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Source: Fundamentals of Mathematical Statistics by V. K. Kapoor & S. C. Gupta

Conditional Expectation

Discrete Case. The conditional expectation or mean value of a continuous
function g (X, Y) given that Y = v;, is defined by

E{gXN|Y=y}= 2 g(xy) PX=x|Y=y)

°£3 8 (xl'g y_;) P{X-xl.n Y-y‘)

PY=y) ...(6:46)
ie, E[gX,)|Y=y;] is nothing but the expectation of the function
g (X, y;) of X w.r.t. the conditional distribution of X when Y = y;.
In particular, the conditional expectation of a discrete random variable X given
Y=y is

EX|Y=y)= Zx PA=x|Y=y) (647)
‘The conditional variance of X given Y'= y; is likewise given by
]

VX|Y=y)=E[{X-EX|Y=y))|Y=y]) {6-47a)

The conditional cxpectation of g(X, Y) and the conditional variance of Y given
X = x; may also be defined in an exactly similar manner.

Continuous Case. The conditional expectation of g(X, Y) on the hypolhems
Y = y is defined by T

E{N!Y=y}= [T gy furk]|y dx

% gy Sy de

..(6:48)
fr )
-In particular, the conditional mean of X' given Y = y is defined by
o-om xf(x,y)dx
EX|Y=y)=
X|Y=y) 70
Similarly, we define
(= o]
f_ yf(x, y)dy 5
E(Y|X=x)= —— (648 a)

fx (x)

The conditi-»nal' variance of X may be defined as
) H
VIX|Y=y)=E [L'{-E(XI Y=y} | Y=y]
Similarly, we define

Vi |X=x)=E[lr-E@|X=n) | X=x]

...(6:49)
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Theorem 6-13. The expected value of X is equal to the expectation of the
conditional expectation of X given Y. Symbolically,
EX)y=E|EX|Y)) * ..(6:50)
[Calicut Univ. B.Sc. (Main Stat.), 1980]
Proof. E[E(X|V)=E| Ex; PX=xitY=y))

PX "xa Y'Yr)
‘E[E P(Y=)

= 2 [ E {xe P(X;(J;f:;;’!L)H P(Y=y)

-EE X,'-P(X‘xin Y=-y:')
j
-2_ [X,‘ {2 P(X-x;ﬁy'}’j) } ]
=Zx; P (X =x;) = E(X).
Theorem 6:14. The variance of X can be regarded as consisting of two parts,

the expectation of the conditional variance and the variance of the conditional
expectation. Symbolically,

V) =E[VX|N]+VEX|Y)] (6:51)
Proof. E [V (X|Y)] + V[E (X| V)]

-£[E@?n)-E &0y ]

+E[{EX| DY ]~ [E{E X[}
=E[EX*|N-E{EX|D)]

+E[{EX| VY] - [E{EX| V)Y
=E[EX?|V]-[EX] (c.f. Theorem 6-13)
=E[Zx’P(X=x;|Y=y)|-[EX)]

' 2 PX=xiNY=y)] 2
5[2"' P(Y=y) l £
2 PX=xiNY=y) =) L= 2
.2l zx P(Y=y) P(Y-y')‘ =l
- 3 ): PX=xNY= y)‘ [E (X))
= Ex, P(X'xt) IE(X)]

-E(X ) - [E (X))’ = Var (X)

Hence the theorem.
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Theorem 6°15. Lef A and B be two mutually exclusive events, then
Ex|auBp)-PAEX|A) +PB)EX|B)

P(AUB)
where by def,,

E(XlA)-P_(A) 12 xiPX=x)

1
— Ix; PX=x;
PAUB) ,era O
Since A and B are mutually exclusive events,
ExiPX=x)=Z x;i PX=x)+ £ x; PX=x)

L'|EA UB !']EA r.‘EE

.. E(X|AUB)=——— [P(A)E(X|A)+P (B)E (X|B)]

Proof. E(X|AUB)=

P@A UB)

Source: NOTES ON PROBABILITY by Greg Lawler. Last Updated: March 21, 2016

Properties of Conditional Expectation

o EE[X [ d]] = E[X]

Proof. This is a special case of (16) where A = ().

o lfabeR EaX+bY |G =aE[X |G +bE[Y | G]. (This equality and others below are really

equalities up an event of probability zero.)

Proof. Note that ¢ E[X | G] + bE[Y | G] is G-measurable. Also, if A € G,

/(a.]E[X|§]+b]E[Y|GDdIP / [X|Q]d[P+b/ E[Y | G] dPP
JA

= /Xd]P+b/}d]P

/ (aX + bY) dP.
JA

The result follows by uniqueness of the conditional expectation.
e If X is G-measurable, then E[X | ] =

e If G is independent of X, then E[X | G] = E[X]. (G is independent of X if G is independent of the
o-algebra generated by X. Equivalently, they are independent if for every A € G, 14 is independent
of X.)

Proof. The constant random variable E[X] is certainly G-measurable. Also, if A € G,

/ E[X] dP = P(A) E[X] = E[14] E[X] = E[1,X] = f X dP.
A A
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e If H C G C F are o-algebras, then
EX | H] =E[E[X [G] | H]. (17)

Proof. Clearly, E[E[X | G] | H] is H-measurable. If A € H, then A € G, and hence
[ EEx |91~ [ Ex |G ap= [ X a.
Ja A A

e [f Y is G-measurable, then
E[XY | G] = YE[X | g]. (18)

Proof. Clearly Y E[X | G] is G-measurable. We need to show that for every A € G,
/ YE[X |G]dP = / Y X dP. (19)
A JA
We will first consider the case where X,Y > 0. Note that this implies that E[X | G] > 0 as.,
since [ LE[X | G] dP = ) 4, X dP > 0 for every A € G. Find simple G-measurable random variables

0<Y, <Y, < --- such that ¥;, = Y. Then ¥,,X converges monotonically to YX and Y, E[X | ]
converges monotonically to YE[X | G]. If A € G and

Z=Y ¢lp, B;€g,
i=1

is a G-measurahle simple random variable,

/AZ[E[XWMIP = ;cjﬁlng[Xg]d]p

E[X |G dP
L[ X1

I
7
—
B
=

Hence (19) holds for simple nonnegative Y and nonnegative X, and hence by the monotone convergence
theorem it holds for all nonnegative Y and nonnegative X. For general Y, X, we write Y = ¥V -
Y=, X = X" — X~ and use linearity of expectation and conditional expectation.

If X,V are random variables and X is integrable we write E[X | Y] for E[X | o(Y)], Here a(Y') denotes
the o-algebra generated by Y. Intuitively, E[X | Y] is the best guess of X given the value of Y. Note that
E[X | Y] can be written as ¢(Y') for some function ¢, i.e., for each possible value of Y there is a value of

E[X | Y]. Elementary texts often write this as E[X | ¥ = y] to indicate that for each value of y there is a
value of E[X | Y]. Similarly, we can define E[X | Y3,...Y,].
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Inequalities Based on Expectation
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