = =36 Li%+) *+s)
S Minn) g g 4 u e - AU = - 360 g ) SO
Ke apply eﬁﬂaﬁwmat AB,C,D.

AtA,i=), =2
R S RV TP AT SR LTS

—hU, +Usu3 - - ¢pg —23.

At B,j=2,]=2.
Uyl +04+UL - AUy = -36 (274 2345)
Uy=huz4uy=-1%9 —> @
At C, iz b=t
Uy 0o - 4° 0 4y, 40y 40 — LUz =-3b013+134 5)
Uy —huz+un=-2020 —50p.
At D,)=0,321

U3 +usto+o-hun=-34¢2%4%¢)

UatlUs - hUus=-coy — 5@

Solving equations @ o 4y @ we gt

U= 2€2.37¢

Us= 316-37¢
Uz-=189.)2¢c
Uy = 252.126

| | Bﬂndu’.ﬂ’chmidt meThod .

| Solue Upy = 22UL with h=20-28 doat> 0, g 222) arel Wiware

!‘ W0I=U(g,4)=0 , Ull, €)=+ Uél':j Bendpr - ¢ehmidt  foamuwia,
‘ Jt‘M lo time &tQP&
f Solution .

|

/ 1
I .-‘f _ i
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Griven, Uxx = 324,
a=32
(niven h= g-2¢

To use Bendwt- g¢hmidt Sformula, we Acquine,

k= al:: - 32x(0-29)2
2

1
=

-

= 8tep gize in %- direction us h=0-2c

| Step gize in k-direction us K=)
o Nowwe Aorm the table.

] .w
F\J\\' E oLI=z0) 11 02¢ Li=1) 1[ pestiz2) Y oIS (i=3) 1¢i=4)
ol |
| _;LJ=0) 1 _ () o { o (@) ()
A o ‘l 0 0 ) po
a0 l o | O 0-c 2 'i
3—;23) L P)) | 0 0-2¢ l 3 '
= chu) - Wo o1as | 05 #1625 A
sLj28) 0 0-25 0 815 2-28 <
bej=6) o 0. 1375 l-25 2-937S b
T=zm s} 0-62¢ I-b815 3-628 )
8¢)=8) 0 0- 9438 2:)2€ 43438 g
| q6j23) o l.ob2s | 2:5938 | S-062% 9
y / l""'l""” 0 I-2969 3.0b25 57969 Jo
r ‘leﬂ— inJHﬂJ @nd;bem l.f.CN: J-a my"*ﬂ ‘fhd: e ﬁ'ﬂtm

&
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WenLoy =0, Uty s, «ulb2)=2, ucly35=3,

uthb)z=6, Uub), D=7,

|
i
uc=2 b, L!(l;f)'l'gr

woe- 8, wena)=9, ucy,lo) =10 .

We fill up the table uA':rwﬂ Bandan - Schmidk for roula

Wi, = 15[ Ui, + Uiu,jJ

. Solve 32 %‘Z = E.Lun Lad pezo (028 and t=zo( k) & b}
ax

C.ﬁoog:‘rg an quMPh}m value 04 K, given that ucot, =g,
022 z1, Wiodrzo, Ul t)=104t.
Solu Hen -

Griven a=32, h=0-2¢€

To appy Bondbey -.¢c hmidt formula,we uge.

2:
k= ah” _ 32 459002,
< 2

Uotl= 0 = The fimt olumn s zeovo.
UOHO)= 0 = Thae firubnpw is zeroCexpeck last tym)
utr,B)=10+t 2 Ul =zlo, UL, =)

ua,2)=12, u(1,35=13, UCLARI =14, U 0y5) =I5

The Aamadning Vs of e table are given by Benden.
S hmidt Sormuls - o

uiJJ + = —li [U;’-—,,J +u‘+"_i':'

0 0-2% 0-5 0% )
g L s I
0 2¢ 5.5 h

.I‘ZS‘ 2."1‘" -[‘QS. : '3

ENHR ] D R AT
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Te4feren e i )
Didd Qua Hents Coﬂmpnn&na_ o pastbial D erdvatives -

Considvt a SuncHen u C%,U) 'n twp Vevdables x and Y.

Jot h ond K be +pe Step Sizes ruspoctivaly fou 3 and y. 74

Zi=2p+1 h and Y; = Yo 4]k ,we denvte Ui,y y=ujj.

Then Hhe approsarmak Valuos o4 e pantial doivotives of

ux:y) ane,

| L

i ho s L ( Foaward diffemnce 1u.o£‘m£}

| (&“) - u hu

| | 7 3 ify- Yia,j ‘ a e

1 (%,4; ) ” (Batkwartd ciffsranw cltwben )

i s ;uH'j ( antaal diffewnce quotiont -

n 2

\

| 3“) M ( Forward diffewnc zi/uut-imi:)

"; _— = Kk

| (33 (d) | Ui TU5 ¢ paikmd diffeuns qustiontd
K

UiiH ~Yait ¢ ontaal diffeune Guotient)
2K

(gﬂu ) Upgy, j =2 W5 + Ui,
2 - 2
éx (AirY) h

P Wi, ) = 2uj,;+ Uijj-0
b el i
| a;ﬁ) ; g
‘| (xilgl) h
| i D Uj+i,04 = Yicu g0 = Ui, - "H';—EJ:;[__
3 4hk-

Cnank- Nicolson' g methed ¢

I Sowe by Crank- Nicolsor's method Uxx =Ug Jor D2z,

L0, uto,£) =0, U, =0, UL 00= 100 (30~ 2% - Compute U dor
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‘lf'ul‘ UQ -] 23—

r ﬁ
r< | '?fi
|

—>@® (@
~U) +lhds-u3 = 375 2@
~Ua 4L yjg =26 P 3 %)
Solving equations @, ,@, wa geb.
U, =9.8214
U= 4. 08¢y
U3z=9.9q)y

g.; Solve %-2%;04%4 2, t>o, u(o,{:)-;um,b,;: 0, £ >0 an

L
¥
e
f

uLko) = Sin E:i’ OeX L2 UIng AX=0-5 and At =0-25 o two

1 Hime Sbﬁpé, by Criank - NicolSon’ implcit fimbte difference rmetaod

i Solutienr - :
‘ Gtiven 224 _ OU_ pioec2, t>p 'r

> 9t
»azl, h=0-25, K=0-2¢

2: .l_<,,__ = 0_2;_-___.. —|

ah?* ) x (0-5)2

M T TR N T

Henwe we can use the gimplisied Crank- Niwlssn Hoamula.
Uig+ = J[; [“H,ﬁl TUis, g0 T Uia,j +u; .Hjj] -
The given bounday and imitial conditions as,
U (o, =0

U (2,220

U(H,0)= Sin %’L.

These. ape mMmarked un the table against 2=0,%=2 ond

t=0. The Uunknowns o Mpmmtwl by u,ua,u3 uy,

Ug, ug.
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=TT S

L N A B SN E D |

i L 2

[ 3| g o ] = i

i ! ! |

. \ I ‘
| . P p- 1071 O

© | o | 0ToT J ' r

. o |

0:2.¢ 0 bl ol & ! |
| 0% ) uy us ele Hh

w&l'nj QCLUQHBO ®, we 3117'
u.,JL_’(O.H +0+ U2)

e A Gl +-0-7271 T Uy +U3)

Uz - .h (140 +u2+0)

LH-';"UJ = —> 0

.’“|+hu1—U3:l:4”}2 l —0@

—U24pu3=) —2®

Solyi .
"' Squations @ , 0, @ and we gk,

U =
1=0-3867 ,u:"—'O-Sl}bq, Uz =0-38L7.

l/{b. A
' Cquation @ fos e +pynd POW in o tabb and wing
d

the Volues 0f U, u>, u3,we gek,

uy = L
2ot chbg oy

Ug = L. -
i (o 3867 +°‘3867+U4+U¢,)

Ugp=
b= 4 Co-syea +otuUs+o)

4Un-Ug =0-5449 S ®

“Hy +4y
§3Ug =0-7734
—-W®

~Us+ 4uy

S'o|v'l'\" Gll/uaﬁ'br,J@ ®

= 0'Shgq —>@

,@®) h:!._ﬂ-@.b

|
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Up = 0-2))¢

Thus the wequined Solutions ose,

R

U= 03867 : Ur=0'5469 |, uz»038L7
uy=o0-21% , Ueg = 0-299) UL~oausg
y 2 = i
Solve DM 84 g sesa, t0, utok)m ulabrzo k>0 0nd |
| 9 %2 ot
b ) s \ 20-S cnd At z0p-25 For
| ot 0.3z Sini Dby B 2 SEoER) P B e ¥

fwo time Steps by Crank- Nicholson wmpUci b fimite dide

' | metThed
. Solutien*

2.
Qiven, _?__u;;f ou_ O£xe2 t>o
an?* ot

a=1\1, h=o0-2§ ~-Kzpas

7!’:_5-—:0'2;_ = (I

| | 2
‘ ah I X (0-5)7

Hene we can use the simplified Coank - NicholSen formuls

ST Ry P SR PR R Ry R SO S MR I R M Y e

ui, 1= 4 [hin g Phiaga Fiqg + Uny | —O.
The given boundaty and initial tonditiens ane.

| Uto, £ =0, UCtr=0, a0y = sin X

—T

Thew ove motked un the table agoinst y=o, X =Rand ¥=0-The

Wnknowns one @2 Tupaesenteed by Uy, U3, U3, Vs, us, Ve,
2t
r 0 0-5 l -5 2.
025 0 u, w2 e .

.u&uy aiuAHw (D, _un_a-dr, e
V 1 - : ¥ "“' e 5 B%‘ *‘!ﬁ” "' "1 L4

}_ q,' > JI; (o-l-l-l-a-l-ﬂa)
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Uar —’j;“ (O-ToT114 0 T07 +U,+U2)

Uz *}' ()40 4Ua +0) > @
AR htty-Us = —a
-ll,-fl,(u--UZ“l'l;Hpﬂ .,;ED'

Fu2 '11,”2 .~I

Soi‘viry eri/uaﬁom (2), (2),L4) and we 3‘11
U)=0-3867, Uy =0-Shbq, U2=0-3867.

USing aiuabion © for +ha +Rind 7ww in the lable and
M;'B TRe values o4 UnYz, Uz, we &ﬂt/

Uy = —1‘; (04+0-Chbq +04Us)

Us = L (0-3867+0-386 T+UL+U6)

Uo = & (0-S46940+ us+o)

02) hUy-Uc=0-5L4t? —>@O.
—Uh-pue~ U = 977134 —B
—Usthdy =~ 0-s469 —>@

Slving L uations B ,0,0, we gut;

Uy = 0-211¢ , UsS=20-2991, ug = 0-2)¢.
Thuy the /wtuin.ul Solubions ome,
| U =-0%28b67, Uo=0-S4b9, u3z- o0 3947
Uaz 0: 211, Usz0:299), Ug=p-21¢.
q du _ p*d
.golua =
T )N Dend &, >0 given that yiwor=-20,
uto,t) =0, y (s,4)= 100 Dompub U o1 one 'Hmhg't‘.epw’#”
h=t, by Cranke Nickolto method .

el
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goluti™" -

.—é’q" = "a—"‘q”""; OCW{g‘, t>0/ h':"-

ot 2 n* ’
| az), 37—&;':1 Tbl_E_:, - K=al,
ah Xt
Ui i+ = J,,‘ LUragm t Yig g+ Uia gt u"*".'!]
. -!:“ 0 i 2 3 L € -
: & 0 20 20 20 PPt
| 9, up W Uz Uy oo,

U= - [204tn] =8 fu,- Uy = 20 — 2.

| U2 =L Thotu, +uz]

4”3"'“,"”32 40 —-—3@.

Uz = - Thotua +uy]

huz-Uo-Uy =40 —> B

Uy = 4 [220+us]
Luy- Uz = 220 —> @.

2

s R (.220:43) = o

lbuz-4uz -220~U3=lbo.

: TS ' R
Fromo, U= ZALIE , sk - b, - 500 —
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ISUa-hlU3z =160

HUg = 1§U3- 180

(SUp ~ 18()’ Ty
M

¢ (\y Us- |8§f‘)“ L= 3280,
' 4

1S (Isus~180)~16 U2 = 1520 .

Uy =

225Uy ~ 2700~ l6U2 = | £20,
209 Ux= h220.

Uz = 20-19) .

® = U3z = 30-71b
® > uy= 62679

Uy = lo-ol 8 .
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Source :
Text Books:

1. P.Kandasamy, V.Thilagavathy, K.Gunavathi : “Numerical
Methods™,S.Chand& Company Ltd,New Delhi, 2016.
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