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UNIT-IV
4. 1 Convergence of sequence of random variables & Mode of convergence
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Moment Generating Function

Moment Generating Function. The moment generating. functién
(m.g.f.). of a- random vargiable X (about -origin) having the probability function
f(x) is given by
My () =E (%) =f & fx)ax,

(for continuous probabiliity distribution)
_Tef D,
(for discrete probability distribution)

the integration or summation being exiended to the entire range of x, ¢ being th

real parameterand it is being assumed that the righi-hand side of (6:54) is absolutel
convergent for some positive number 4 such that - A < ¢ < h. Thus

2yr2 ryrr
Mx(®)=E (@) =E|1+x+2% =€ ]

(659)...

21 + ...+ 1 + ...

r;E(Xf):o-..I-

r

2

=1+1EX) t%—E.(Xz) P

N "o,

=1+rm +-E—!u.2’+.-.+—r—!-|.|., + ... ...(6-55)
where w =EX"D)= _f x " f(x) dx, for continuous distribution

= X x" p (x), fordiscrete distribution,-

[
Fr 't
My (£) gives u,” (above origin). Since My (f) generates moments, it is known as
moment generating function.
Differentiating (6-55) w.r.t. ¢ and then putting ¢ = 0, we get

is the rth moment of X about origin. Thus we see that the coefficient of

2

d” [l-‘r' ’ ' 4 ’
ldfr {IMX(}‘)}I-‘—om= r!-”!"'l-lr+1l*ll-r+2-2!:l'-.- ‘=0
= l"'f' -[ d - {MX (‘) } } "'(6.56)
d‘ =0

In general, the moment generating Tunction of X about the point X =a is
defined as | 3
Mx (¢) (about X = @) = E [€'¥~ )

2 r

i
—E|1+i(X-a)+ 57X -a)i+ ..+ X—a) + ...
r ‘2 r tr r
=14+1m, -I—i—! Q2 + -..+-;-!-|.l, S Pleac -.(6-57)

where u,’ = E {{X — )"}, is the nth moment about the point.X = a.
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4.2 Characteristic Function: Definition and Properties

Characteristic Function. In some cases m.g.f. does not exist, since

Ll

the integral J e'* f(x) dx or the series X & p (x) does not converge absolutely

for real values of ¢ for some distributions. For example, for the continuous
probability distribution

e AER ALY A i
dF(x)—C(l+x2),"cix,m>l, <x < oo, .

the m.g.f. does not exist, since the integral

My (D =cr e !

i —
—m (1 + x2ym i

does not converge absolutely for finite positive values of m because the function
€™ dominates the function x*™ so that /x> — 0o as x — oo,
Again, for the discrete probability distribution

Y(x}=é;x=- 1,2,3,... }
=0, elsewhere
My =Ze*f@=33 [%]
x - x=|

The series is not convergent (by D" Alembert’s Ratio Test) for t > 0. Thus there
does not cxist a positive number i such that Mx (1) exists for — h <¢ < h. Hence
My () does not exist in this case also.

A more serviceable function than the m.g.f. is what is known as characteristic
function and is"defined as

ox () =E(®)=] e f(x)dx
(for continuous probability distributions)

=X = f(x)
. (for discrete probability distributions)
' -(6-64)
If Fx (x) is the distsribution function of a continuous random variable X, then

=] &~ dF () (6643

Obviously ¢ () is a complex valued function of rcal variable ¢. It may be noted
that

|¢{r}|=| Ie"“f{x}dxrshei“‘lfmduh(x)dwl.

<in | £ 1=| cos tx + i sin x | '? = (cos® tx + sin® )= 1

Sinccﬁ: (r) ] = 1, characteristic function ¢ x(f) always exists,"
Yet another advantage ol characleristic funcuion hics in‘ncfact that it uniquel deter-
mines the distribution function, i.e., if the characteristic function of a distribution
is given, the distribution can te uniquely determined by the theorcm, known as the
Uniqueness Theorem of Characteristic Functions




18MST12C: Probability Theory UNIT-IV Page: 6

I MSc Statistics Dept. of Statistics
Properties of Characteristic Functions, For all real’t’, we have
M) eO=]", &F (=1 (664b)
(i) |[$1I=1=¢(0) -{6-64¢)

(iii) ¢ (r) is continuous everywhere, i.e., ¢ (1) is\acontinunus function of tin
(= ==, <), Rather ¢ (¢) is uniformly continucns in ‘¢’

Proof. For h#0, [4x (t+ #)—x () | = lf [awm-e'ﬂ] dF (x)

<
The last integral does not depend on ¢ If it tends to zero as i = 0 then
y (1) is uniformly continuous in *r’.

ity {fih.t - 1) | dF (x)

eihx _ ] IdF (x) e {*)

MNow e‘“‘—lli e-"-"f|+]=2

Hence by Dominated Convergence Theorem (D.C.T.), taking the limit
inside the integral sign in.(*), we get

ethr — ] |dF{.r}£2 Ijﬂdﬁ'{x}:l

“m lq}x[f‘l'-l’ﬂ th-(r}lﬂ J‘ lim | e -1 |dF{,r]=ﬂ

—oa fi =l
= lim dy (¢ +h)=0qx () V1
I =+ O

Hence ¢y (1) is uniformly continuous in ‘1’

(iv) by (=) and ¢y (r) are conjugate functions, i.e, dy (=) = ¢y (1) where a
is the complex conjugate of a.
Proof. &y (1) = E (e'"X) = E [cos X + i sin tX]

= ¢y (1) =E [cos tX —.i sin 1X]
= E [cos () X + i sin (—1) X]
= E (e7) 5 gx (-1).
Theorems on Characteristic Function.
Theorem If the distribution function of a r.v. X is symmetrical about
zero, iL.e.,

l-F{x)=F(=x) = f(=x)=sf(x),
then §y (1) is real valued and even function of t.
Proof. By definition we have

by (1) = I__ e f (x) dx = L_ e f (=) dy (x =—y)
h .
= '[-m E""‘-",f{_}’)-dy I+ fimy) =)
=¢x (-0) e(*)
= ¢y (1) is an even function of r.
Also Gx (D) =Ox () [c.f. Property (iv) § &-12-1)]
: bx () =0x (=) =dx (D (From *)

Hence ¢, () is-a real valued function of .
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Theorem . If X is some random variable with characteristic function
“Ox (1), and if u, = E (X") exists, then

W =i [—Mﬂ]

Proof. ¢ (1) j‘ e & f(x) dx
Diff cﬂ:nual:ng {under the integral sign) “r ' times w.r.L. f, we gel

Do =fT_ (). ¥ fdx=) [T ¥ " flx)dx

EII
_(._] [J‘ reirr_r{_:}iil'];_ﬂ
=@ [T _xfwax=i"Ex=i"p’

" al" F :’t

He =| - = (-
nce . [,] [a ,4-{1]'_“ 9 [a:' Ln
Theorem dox (1) = Ox (ct), ¢, being a constant.
Theorem If X\ and X, are independent random variables, then
¢Il -r.tz(f) ¢-\'t (I} ¢11 ("} ---(*]

More, generally for independent random variables X, ; i = l 2,...n, we have
¢Xl +X24 ..+ Xn (l} 4’11 {‘) ¢1'2 {I) ¢X- (f)

Important Remark. Converse of (*) is not true, i.e.,

Ox, +x2 (1) = Ox, (1) Ox, (1) does not imply that X, and X» are independent.

For cxample, let X, be a standard Cauchy variate with p.d.f.

1
Then ¢ ()= X .
Let X=X, le, P(X)=X2)=1., wi(**)

Then ox,()=€""
Now  nyexz () =taxy () =¢x, (21) = ¢!
=bx, (1) Ox, (1)
i.e. (*) is satisfied but obviously X, and X, are not independent, because of (#+).
Theorem Effect of Change of Origin and Scale on Characteristic

Function.If U= 5%‘-‘, a and h being constants, then

du(0)=e"“"" ou (¢/h)
In particular if we take @ = E (X) = i (say) and h = 6x = ¢ then the characteristic
function of the standard variate
] 7 X—EX) _X- B
Ox a
is given by oz (1) = €™° ¢ (t/0)
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4.3 Inversion Theorem

4.4

Mnversion Theorem Lemma. If (a—h,a+ h) is the
continuity interval of the distribution function F (x), then

Fa+m-F@-m=tim L[T S0H wyq)q,

T — e ¢
& (1) being the characteristic function of the distribution.
Corollary. If ¢ (¢) is absolutely integrable over R?, i.e., if

[T 100idi<e,

then the derivative of F (x) exists; which is bounded;, continuous on R and is given
by

f@=F @W=9=-["_e“s00a,

forevery x € R'.
Proof. In the above lemma rcp[au::mg a by x and on dividing by 24, we have

F(x+ h}z:;F e 3d ) I 2:: T]lm IT smme“'#ﬁ () dr
__2_:]; ::-ﬂ SI:::!‘ —mr‘p(o df I
! F(x+ ft) F(x hl o SII'I h‘ -u
I lim 1) dt
al-.o 2h 21%-.0'['“’ hee i
Since .[:b,, 10 ()jde <eo,

the integrand on the riglit hand side is bounded by an iritegrable function and hence
by Dominat2d Convergence Theorem, we get
lim Fix+h—F(x—h) 1 feo . (SinAt)  _ix
Jim =il gl hm[ mg).c o dt
By mean value theorem of differential caiculus, wé have

Jlim £ ﬁ}z-: C=B)_ ro oy mfoo,

where f (.) is the p.d.f. corresponding to ¢ (¢). Thus
f@=F@=5_J"_ e=owar

Unigueness Theorem

Uniqueness Theorem of Characteristic Functions.
Characteristic function uniquely determines the distribution, i.e., a necessary and
sufficient condition for two distributions with p.df.’s f, (.) and f(.) to be identical
is that their charac.eristic functions ¢, (t) and 2 (1) are ideniical.

Proof. Iff; (.)=f2(.), then from the definition of characteﬁstic function,
we get

o 0=] & fi(x)dx= I % £, (x) dx = ()

Conversely ll’¢1 (=2 (1) lhen l‘mm corollary to Theorem 626, we -get
]

fiw= ﬁhl_ CEnas ] S w0ds i
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Theorem Necessary and sufficient condition for the random vari-
ables X, and X1 .to be independent.is thattheir joint characteristic function is equal
to the produc: of their individual characteristic functions; i.e.,

Ox,.x, (11, 12) = dx, (1)) ¢x, (1) (%)
Proof. (i) Condition is Necessary. If X, and X, are independent then'w ¢
have to show that (*) holds. By dcf:,
O, x, (2, 1) = E (€M% +ita) = F (X, gitXs)
= E (") E (¢'%)(- - X,, X; are indepcndent)
as required. = dx, (1) dx, (12),
(ii) Condition is sufficient, We have to show that if (*) holds, then X; and
X, are independent.
Let fx,.x, (x1, %) be-the jointp:d.f. of X, and X, and fi (xi) andf;(x3) be the
marginal p.d.f.’s of X; and X, respectively. Then by definition (for coniinuoiis

r.v.'s), we get
L |
o (0)=] €7 fi(n)dn
o (=] €7 f,(x) dn
ox, (h) ¢I| (‘1)=[ L‘falx‘ fl '(xl) dxll [ I fiuxl f;(xﬂ d.l':]

n‘ f J- PUUERT TS fl (x) fa {Iz}d}[ dx

- - "_{**).
by Fubini’s theorem, since the integrand is bounded by an integrable function.
Also by def® e =

¢xh X3 (h, lz) = Jl J- fl (fyxy + 13x3) f(xh x]} dx] dxz

If (*) holds, we get from'(*+) \

bx,.x; (h, &) = _[ J iRt 2% f (x)) fo () dxy dx2

Hence by uniqueness theorem of characteristic functions, we get

S, x) =i () f2 (x2),
which;implies that X, and X, are.independent.




18MST12C: Probability Theory UNIT-IV

I MSc Statistics Dept. of Statistics

Page: 12

for ™2  Guen ¢ d-4 Jcn) = b= =
jand  ab> Sroractib e JuncliE?

ffﬁ

C’{(t\ =: B ‘
B N
—=0 11
T E e
= L= e " =
E
s jo B s ¢ Cb‘J
= = b o . )
A - > CTE-V
L Jg e eveE) ypn f o <
-— a D = _
o i J = = (,_Te;( ]
- ' b
=2 | J Y aa oF J e sl
2 = o? i
{ s A= + \)eﬁf {'—__
- i S e fa=iE D
14 £ : o
- — = . » Q‘
© 1 A
ok e,ﬂigj y % | 5w J
2 EA N
= L )
o | 3 T -
- 147(

= '/3 - :t‘*(”{..t),,_
| o

P roblom : "
- 1] Yoo
—lD LW Lt

Q( 17107 {'—‘l!)

Uit (-3

1

I-Otz

-—

A ovaiscen formala é' ﬂad(«a bds -
The  gos enucta B side Pod-P o W dese of
*the comienceia . v der Geron Choroctndatic fuanclion 2Za

= d -
oy = b St
e > ,:-,’,e € te) Ag,

Fsod = . 4. + CL\‘L!Q Chavacte.’, e Fewrr e LaTon

do s Y CEd = X S unmasilin Fovenda

el
S = —‘_-:'ﬂ J ~ 7 e iDL
——
= ! f e _&(L
N - (Q ]Jg
s :
™ _ e (Miez 423
= g =
e '-L < de
- -
Fra ~. T & WEw (T
- J e"sc > O™ \'-,’9‘
- —— .
e J ERETHT 7]
Ll —
-—— -l - L= F3
B ' — J — i (E+%3¢) %
= % € < de
- -
- o=
s J g {Eeinsy )
- < d“‘ f >
= —
- = - - >
= e '"a [ %%
- &




18MST12C: Probability Theory UNIT-IV page: 13
I MSc Statistics Dept. of Statistics
- ,.
2 s 2n t -
7‘;’Tv =
“The 4oy mala L oedain o. . F .8 4a &
Jov  geen ¢ honactes b HE  Ffunetion i
s )
Pix) - ﬁ J e * cce) de
e ~ . ol
Obdain  +he o w3 dhin Chanvaciias tu - ‘
g » ° Jtaa‘.‘la
Ceet) = (‘!*fet). b(-) LS
g L -
P = A 4 e (7 +Pet)  d
L _ew 2 n i '.:)’
et J ALY e
4’7 J o L J=e 3 ( <
-1 r‘
- elg-2) q \
" e 3 n 3 —‘"_ t 3 c 7
o = 2R G T 2 Z
3 g,.,i x
o 8 i 3 =T \
. [,) P9 % 0y ]
¢ Lels &
—_— Lo o Thawe-
4 o4 Bunorual Al 4oub afien
» » X -’
Wi b 1 Tha P : |
Opiaio P e whess Chorects: bk Junclior <
b .
“ e
'3 ¢ oi) o Tuda =) -
. L’:),'
- =] o 4 S me 7 A’
Ora) = ,# J < _z—o —
. -n
=
‘ (v-x)
2 < - J & A
s s Wy WG
- -
2 il oren ¥+
—
o D Yhow' ' 3¢
Lt B e ?"'"" Cd Dor b >en Aty ulion
N O Blailo p-m-4 o4 Whose Choav aetor oozt Feer ¢ Leo)
r & =
e 3’5"*"—" C ee) = plr-¢q J
A
2
= \ c ) &
Pixn) = e f{-‘e
A - - -1
- i J ™ P )
-n
P = SEw o
p— Iy e :
am \%' e ot lx e ot A
; D
S E ' & (?‘»r)
= =
T e e e :% .- Ae
[ — ‘z'rP -l-b s O
Whah ‘f” e P-m-F o4 Gaocrulic AD ok i from

#H# End of Unit-1V #H#



