| UNIT-T
| ol
- Numeucd Solution of Algebrai ¢ and Erans cendentss % e

Numen cal Analysis

Analytical Solutien Numenicad Solution
(Exact Solutien) (_Apphoxjma.ll Solutien)

Nurmericad Solutien o
X Algebneuc  and Tnans condental eal’uaﬂ&m.
X Intsznpolatian

# Numotcal Differentation and Into.gnatfen.

¥ ODE'e and PDE'S etc.
Solution of Algebraic and Trangondental oquations
¥ An wimpontant probbm un Adentific and en&mzudn}
WonK ws to find the swots of an equatien form {0 =o

¥ Tf §0=0 wb a Cluadnab’r_ expression then we Aanve
a SimPLL :fanmuid :quﬁ\a noots 0 f(x)-0p.

£ Fon Example, if £(x)=a%n%y bx+4c = p, Then

} x:*bimm the Twts of fRa above @ uatisn.
; 20

X The Junctions may be agebiaic on tnans cenden tal.

T s
ReE e
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PRSI ATATE ey, T el A |
Algebsnaic Ezw:ﬁm’

|

- ="
. =

n>1 ane a positive Uj"f‘f]”‘)

Exarmpls, %% 2X 2ax418=0 -

Trans cenden kel E«j/u.aﬁaw'
Fquations unvolving exporen tal, Lograthmic,
tru 80rwmzt7u‘ c jqamctiaﬂd .

Frtarople, 4o - e’ =
32 2 S x+!

Dflogwx ~1.2 =0
Root of an Equatien
ArY Valle 'a for uhich £(a)=0 us Colled a net o
Solutisn of +he equatien fix)z0.

Gumtru"aﬂj, the point at which a cwtwe §=41x)

wn bart peck s the r-asus, ua a noot of +g, equation f1x)=0

Fundomen tal Theonert o4 Algobse

§

h Evowy equation fas a 1ot ypn) on umaﬂnwtg
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3 IS x> us continue un Fhe untorval Carb) and if fla)

and .:f(b) ae of OPPDS“:E gign&, +han fho %MHB" f(x) will
hove at-loast ppg neod %ot bebween a and b .

1 ,‘ ta) {6\,"““)

\ \J {:.'Df{’b)
A . Lth)
o BN R

BISECTION METHOD (0R) BoLzANG'S METHOD (oR) TN TERVAL
HALVINGT METHOD®

| Suppese we howe an a_q(uatien o4 the form ftx)=0
whose splutien un the 7ange (a;b) up to be Seartched -

We alto assume that F%) ws Continuousd and 1t can be

adgebhaic on Frans @ndental - I§ £(a) and Fib) an of oppasibe

Sigis, atleast ene gual 70t between 'a ard b Should eust.
Fon Cenvenaintt, Lot £Ca) be positive and fcwbtnw.
Then atleast she nwot @xisks between a and'b. As a finst
Appwmmum,m asburne 'I‘mb ndok: e? e Yoz 8k (mid
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tf s botween %, and %3 and Lok 2y =

|

Shown wn e Ham,ﬂw dhe noot s bebwein o,
ancl b and {nke ke apot as I -—L'-"k Now Aa,) 1y
). Henw the oot Juss bety,,

ative (o un the FGUAL
() iy
.

Xo and 2 and ot the Jwot be Capprorirndle) ; ;-

-

- Now ft2) us l'\-ﬂ-ani"lw as un Th FlgW‘Tm o ngoh

2'."_’%.’5"- and o wn,

Th this way, tula‘n-a e mid -point of Thse ptang 2 a4
the approximate vwot, we o a Sequen @ Of apprunimah
RO0LS Koy 2,5, - whose limik of convetgen @ ub the
exact oot « Howenet, &P"’-"d‘”? on he pmdsfm Juiulmf,
we Stop the prowsses aften Some Steps: Though gimple, #he
Convengene of s rrethod us Slow bub Swre.

1Y

A (a, ‘“ﬂ).)

hh{l |_.r '.
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£2)= 22 a0+ = 9-18=-9 =-ve.
£3)= @)L = 28- 21 = Ve e |
£eh)z w3 qe) F1e +ve

Thowdore, Hhe noot Juis be bween 2 and 4.

{ LOJt 30: _______l"f'}f' =3
' 2
] 3‘
Now, £3)= +ve, hente the noot Jus bekween 5 ord
= '9'..1:2 = 25
2

£11)= $(2-8) = Ve

The oot Jees between 2:5 and 3.

$¢2:75) = ~ve.
The oot Juu between 2.75and 3.
sty = 204D = 5.gqs
$(%3) = $(2-818)= —Ve.

t The soot Juis between 2:815 and 2.

alhy ."'”f"'g = 293¢

o £02:9376)= Ve,
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| " d 2-9€32,
| The noot Mdoea be tween 0375

2:-9315 4 J_-ﬁs};d o, usy
o 2

P o Lo B

£ (2 Q45H) = +VE.

The oot Jaes bebween 209375 and 2 THSh

AHR = _Q_q3-15_+_ Ji‘ff_‘i =2A'1418

—eeee

)
%j;,:f £(2:9415) = —Ve
;g:--‘ The swot Aits betwgon 9. 9415 and 2-9454

q - 2-941S+2:945h - 4.q8pn¢
el

£(2:9435) = +ve.
* The viook Juts bebweon 2.9416 and 2-943¢5

- - :
X = Ulg +z-4#9§_ 2:-963¢ - 2. 942¢
-1

F(2:918)= ~ve.
The oot s between 29425 and 2- 9438

Ay = -2'9415'+2-_?_4_i£
o2

£02:9%320) = ye

= 2-9430

The noot Jias between 4. Q425 and 2.9430

Mz = 29426 4 2.94 3
—-z—""“—-——- = 2°QU278

$ M3z 2.94201¢

i e

Approsimate  npot s 294129,

2| Find fpa positive nwot of st-cocxz0 by bicectionmofisl

eomutt by decimald.

e
g 71 7Ty
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$C0)= 0-costo)=-1=-ve

FCD = |- cost1) = 04897 =+Ve.

The Jwot Lt between 0 and )

o = o+ _ 05
ol

f08)=-0-3TTb=-ve

The oot .J«Lﬁb between 0.5 and |

FCo15) = 001831 = +ve

The swot Mes between o0.¢c and ©-1¢

- 0S40 -1 1
A2 = 12_ S-: 0-6a¢

F0b626)= -018596 =-ve
The 700t Luss jetwaen 0-42¢ and o.7¢

23 = q_:bflg +018
2

= 0-6871¢
f(o-b875) = -—0-08533c~--ve
The oot Juws betuicen 0:6878 ard pc

2‘[’, ~ D-bBTs +0-7C
| L

=0 -Tig7g
| foTigqe) - T 0033879 = .ve
| The oot Mas between ¢ .7 gqe and 0. 75

e = O0-T187¢ +0:1¢
I T = 0:-713438

j‘-(o-‘l3‘!~38) bl 0.001666 A

-Ve

The nook Lies betwggn 073438 and 0 .73

oL D-T3438 voiE
Ao = Ta Lo, 0-T4219
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e
B |
J((O-'TI;Q,JQ) =+ Orowiy ey ztve 0-00 £1999 =+v,

Mhe Jwot Jios between 0-73438 and g.7Th4 219

X = 0-T343840-TUUNT__ .73049
2

F(073¢29) = - 0-001330S =-ve
The oot Jies betwean 013934 o~d 0714219

*g= 0T8240\ agT 0-T402
- -

FC01402)= 0. 0018463 = 4ve

The :
Twot s betusen 0.73929 and 0-T402

8 (b”‘((na/_ [ +
= ¥ - 0-T3829 g
9 =S ﬁq _O_Z"_L”‘- = 0-7392¢

F (0-1392¢) = 0:000 275432 = 4va

The 00t s
bef:w@ 0-73829 and 0-T392¢

Mo = 0°738294 09,7395
e O g
5 = 0-T38¢

.fCO'TSR&J’: 0-000043 = 4ve-
g v @Yhmicion of

- The swot of the equation ws 07388

Considan i
l the Qﬂmhm :f"(:e):o and Jot fca) and (b

be o4 opposite Sigra: Also, lot a2b:The crorve g "
= f(0Ow

meet the x-anis ak gpme Point betwaen 4 .
a

BLbS(6))« The equatien of g, Chond Ja)mla e two points
Alafa))od B (bIth)) b Yod@) oo
LR % :F“::fw
o "i‘-i}.lt'ﬂ" b o I“‘
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| Selution:

The 2- coovdinate of the point 04 untasection of this
Chond (with e - axis gives an apphorirnall valus for
fhe 7wot of $030)=0. Setting y=0 un the Chord cguation . we
gek,

—f@) _ far- £(b)

i —

®-a a-b

% [$ca)- £(bil- afca)+aflb) =-af (a)+bf(a)

2] $a)- £C)] = bcar-a$(b)

| x‘: af(b)"b_‘fce_)__
| £(b) =)

Ths Value of gives an apph.o?dmab. value of e
| dwot of f(®)=0. Cacxh).
Now £(2)) and fca) ane of oppesite Signs on £(91

and $(b) ane of opposite Signs-

| T$ £(21).£Ca) 20, Hen x> ligs between ) and a.

Hmtﬂ, Nag = @ £ (%1)- % f(a)
f 1) -fta)

Tn the Same way ,we?t A3, %4, ...

Thas Aeguence Xy, 23— 23 i1l cpnverge o #‘an%wld
owot - In pnacti &, We get 3 ond Xy Such that | ~Xi4) |26,

e miw‘tud acowrtocy.

waleml:
Solve Afor a puﬁiﬁvz Juotk o )(3-#3!'4-}:0 by Rﬁuj":ﬁi‘}-
rrethoe ¢

Lok f(x)= 2‘14;;.” =0
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NP T Iy AR T e

fe)=-2=-ve
fc2)y= 1= 4ve
fr0d = | = 4ve
-+ A noot s petween 0 and |
Ancthar oot Jues petween | and 2.
We Shall fird pe gwot fpat Jiss betwoen 0 ard 1.

How  a=o, par.

o) - aftb)-bfla) _ poxft1)-1x4lo)
(b - fca) V- f(p)

) = =) .
oy 933322

o= (5) = 4 4 +
= ¢ -0-2963
Now {() and § (% )are oppusite i Sign.
Hen t#e neot és bekween o and L -

A= OXx§ [‘13)' —_‘2—}(03
f{‘}i‘)—:ﬂo)
L
3
—1-2943

-

M2 = 0-26T14

Now 4o )= $00-25T14) = _ 0-01188¢ = —ve

S The ot s betupan 0 and GaE

X3= OX4(0-28T) - 0.asT4 § (o)
S VAN ML
Ftoaeqiy) - flo

= ~0:28)4
—1.0155%

7= 0.26420




fCo3)> = £ (0- 264200 = - 0- 0003THh2

The oot s petwesn 0 and 0.254 20
)y = OXS(0-28420 ~ 0-2¢h420 X %10)

$(0-354 20) - £(0)

= =0-25420
—|-0003T42

A4y = 0-2€ 410
$(ap>= $(0-25410) = —0-0000) 29 24
The oot s potwesr p god 0- 25hio

e = OX510-264100- 0-26410x $(0)

$(o-26410) - F(O)

-~ -0'25hlU
~\1-poowl292b

Ao = 025410 -

. The 7ot o4 +o giua'ﬁé‘ﬂ M—é 0-2Ck)0 .

| T TERATION METHOD (Fixed point itenation metfiad) .
|

To fiod Hhe yeal 7ot of an aaf,unb'an.
ftx):0 —0-
| hle nawnite 1t as,
' : H=P(x) —>O
Fquation @ ord @ ane equivalent, So ot ywts ane He

Sarnz. The Jwot of equation @ Us Got as Ha absisSion o g

e Fo‘.nt 04 intewuection of the Wrves Y=t and Y= px) and
it W called Ho fined po‘m!:-
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P nocedung

o st $ind an uny Hial appwpdmad‘z valuz 3, 0f 4,

- " ind a bot
c.hﬂ-é[wi/\md noot - Now whna eiwnhan @, we £in ott,,

: kg, 1
approximation o, @ = P(A0)- We tontinue the Utenat,

by jQ'ndirw )
A> = 1)
A3 = P(x2)
IS tre Saz.lwmaz 0,0, A )e o ... oNVUIges to & Ly,
A Fhen o

) 8 the m_iuiud vwot of ke equation f(>020.
Note:

The pnowss CoPVeges ety whaen Hhe abkolute valut Of
Slope 24 y= p e3> cwnve vis Hhe Aess Fpan e slope 03 Y =
(/2 ysfan | plese) <)
Also i HRe Slope of Y= $3) us closer o zoro, wonyeurgens
will be farten.

Fined point +hoorom :
| T§ 9120 and ¢'( are continuows un +he wnterval 17
Which the noot of of the equation o= (o) Juis,Han Hhe

,Sdiwmm. of appnoxamations o, M1, %y, . onVenge fo thoreot

o if,

IJ |0’tﬂ)|4’5°” ald 3 wn 1
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e e e e g S

Colaeton |
(Note : V32 'yadian ' ppode un 1he Calulatn §o7 P?-waM inyol g
{ hiammrmi‘mr cfune Hon)
Jat (A= w8H ~AAA| 70
£00) = @wato) -34(vy+) = 2 >0

’ >0 .
£ = sN=30041 =~ 4$91 >0

Hente Ahgw ws a noot of He p,:.‘/mtion botwaan 0 od |
We rnawmnte the ac‘(uaﬁﬂn a,
LN = | Aol H

M T _‘+w521 - ¢f?f)
32

(p’{au-: -Ji—(_simf)
I '] =0
| ¢' (02| = 00828
|9 (0.2 0-1598
[§'o-15))= 0-2272

|@'c1)) = 0-280¢
In fd(l’ I¢’f9f)J:- ._l_sinu_}. <1 fly\ all x.
4

So we may whe itenaton mathod.
.
Jok o = 08

*i1: 0-625686

Ao = 0-0b0349

Az = 0 bo179

Wy = 0b0b97

Hs = 0-607/13

M, = 060710

A1 = 0-bollo

L Henw the Tiaguised gwot Wa 0 boTio
7 Scanned with CamScénner




‘ Solution
i
1 +oe) = x3+7t3—-l00‘=0 '

| £10) = ~jpp 2o
$£0D=-98¢0
f(2>= -g8<¢0
f1D = ~byeo
f(yd>=-w Lo

418> = speo

Hene Hhone us o ot 0§ F(AD=0 thak s be twap

M and <. WJ"V"’ Q_?M‘H'On wh JUOr +ben e

A2 (%4 =loo

x?2 - Joo
o+
=0 =dop
I
. 32
PN = rox () x Gt ’
P = =5
(H+1) 3/
[§'o0]= S - <] fua all € (4,5
[ot+1>72 |

Sowe can use | keration methad
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Xq © 433078
e - 43318
| Ha = k4 33) 00
} S Henw the nequied yoot Wb 4331
a- Find the Nzaa'h've Jwot pf fhe —Q‘LM'HOV) w3 an 4820 by iEenation

nMethocl .

Solution ¢
$0=x2 2y 4520,

£o)- ¢>0
£(=1)=b>0
£(-»=1>0

£(-3) = -l6so
Hepce +Hhere Us a noot behwoon -2 and -3.
We rewrvbe the gven ﬂ1ual:'lon wus,

)f'g': 2H-S
e
U= (2x%-5)3 = plow)

-2
p’'C207 L (2%-5) l‘?xg
[¢'t-2)]= 61841 <)

19 (-2-20)) = 0-14 86 2

1629 = 0 1436¢)

| d,'(g.-y;)];; 01390 ¢

| $/(-35) = 0-134 8¢
[ pitx)] £) o all %€ (-3,-2)
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M3z -2-94 22
My c-2-09450
He =-2:-0945)h
He = -2-09L6S

Ht1 = ~-2.094€S

Menw TKe miw'm_a qwot ws -2 09455

NEWTON RAPHSON METHOD (NEWTON ETERATION METHOD),

Mefhod of Ta.nymts :

When the dordvative of (%) s A &'mpla exprussion
and can be easily found, the swots o £(#) Con be caluiltad

vlapid ly mhjﬂ’l‘Pu'A method -
Dasuvation -
l Lot 2t =2p be an apprwamdle  swot of Tha aiual-ion S0
: and luk %= be fhe exact swot (. £C*)=0) Such thak
| H-2o =h us Small.
' % =dxth —> D
Sinw §)=0 we have F(Xo+h)=0
By Taylon'A Senies expensions ,

- ' G
faoJ—' ‘lb!"‘ J’ (o) +‘-2""".j"f9fﬂ+”" =0

Since b up Small, we pmik h?, 3

FE g Sl RS
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W 3',\0_; a bgt—{-m aPPhO?LfMG ton _ma_” o .

dﬁif"\}laﬂny, Ny - Ay - V'f(”lj_

§e2))

C’!an_mlhj, ”n +) = Nr)”___ftwn).. N7 Ol') 7! BT
f1¢%n)

Tha  ws Newtun—Qaphson'A _{—onmula,

- Newton methed converges £,

o) £"cx) \ L

| $10005] 2

2 g
(e l‘f’(w):{"{ﬂ)l LI f’(rx)] wn tha intervad

Note..

The @vton at-any Stage us propontional to the Squamz of

+He owion un the previpws Stoge- So +he onder Df tenveigentt

04 Newton- Raphson method WA 00, W) the (onvengence W4

Clwxdﬂa’c-'l c:

Pnabuzm’-
- By using N ewton -Raphson metRed - Find the Reot-0f W% _jp-o0,
which e noanot ko x=2, tomnatt Upto Huvae decimal platet,
Selution
[t £ = %310
floxy= 43
ft=Il-l-Jo =2 -lo<p
f(2) - 1b=2-10= hA>0
Thot us & Twob betwew | and 2 gen that the Juot
1. is reanen B %=2. By Newton- Raphson me #ad.
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_;Iram)

n,{’,Wn"D)
- MMn - s p—?
” LA

Yoty ot - Al A HE

WA =)
_ 32’ 410
Mny) ~ ——————
LAy ~)
Lﬂi' Ho™ 2,
2, = 37410 _ 3(3MHI0 _ gq099
2 H(23) )
2 = 3’?4'_‘__0._ - 2 (1-870 47)‘*""0 = |- §SC18
uot*-) 4()-87097) )

4 4
Ay - 3%+ _ 3C1-gsem® O gocy
Loty - L1 856785 )

1)

h ) ,
%;3%3 410 _ 3 (I gsccef 4o P
hxg = 4 (1-gsss8y-)

21z %y =\ B5ES8. X 1. 850,
- Tha rwok , tormueck to Hhoee dotirnal places 15
4- 8sb-
2 Find 'bj Neowto v —ﬁaplfuon mﬁﬁwd, the Twed Jwot of 1he
equation gx=wen 4\ .

Solution:
Lok £(A)= 2o~ oS ~) ' ik

Soo s gason
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|
- (2fn)
N4t 2~ f e
£ 1¢2n )
29 - wsSAHp - )
- )fn_ - E
34 Sin;‘fn
i
; _ 3%n + 2#nSin%¥n _3atn 4 ws Ans+)
24 Sinatn
: lot 2o =)
|
| ) !
5¢) =~ HoSin oo+ oS Ao+ o g
24+ Sindo
M,y = 2hSinA 4 wstH) e 2
24802
Hz = Df;SiP_ﬂf_;-_r_C???*| — p-bolD
24 8in%3
| oy = H2Sin2A34 (oS &3+ o lbaiiy

34 Sin¥H;,

.. The requized  reot ws p-bo)
I ulg
toblich the Jormula,
3. ! ()33%] Newton - Raphson e thed, 23 ;
‘ wahZ Twot Dj‘ .

L (e &), 1o caleulole fFe 3

Mt =
rowck to Sbw? pla ces

and Hind the SGUANE reob of & ¢

| 04 cocimals.
| Solution
i ot A= /R
| oH2=N .
ot 2-N=0- The colubion 0% This mv.mt‘fm w VN

Lot Sz 2=N.

Lln) = 22¢.

¥ |
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,_.Q_Nn

o ~JL) |

ny) = n - (

_ 29ty ot AN
22n
2
An +N
Anyy =——
a22n

N
p4) = l:;(?fn *3;;)

X _ N A Yo ) Errative fo”mu-lat;,
| - Anp = _]{(”"*“5?;) &

Caleulate JN'.

To find the 511105\1 soot of S, take N=5. Now, J< Ug
il be twean 2 and 3 -
TakQ ND:Q.

W,T—% (?'FD‘I-E%)-):J.:, (9+%)‘?—2'9——5-

o =L (2.1§+_£_. -~ 2.2341)
2 2.2%

Hz = %(2-1%::4- = ):2‘23@7
2-230)

2ty - —’; (2- 226074 —L—-—) = 2.23407
2-23401

. Hene Jo w a,oyno;dmai‘el.y &Lw.j'l-o 9.236).
4 Find an jkerative fonmula o $find to mc_jpﬁwc,d, 0fa
given rumben  p by Newton- Raphson  mothoel and Ad TRe
value of -5

jp’u{fﬁﬂ &

Take £0t)= S5 -Nzo. The Solublon of s equatin]
o5 the Value 0f 3¢

g
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Veoth = '
§l0= 73

2y Newton - Raphsen methed,

Xn-&' - Dfn .____'_‘f(;*n)_‘
£!con )

A o
=dn - (_éjn N__,_)

_J/"ﬁ'l
= W"Z(FPITH‘@

=dn+ Hn — Nn
= 2D¢n-—N9fn1
= #p (2~ N¥n)

200 41 = n Ca—Nn) us the intenactive fornmuia
to fincl 4o neuprwead of N

“Toka N =9

We Know thek; —;'_—D =D-05

Take, o= D-05
o = AHol2-N2Ho)
-~ p-05(2-19 X0-05)
> = p-08250
o2 = 0- 05263

2”3 - 0-D52b63

Uente the appmpﬂ-iai'a valuz o4 —-il;':r— ws 0-0S 263.
HOPNER'S METHOD °

This rumenical ~metiod ws employeel o dobenming
both +Re commenSwiable ancl The whtommanswiable Jaal
MookS of a Pol_‘jn,nm:lal 24 ud tion - Finstly , we $nd e
i k2gnzd pant 04 e swok and Then by every ) benation,

we dind each dae tim el f"““z Value un Succesgion.
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| Suppose Pl').S‘H"NC nook 0% £() =0 Juzs betuean g ,,,?
a+l (whewe a ws an 'm’c‘ﬂﬁm)-

lot thok oot be @-A),a@2a3
;{ Finst, dipunich e noots of () =0 by "Hhe “&’f@“’*
pant a and Jot ¢, ()= 0 posses e w0t D: 032914,

Virs Sewndly , multiply the nwot S of $(X)= 0 by |,

and ek @, 13) =D possess Q,a2 a4z ay----~ a5 9 Twok
| Thindy, $1nd tha vawe of @ and ther diming
| ke noots by 4, and et () = 0 PoSSess a qwot g-gy
| 0-asazay..- -

Now ropeating ffe pessess process we $ind a,,as,9,.
| . T€ach time.
| pnoblem 1
_Find the Pos)t%va onl;' betweon f and 2 whicth Satisfiu

X333+ =20 to 3 dedmal places:

Selutien’
| Lok £(2)= 2235 4| =0p.

| FCV)= 0-3(or+)

S0 =002 3¢y 4y = ~1=—-Ve.
L1222 (23040 3z9ve.

Thoedne a neot Uids betwmn | and 2. Jat it be

|-a,a2a3,.....
The fﬂl:ﬂjm@' pent us ) .

Diminich the jiop ¢ % S0x)=0p by |

. T 'l' ‘-- _..4_"";.‘- TI:’:-... :.
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I o -3 '
)
q | | =2
J / L IRy il ol
)
| 2
) 2 0
) j ity
!
| 28

; -0,0293 -~ -
O, 00 =3+ 322 ) =0 hos the g0k 104446

Mutiply the noots 0f @a 2t =0 by |0 -
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