9-8. EXPONENTIAL DISTRIBUTION YN — N Con-hy

p—

‘ Definition. A r.90. X is said to have an exponential distribution with parameter ¢ :.;E)T
ifits p.d.f. is given by - |

Oe*, x20 .
l f(x. 6 =[ 0, otherwise o (92

The cumulative distribution function F (x) is given by

X x

F(x) = f(u)du=9] exp (-0 u) du
‘0 0

(1-exp(-06x),20

. .. (9264
| 0, otherwise

F(x) =

9.8.1. Moment Generating Function of Exponential Distribution

e"‘e**”dx=9j exp{—(ﬁ-t)x}dx
0

My (t) =E(e”‘)=9[ﬂ

- (1) 2T (Y es

0-1) 6
r !
u,’ = E (X7) = Coefficient of *; in My (h=1rir=1,2
M —py’ =1 and variance = =M'—MQ=£']—=1—
= ean = |, = o an Ha = H2 1= n T e

1 e | (0.74]
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Theors™ gx'h )52! oo Knare independent r.v.’s, X; having an exponential distribution
.'!fh pammeter :I.- 1=1, 2,- ey N, then Z = nn (X}, Xz, veey xn} has expm“m“m distribution
Wl parameter 2 0,.
o i=1

proof. Gz(z) =P(Z<z)=1-P(Z>z)=1-P [min (X,, X5, ..., X)) >z ]

=1-P(X;>z;i=1,2,..,n=1-T] P(X;>2)
r=1
(- X, X,, ..., X, are independent)
n n
=1- 11 [1-P(X;<2)]=1- II [1-Fx (2)]
I = =1

(where F is the distribution function of X;).

-1- ﬁ [1-—-(1—3'9'2)]= l—exp[(-é.le,-)z} ,z>0

i=1 |
0,otherwise

0, otherwise

n
= 7 =min (X;, X, ... Xp) is an exponential variate with parameter 2 0;.
o i =1
Cor.If X.:i=1,2,.. n are identically distributed, following exponential
iisl'ribuéion v:v’ith parameter 9, then Z = min (X;, X3, ..., X;;) is also exponentially

listributed with parameter 7 8.
) i ietribution. See Example 9.48, page 9.75.



9. STANDARD LAPLACE (DOUBLE EXPONENTIAL) DISTRIBUTION %

Defmiﬂon A conhnuous r.ov. X is said to have S
jistribution if its p.d.f. is g:ven by :

tandard Lap!ace (doub{e 0xponen!ml)
|

|
fix) = —exp (= lxl),— o< x < oo ... (9:27)

9:9-1. Characteristic Function of Standard Laplace Distribution.

(Px(f) — J_ Eifxf(x)dx=%1 pitx = 1 x 1

o0

=%U costtx-e"xldx+:'j sintxe"x'd:r]

=%.2] cos tx.e ' *dx,
0

ince the integrands in the first and second integrals are even and odd function of x
espectively.

Px(t) = J e* costxdr=1- tij e*cos txdx  (On integration by parts)
u

0
=1-1 @x(t)

= ox(t) =1 1:2 = (1+ )71 s (3248}

Ky(t) =log dy(t) =-log (1 +t2)=—[ tz——2'+§ ......

@iyt (@1)°
= (it)? + t3
; =2 ; Kg=4x3=12
Hence K, =k3=0 ; K, =2 ; K4 42><
=K = : Variance ==K =
Mean —KI—O ’
. 2 _ -
Hy =x3=0 ; My =Kg+3k?=12+12=24
2 Hq
_.'J'_S——._ . =-—u~=6
- Py = ' ' P2 Ho?

Remark. Mean deviation about mean for standard Laplace distribution is 1. (Try it).



9.9.2. Two Parameter Laplace Distribution.

Definition. A continuous r.v. X 1s sawd to have a double exponens

Arstribution wath two p;muupr,_-r,,- Aand 1 1f its ,,_‘j f 15 qiven by

1 )
-‘l‘l‘j?f-il'—.u JA) ' — ec < X «

¥

fix, i, A) =

We write X ~ Lap (A, ).

Let Y = ‘—3}“ X = p+AY

The p.d.f. g(.) of Y is given by :

w =] 2= 5 i),
gW) =f0] g, 1= 2 P (= lyl). A Fr
1
=zexp(-lyl);—=<y<=
which is the p.d.f. of standard Laplace distribution
X -
Hence, if X ~ Lap (A, ), then Y = _IE ~ Lap (1,0) 92
i.e.. Y has standard Laplace distribution.
r Laplace Distribution.

9.9.3. Characteristic Function of Two Paramete

If x - LaP (}\-, p}, t.hEI‘l
. : X -
o) = E (em) = Elet M, where Y =~ ~ Lap (1,0)

>

— pitH, E(t" N ‘h') = pith '31"[}*”

b 1

e
1+

- ——

AL
{ Y is standard Laplace vanate with o(f) = 7778 ]

9.9.4. Moments of Two parameter Laplace Distribution. 1f X ~ Lap (A B °

rth moment about origin is given by :

| ("

- h_pl)dr

’ 1
. = F(X")= —
W (X") 5

SH__ (zh+p)yexp(-1z1)dz,
slij E (L)(Zl)hu"ilexp{—I:I.]d:
o= k=0

i (;) Ak pr-k [m‘ zkexp (=12 ']d:}




9.12. CAUCHY DISTRIBUTION 5

Let us consider a roulette wheel in which

the probability of the pointer stopping at any

part of the circumference s constant. In other
words, the probabil;

ty that any value of 6 lies
in the interval [- /2 n/2] is constant and

range [-m/2 n /2] i
differential given given by :




pe) ={3/M® -x/238sz/2
0, otherwise (9-29h)

15 NOW transform to variable X by the substitution : x = rtan 8 = dx = r sec* 8 d6

Lett
Gince, - ®/2<0Sn/2, the range for X is I -
) ! - i - o0 o0 : » . ;
jifferential of X becomes : s from - = to . Thus the probabilit
dF(x) =l'_‘,_.‘_‘:"_1_=l. dx _r. dx o ye
n rsec 8 i [r!] +lI‘14"r‘2}]] n I,_.|+T‘_¥p b | =]

1

In particular if we take r = 1, we get : _1 .
B _f(x‘.' ; il €Y <o

This is the p.d.f. of a standard Cauchy variate and we write X ~ C (1,0).

_Dﬂfff'l"fﬂﬂ- A random variable X is said to have a standard Canchy distribution if its
od f is gioen by : '
fx(.'f} = ] ; e . (9-30)
x(l+x%)

and X is termed as standard Cauchy variate.

More generally, Cauchy distribution with parameters A and 4l has the p.d.f.,

(y) =—— —ee< < oo A0 . (9-30a)
g"y HFAJ*'(_U-.H,}‘TJ ” il
and we write X ~ C (A, )
(Y —@)/An (9-30a), we get (9-30).
.. (9:30b)

But putting X =
ifY ~ C(h 1), then

cteristic Function of (Stand

X =(Y-p/r~C(10

Hence
ard) Cauchy Distribution. If X is a

9.12-1. Chara
standard Cauchy variate then
f.'l"
— % dx

1
ox(t) =E]__ 1 +x

nsider standard Laplace distr

- (%)

— oo < T < o9,

ibution f(z) =3¢ .

To evaluate (*) co

Then @i(H) = 0z(1) = E@)=1,¢
Since @ (t) 15 absolutely integrable in (= oo, ), we have by Inversion theorem
- P = iz
7 — L -1z — 1. .t_I_.‘
;_E,-I,_l = fy (Z}_.In]-r-e @, (1) dt ) 'l+t‘tu
- HIZ - l‘f” . |
— e _ ! [ f;_,itff=l— [ 1+ dt [Lhangmgrtu-l]
K- oa
1 ) et w4
and z, we have e = [ ) 1}:1‘”‘ - )
.. (931)

On interchanging !
From (*) and (**), W€ get oy (1) =€



Remarks 1. 1f y is a Cauchy variate with parameters A and , then
X =Y=8 _cq,0),

3

I

= Y=p+iX
'le'(” - E(t""ﬁ:f'"'E(t"“‘x): (.:ur[px“ ;U
=t'“”‘:""', A>0

2. Additive Property of Cauchy Distribution., If X, and X
with parameters (A, u,) and (A, H,) respectively, then X,
(A + Ay, Wy + py).

Proof. Px (1)

[Using (9-31 )] (9314
2 are independent Caycly, vanates

+ X, 1s a Cauchy variate wWith paramey

exp [r’p},-t—lj,- e}, J=1,2) [From (9:31q))
Px, (1) @x (1) (Since X,, X, are independen,

= exp [it (U, + pp) - (A, +Ay) | ¢ | ]
and the result follows by uniqueness theorem of characteristic functions.

3. Since @’ (t) in (9-31) [where (°) denotes differentiation w.r. to t] does not exist at ¢ - 0, the
mean of the Cauchy distribution does not exist.

4. LetX,, X,, .., X, bea sample of n independent observations from a standard Cauch,

]

th, + X (t)

distribution and define _X- =% 2 X. Then

=1

Pgt) =@z x (t/m =TI [ox(t/n)] = [gx (t/n)]" (since X's are 11 )
1=1

=[£.-|u‘a ']":g"”' =¢’x(”
Hence by uniqueness theorem of characteristic functions, we have :
“The arithmetic mean X of sample X,, X,, ..., X, of independent observations from a standard

Cauchy distribution is also a standard Cauchy variate. In other words, the arithmetic mean of
random sample of any size yields exactly as much information as a single determination of X

The implies that the sample mean X , of random sample of size n, as an estimate 0!
population mean does not improve with increasing n, which contradicts in Weak Law of Lare:
Numbers (WLLN).

9-12.2. Moments of Cauchy Distribution

[~ ATy _&I"Md
E(Y) "J-_-yf(.y)dy_; J_n 12+(y‘_u)2 dy_n - 12+Lu_u}2 _IJ'

R AT e,

It

Although the integral J 2

32 ;dz, is not completely convergent,
.- S 4

g n

lim J"
n—4 u .- 1afs
, - . c 4. ) e xS
i Al B z2° dz' does not exXISt, 1ts Princimal ol = . l T °

L 1



o T A -0

pviously, the probability curve is symmetrical about
jistribution, the mean, median mode coincide at the

Hy = E(Y —p)? ‘—'[

the point x = pu. Hence for this

point x = .
(V= 1)? f (y) dy =)Ej ﬂ{‘y_m. :

o T - }L' + {u . “:r

. dy,
which dnesf n?t egist since the integral is not convergent. Thus, in general, for the
Cauchy’s distribution the moments H,, (r 2 2) do not exist. |

Remark. The role of Cauchy distribution in statistical theory often lies in providing counter

examples, e.g., it is often quoted as a distribution for which moments do not exist. It also

rovides an example to show that g, , y (1) = @x (t) @y (t) does not imply that X and Y are
independent.

Let X, X3, ..., X,, be a random sample of size n from a standard Cauchy distribution. Let

E - Y X, /n.Since E (X,) does not exist (.- mean of a Cauchy distribution does not exist),
1

-
=
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= Wpyo2=0Mr + 0 o |
al Distribution. The pézg‘l"l%e r v X is said to have a log-

9.2.15. Log-norm
f log.X is normally distributed.

normal distribution 1

letY=log,X~N (n,02). For x >0,
Fy(x)=P(X<x)= P(log X < log, X) = P (Y < log, x)

(Since log, X 1s monotonic increasing, function

'lng 1

] f | :
= ;—:’FZ*:K ) l‘xp l - (u - u)I/Z ﬁ?} l!l/ lq[IIi'l‘ Y . N [“ 0
- 5 . o du

“ov2rlo =0 "“”g " —}1)3/2(12\ u (y = log u)

F . -
orx <0, Fx(x) =P (X <x) =0, because X is a positive r.0.



| et us define 4 “"T

1 . _
. 2 exp |- (log u-p¥/206%, u>0
fx(u) = HOV2 X P b (9.17)

O, u<0

Then Fx(x) = j fx(u) du, for every x and hence / (x) defined in (9-17)1s a p.d f

of X.

Remark. 1f X ~ N (4, %), then Y = eX is called a log-normal random vanable, since its
oganthm log Y = X, 1s a normal r.v.

Moments. The rth moment about origin is given by .

u' =EX)= E() [-Y=logX = X=¢]
= M(r) (m.g.f. of Y. r being the parameter)
= exp(pr+%r3cs:) [~ Y ~N (u 0% (9-18)
Remarks 1.In particular if we take {1 = loga, a>0,1e, log X - N (loga, 0°), then
Ty =E(.\"}=exp{r.1ng{1*%r:0‘:'|= o exp (o2 CRE®
Mean = M, = a’ and TRES TR TREE o e (¢ - 1)

2. Log normal distribution arises in problems of economics, biology, geology. and
eliability theory. In particular. it arises in the study ot dimensions of particles under

nulverisation.

316X, Xy o X, 1s a set of independently identically distnbuted random aniables such
hat mean of each log X, 15} and its variance is o- then the product X, X, \ e
35‘_~Tnptnticall_\' distributed according to logarnthmic normal distribution and with mean p and

. : ¥
anance no-.



?:-11. LOGISTIC DISTRIBUTION j, G

Definition. A contiuous r.v. X is said to have a Logistic distribution with parameter:
aand 3, if its distribution function is of the form :

-1
I'(x) = [1 + exp [ (x - cr)/ﬁ}} , B> 0 (9.29)

= ;- [I + tanh [ ; (x - a)/ﬁ ]] ) ﬁ > () (929




rhe p.d.f- of Logistic distribution with parameters o and B (> 0) s given by

d :
f(x) = g, [F (v)]

1
sl
1

)]
= sech® 5 L
mun 1 ‘ 5 (2 lIUBI

L+expl-(a u}z’ﬂl] 2 lexp [ (1 a)/ Pl

The p.d.f of standard Logistic vanate Y = (X - a)/P, 1s given by

dx

Y [U'. =l'{‘l‘.-l —lzl' y |:1+|:""']'._—m:-u_|_,l<;m

iflp'

1
4

1
sech? SYji—oo<Yy<oe
2 .

The distribution function of Yis:  Gy(v) = (1 +¢ ¥) 1~y <oe
Logistic distribution 1s extensively used as growth function in population and
jemographic studies and in time series analysis Theoretically, Logistic distribution

-an be obtamned as :

(9-29b)

(9-29¢)

(9-29d)

L (9-29¢)

(9-29f)

(1) The limiting distnibution (as 11 — =) of the standardised mid-range, (average of

the smallest and the largest sample observations), in random samples of size 7

() A mixture of extreme value distnbutions

9.11-1. Moment Generating Function of Logistic Distribution. The m ¢! of

standard Logistic vanate Y 1s given by

" -

pylt) = E (etY) =J eV g(y) dv :J evoe V(v e V) Tdy

Put b i :[1+1'”|=

¥l u

M, (1) = |

:I'{I—HI‘H+H.s"l'[2]| I (1 DLl o+ 1

_ntcosecmt <l

- l"' W 2 .
. [ gfve v ' \.l ) iiu [ AL ll. + V) 'Itfl.i

N -y
n! N (See Remark 2 below)

o *
=14 t )

F(Y) = Coefficient ot fan (9.29¢) - 0 .
’I

s = F(Y ) = oefticient ul X i (49 29¢)
| 4 L (ficient ol " i (929¢)

- & }. .' = l.“-. C » I I :

e = B
Hence tor standard | ogistic Jistribution
cnce i |

L T L

. Vanance = Hy © oy N i

Mean =
o
]
& m
1
) '

()

(I-:). t—d‘:i_-j S e A L L LR P B S P B A
1 . 1

() :ih\,}



910. WEIBUL DISTRIBUTION 27—

A random variable X has a Weibul distribution with three parameters c (> 0),

w(>0)and pif therov. Y = ( u) ... (9-28)
o
has the exponential distribution with p.d.f
py(y) =e,y>0. ... (9-28a)

Definition. A continuous r.v. X has a Weibul distribution with parameters c (> 0), a (>
(), and pif its p.d.f.is

f(x;c, a 0 = i(x—ﬂ—g)r Il’Wl‘(I##).}”r)”’f)U - (9-28b)

ard Weibul distribution is obtained on taking o = 1 and pu = 0, so that the

d _
The stat distribution which depends only on a single parameter c is

ndf of standard Weibul
niven by | |
h | py(x) =¥ -1 exp(-x9); 2 >0, c>0 - (9280)

9.10.1. Moments of S

= (),
distribution, (@@ = [
=1 ave
distribution lQ'ZR‘”' We ha

tandard Weibul Distribution. For standard Weibul
from (9-28), we get Y = X which has the exponential

ll,=f‘[,\"’)=E(Y“]’=Eﬂ ‘]=‘ o

{.‘fi:r( ‘1-'*1)

lftrx'!l::"'z"’[r(] *E)}

NMean = E

; _r \.! -
and Var(X) = .



‘ ‘_-! FLJN |
2 % DAMENTALS OF MATHEMAT)

AL S
N , Ties
f"!lmliarly, we can obtain expressions for higher orde; Momeny S
and f3,. For large ¢, the mean is approximated by > ANd hep,, or |
. Y l n: : R oy . .
F{\) ~1- l + 2_1‘5(('- +Y ) =1 ~Uv:v/22l ] +(}-'L?HL}(}._‘.“ c 3‘
where y = 0-57722 is Euler’s constant.
The distribution is named after Waloddi Weibul a4 Swedish Physicisy
. f . ’ . X - . 5 y
in 1939 to represent the distribution of the breaking strength of m aterials ‘;(h“ noed iy
[ & C 5.

(1958-59) advocated the use of this distribution in reliability studies , 0, | H g
control work. It is also used as a tolerance distribution in the analvwi‘u :11 Qualipy,
response data. T Quanyyy,

9-10-2. Characterisation of Weibul Distribution. Dubey, S.D. (1968)

the following result : aS Obtaineg

“Let X, (1=1,2, ..,mbeiid random variables. Then min (X1, X5 ., X,) has @ Wejl
distribution if and only if the common distribution of X,'s is a Weibul dis} ribution,” etby]

Proof. [ et X, (i=1,2, .., n)be iid. rv's . each with Weibul| distribution (9-28b) ang
let Y = min (X, X,, ..., X,). Then o

PY>y) =Pimin (X, X, .., X,)>y)=p ( ml X, >y)

=P X =[PX>n]" since Xsarerid ro
| =

o

Jv ra‘(x—;—”)clexp{h(l_“)f) dx
S = ()

[(v—p /)]

wer -]

Substituting in (*), we get

Now P (X, > y)

n

R e N R R B R

0 x

This implies that Y has the same Weibul distribution as X s with the differenc
that the parameter o is replaced by oon 1/,



