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Basic Definition needed:
Definition Given a probability triple (2, F,P) and infinitely many events

Ay, Az, Ag, ... € F, define a new event {4,, i.0.} € F, read “A,, infinitely often,”
as

{A,io}r =) U 4,

n=1k=n

and another event {4, a.a.} € F, read “A,, almost always”, as

{4, a.a} = U ﬂ Ayg.

n=1k=n

Regarding each A,, as a subset of the set Q, “A,, infinitely often” is the set of all
w € Q which are in infinitely many of the A,. “A,, almost always” is more complex
to interpret. If w € Q is in {4, a.a.}, then there exists m,, € N such that

oo
Vn>m, weA,, ie. we m A;.
i=mw+1

Sow € {A,, a.a.} implies that w is in all but a finite number of the A,,. Colloquially,
then, we say {4,, a.a.} is the event that all but finitely many of the events A,, occur.

Lastly, we should note that since A, As,... € F, the closure of the o-algebra
under countable operations ensures that {4, i.0.}, {4, a.a.} € F, and hence are
events in their own right with well defined probabilities
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Borel Cantelli Lemma ( Borel Cantelli 0 -1 Law)

The Borel-Cantelli Lemma Let Ay, Ao, ... € F.
(i) If > P(A,) < co, then P({A, i.0.}) = 0.

T

(ii) If Z P(A,) = o0, {An}.2 independent, then P({A, i.o.})=1.

Proof. Let’s start with i). for all m € N, we have:

o0

P({A, i0.}) = P( N G Ak) < P(k@”Ak)

m=1k=m

by monotonicity. Then it follows from countable subadditivity of the probability

measure that
P( U Ak) < > P(Ap).

k=m k=m

Convergence of this last series implies that the terms in the summation go to zero.
Hence for all € > 0, there exists m € N such that }°77 P(A;) < e. It follows that
P(A, i.0.) < € for any e, hence it is 0.

Now for ii). Because P({A, i.0.}) =1 — P({A, i.0.}%), it suffices to show that
P({A, i.0.}¥) = 0. By De Morgan’s Laws in the preliminaries we have:

P({A, i0.1%) = P((ﬁ QIAR.) C) = P(g (g Ak)c) =P (g E Af).

Then we can write by countable subadditivity that
[o. 4] o0 oo oo
p(UN4f) = r( N45)
n=1k=n n=1 k=n

So we need only show that for all n € N, P(,_ AC) = 0. By monotonicity we
have that for all m € N,

[s's] n+m n4im

p( () 4f) <p( ) 4F) = [[ PtaS),
k=n k=n i=1

where the second step follows by definition of independent events, and the fact that

the complements of independent events are also independent. Now using the fact

that for all z € R, 1 — 2 < e™%, and letting P(A{) = 1 — P(Ag), we have:

n+m n+m
H 1— P(A;i) = H ﬁ_P(A’C] — e PN P(Ak)-
i=1 i=1

Because the sum diverges to infinity, the last term goes to zero as m — oo. It
follows that P2 AS)) < e for any e, so it is 0.

k=mn

The lemma tells us that if the events { A, } are independent, then P({A,, i.0.})
is either 0 or 1 and nothing else. The reader should consider this lemma a very
weak version of a zero-one law
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Examples:
Example . Consider an infinite heavily weighted coin tossing. Let our in-
dependent events be Hy, Ho, Hs,..., where H; is the event that the i** coin is
heads. Suppose also that our coins are heavily weighted against flipping heads,
with P(H,) = L (e.g. the millionth coin has only a one in a million chance at

being heads). The Borel-Cantelli Lemma tells us nevertheless that we will still flip
infinitely many heads, i.e. P({H,, i.0.}) = 1. This follows from the divergence of
the harmonic series, since )., P(H,) = Y_,, =. Such a result is not at all obvious
without the lemma.

For an even less obvious result, consider an infinite coin tossing heavily weighted
in favor of heads. Again let our events be Hy, Hy, Hs, ..., and suppose that for
all n € N, P(H,) = ({55)" In other words, there is a 99% chance the first coin
is heads, a 98.01% chance that the second one is heads, etc. In this scenario,
P({H, i.o}) = 0; we cannot have infinitely many heads. This follows from the fact
that

99 99
_ 10(1
E P(H,) = E (100) =1{_ 3 =99 < 0

10[]

because this forms a geometric series with common ratio r = %. This result is

entirely unintuitive, but revealing of the great power of the lemma.

Example As a rather amusing example, consider the event that a monkey
typing at random would produce Shakespeare’s Hamlet in an infinite amount of
time. Let’s ignore case sensitivity, but otherwise we still expect our monkey to type
not only all letters, but spaces, quotes, commas, periods, and other punctuation
correctly. To be safe, let’s assume there are 45 possible characters. Moreover, let’s
give the monkey an old fashioned typewriter with no delete key so we need not
worry about backspaces. Hamlet has some finite number of characters N, with N
large. Now consider the infinite string produced by our monkey typing at random.
We assume for simplicity that each character has the same probability of being hit
and that hits are independent. We seek a substring that is the text of Hamlet. If
we pick an arbitrary starting point in the infinite string the probability that this is
the beginning of a full text of Hamlet is:

P(H) = (%)N =e>0.

Now consider a sequence of events Sy, Syt1, 5 N11, ..., where S; is the event that
the i*" character is the start of a full text of Hamlet. These events are independent

because they specify the start of a Hamlet-length substring of our infinite string
with no overlap. Clearly then P(S;) = € always. It follows that

ZP(SQi+1) = ZE =
1=1

i=1
So by Borel-Cantelli, P({S; i.0.}) = 1. In other words, our monkey will not only
type Hamlet, but will do so infinitely many times.
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" KOLMOGOROV'S ZERO-ONE LAW

First a few lemmas on independence that we’ll need to make use of.

Lemma 1. Let By, By, Bs... be independent. Then o(By,....Bi_1,Bii1,...)
and o(B;) are independent classes, i.e. for all X € o(By,...,B;_1,Bjiq,...),
P(B;nX)=P(B;)P(X).

Lemma 2. Let Ay, As,...,B1.Bo,... be a collection of independent events.
(i) If X € a(Ay, Ag,...), then X, By, By, ... are independent.

(1) The a-algebras o(Ay, Ag,...) and o(By, By, ... ) are independent classes, i.e.
ﬁfX € O'(Al:AQ:.. ),Y S O'(Bl?BQ?...]; then P(X ﬂY) = P(X)P(Y)

Definition . Given a sequence of events A;, As,... € F, we define their tail
field as
7= o(An Ansr, Anga, ).
n=1

The tail field is a o-algebra whose members we call tail events.

The tail field has some interesting attributes in the case that the A; are inde-
pendent. Then any T' € 7 cannot depend on any particular event A;, or on any
finite number of events A, ,A,,,..., A, . nj € N. If nyq, is the highest index,
then none of these are in o(A, 11,4, 1o....) and hence are not in the tail
field by Lemma 1 (see below), so bear no relation whatsoever to T. All tail events
clearly depend strongly on the tail of our sequence of events; events of this nature
depend on infinitely many A;. As an easy example, {4, 1.0.},{4, a.a.} € 7. While
the Borel-Cantelli Lemma can only be applied to the events stated, Kolmogorov's
Zero-One Law is more powerful in that it applies to any tail event
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KOLMOGOROV’S ZERO-ONE LAW

Kolmogorov's Zero-One Law Given a probability triple (2, F, P)
and a sequence of independent events Ay, Ay, ... € F with tail field T, of T € 1,
then P(T') € {0,1}.

Proof. We have an independent collection A, Ag, Az, ..., and our tail event T' €
7. Then for any n € N, as T € o(An41,Ans2,...), we have T, Ay, As,..., A,
independent by Lemma 2 (i). It follows that 7, A, Ay,... is an independent
collection. If we pick any finite subcollection with indices my, ma,...my, with
Mmaz the largest of these, we need only let n > m,,,., to automatically have T
independent from A,, ,..., A,,, by above.

So, with T, Ay, As,... independent, by Lemma 5.1 we then have T and S
independent for any § € o(A;, As,...). But we also know by definition that
TerCo(Ay,Ag,...), Le. T is independent of itself! It follows that

P(T)=P(TNnT)=P(T"P(T)=P(T),
soP(T)=0or P(T)=1.

Example Let a, be a fixed sequence of real numbers. Consider the space
() = {+1}*. Consider a sign sequence w, € Q, such that P({w; = 1}) = %
and P({w; = —1}) = 3, where w; is the i'" component of the infinite sequence

wn. Then the event that Zn wny, converges is a tail event. If the sum converges,
then changing the signs of finitely many terms will yield a sum that must also
converge: and similarly if it diverges, changing the signs of finitely many terms will
still yield a divergent series. As no finite number of sign switches can change the
convergence, then the event that the series converges resides in the tail field. Hence,

by Kolmogorov’s Zero-One Law,

P (Z Wnan converges) € {0,1}.

n

#iHH# End of Unit-11 ####



