MATHEMATICS OF FINANCE

1. Basic Concepts

There are large number of causes for an individual or a
corporate body or a Government to borrow. The lender is called
the ‘creditor’ and the borrower is called the ‘debtor’. The amount
borrowed by the debtor is called the principal. The ‘fees’ or the
‘charge’ paid by the borrower for using the money of the lender
1s called interest. Borrower has to repay the principal together
with interest to the lender. This total amount to be repaid is
called the amount. Hence, amount is principal plus interest.
Unit of time is usually one year. Under one method of interest
calculation, viz., compound interest, month, quarter year, half
year, etc. are also taken as units of time. Rate of Interest is
the interest for Rs.100 per unit of time.

In other contexts such as depositing surplus money in
banks for safety and income (interest), delayed payment while
buying goods on credit, etc. also interest is paid by the party
who owes some amount to the other.

2. Simple Interest and Compound Interest

Simple Interest and Compound Interest are calculated as
follows:

Under simple interest, the interest for one unit of time
(usually, one year) is multiplied by the number of units of time
o determine the interest due. For example, if Rs.600 is the
Interest for one year Rs.1,800 (600x3) is the interest for three
Ye'dfl's (Refer Example 1). It is to be noted that interests at various
"Mts of time are equal under this method. In example 1.

Interest for the first year = interest for the second year
= Interest for the third year
= Rs. 600.



H
2
<t the interest for the first unit gf

he sumple nterest per unit of ime. The intereg

; - 8

LILL]J vt EII f [1m€* 18 ul !'_“_r L-!‘l.lfulﬂwll LIl 1.]:“': flr‘lgl“al
i =

of the first umt of time Hence, 1t wy)
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bl‘;:”"f worest for the third umt of tume, the onginal principal,
flfw 1t|;1,:rr:est for the first umt of time and the interest for the
second unit of ime are to be added and the total 18 to be taken
as the principal This procedure may be repeated as many times
as necessary The same are obtamned by the formulae given later,
[t is to be noted that the interest for the first unit of time 1s
less than that of the second, the interest for the second umt of
time 1s less than that of the third. etc. Under this method,

interest earns interest,

Under compound 1ntere

time 18 €
for the second umni
principal and the interest

3. Symbols Used

P - Prinapal or present value
A - Amount or value at the end

n - Number of units of time and n 18 either an
integer or a fraction.

r - Rate of interest (for Re, 100 per umt of time)
1 = /100

s - Effective rate of interest under C.I. which 1s

the interest per Rs 100 per annum when there
are m (>1) umits of time 1n one year

I - Simple interest

('l - Compound interest

1. Simple Interest - Formulae and Problems

Formulae.
yige SHE - psq=ps BT [ _1;]
W1="g WA=PT=P 5 =1 100
] 10
(i) P = m”- (1Iv) n = ]ﬂ—[- iv) r = HHJI_
nr Pr Pn

[Tmit of time s 1 vear n s either an integer or a fraction
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Example 1: Find the simple interest on the sum of
Re 6,000 at 10% pa for 3 years. (B.Com. Bharathiar, N 93)

Solution: Given: I' = 6000, r = 10 n = 3

- HELUEE
H¢~.4L||rwl Bllnpll* interest, | = 1.[1_{] € 104

- Rs 1.800

Note: |. r = 10% p.a. means 10 per cent per annum That
15, interest 18 Ks 10 per annum for a loan (principal) of Re 100

for R= G000 imterest = 1‘{3{:} « 8000 = Rs.600 per annum
_nterest for 3 yvears = 600 x 3 = Rs. 1 800

2 The same may also be found as Sumple Interest for one

'y 6000 . 1 .
year = :nfﬁ =50 9 = Rs. 600 Simple Interest for three years
= H;J{! n = Rs.600x3 = Rs 1,800,

3. In most of the following problems, formulae alone are
used for solving them.

1. If amount 18 needed, 1t would be calculated as follows:
Amount, A = P+] = Rs. 6.000+Rs.1,800 = Rs. 7800.

Example 2: Calculate the total amount that will be
received from the debtor when the principal Rs. 10 000 1s lent to
him on interest for 4 years at 9% p.a

Solution: Given: P = 10000 n = 4, r = 9

[, 4x9)
10000 ,k] * 100 }

Required amount, A = P tl 4 J—‘-LJ

7

= Rs. 13.600
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3 . Rs.6.000 amounts to Rs. 8,940 at 14% p 4

Example
for which the amount was

interest Find the number of vears

lent.
Solution : Given: P = 6000 ;: A = B940; r = 14

Interest, 1 = A - P = 2,940
100 1

By substituting 1n the formula, n = 5 . the number of

_ 100 x 2940 _
vears, n = Lo n S 3.5 years.
Example 4: If a term deposit of Rs.4,000 earns an
interest of Rs.2,500 in 50 months, find the rate of interest.

50 2

w
—
_——— =a —

Solution: Given: P = 4,000; | = 2500; n = 5 =A%

0
vears. Using the formula, r = 13 nI

100 x 2500 _ 100 x 2500 x 12

the rate of interest, r = 0 - 2000 x 50

4{}{}0xﬁ

=15%p.a.

Example 5: A certain sum amounts to Rs.4,000 at the
end of 5 years at 12% p.a. interest. Find the sum.

Solution: Given : A = 4,000; n = 5; r = 12.

Required to find P. Consider, A = P [1 + ]IL—EJ

Rewriting and then substituting, required sum (principal),

p = A - 4!5}00 . 4000 - Rs. 2.500
|+ nr I 5x 12 1.6
100 * 100

Exampie 6: Mr. Ramesh deposited Rs.25,000 on 1.1.94.
At ‘e end of 5 months, he withdrew Rs.5,000, Find the interest
due to him on 31.12.94. Rate of interest = 1 % per annum.

(B.B.M. Bharathiar, A96)

i

I
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Solution: Interest for Re.25.000 for 5 months

Panr H 12

- ——l W — . ik == ) |Ir 'I
= 00 25,000 T 100 Rs 1.256(
Interest for Rs.20,000 for 7 months
20,000 x = x> - Re.1.400
— A L —_ L&
T 12 100

Interest due on 31.1294 = Rs.1,2560 + Rs.1.400 = Rs.2 650

Example 7: A sum of money amounted to Rs.1,071 in
6 months and Rs.1.106 in 16 months. Calculate the rate of simple
Interest, (B.Com. Bharathiar, N 83; B.Com. Madras S90:

B.Com./B.C.S. Bharathiar., N99)

Solution: Amount at the end of 16 months = 1,106

Amount at the end of 6 months = 1,071
" Interest for (16-6) = 10 months = 1106-1071 = 35
*. Interest for 6 months = ?—g x G = 21

Hence, Principal = Amount-Interest = 1071-2] = 1050

". Rate of sunple interest, r= 1001 100 x 21 2100

= —

1]

1060 x = 525

12
- :IU'“
Enr_nple 8: Mr. Somasun
Rs.45,000 in two different ba
‘espectively. If the amounts

end of 10 yearg are to be equ
of deposit.

daram deposits a total of
nks which give 10% and 15% interest

repayable by the two banke at the
al, determine the individual amounts

Solution: Let the amou

T e nt deposited in the first bank be
™ X le, Pl‘!nmpal, P=x
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5 Compound Interest - Formulae and Problems

Temet ER AN
ahill

Usually rate of interest is quoted per annum. When umt
of time is different from a year, the corresponding units of time
are to be identified and taken as n and the rate of interest per
unit of time is to be taken as r.

For example, when compound interest is to be calculated
for 5 years at 8% per annum compounded quarterly (Examplel5),

as there are 4 quarter years in. 1 year, r = % =2 and

n =5 x4=20. Interest calculated on quarterly basis will be more
than that calculated on half yearly basis; interest calculated on
half yearlj..r basis will be more than that calculated on yearly
“3;13. As interest earns interest, interest calculated more times
naturally be more when other things remain the same.

F Ormulge:

fi)A:p(l _r__]" ) W o1
“%100) WCl=AP=p (1+fO—OJ —1J




A
G P =—"— (v
.
|1+ Too)
log A - log I’
(v) n = B ==
r 1
log [l * 100
) A= Pi+0" an Cl1
Gii) P = —2- v i
{1+1:ﬁ|1

Note: n 1s either an

Example 14: Find

52 b

r =100 || 3 1

(Or)

= A-P = P{(1+1)"-1]
1

_ (AP _ log A ~log I
E_P] LV 8= i)

integer or a fraction.

the compound interest on Rs.20,000

for 5 vears at 20% per annum. What will be the simple interesi

in the above case?

Seolution: Given - P

. Compound [nterest, (']

Further, Simple Interest, |

Note :1. Compound

interest.

2. Compound interest -may also be calculated as follows
(without using the formula): .

Principal for the first vear

Interest

for the first vear

(B.Com. Bharathiar, A9G)

-

=&, r =20

20,000

e

P HI* mﬂJ ; ]J
[' 200 1. 8

EH{]DDL[I " 100, -1}:3{}0{1{1111.2} —l].
Rs. 29.766.40 *
I’anEUﬁﬂﬂxhr 20
100 100
Rs. 20,000

n

interest 15 more than the =imple

—
—

20000
Pnr 20000x1x20 _
100 100

1,000
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Principal tor the second vear= 20000 + 4000 = 24,000
24000 » 1 » 20 B
Interest for the second year = - 100 = 4,800
Prinapal for the third year = 24000 + 4800 = 28,800
28800 x 1 x 20 B
Interest for the third year = — 4, = 5,760
Principal for the fourth vear= 28800 + 5760 = 34,560
34560 = 1 = 20 -
Interest for the fourth year = — 300 = 6912
Principal for the fifth year = 34560 + 6912 = 41472
41472 =1 = 20
[nterest for the fifth year = " =8294.40

100
Amount to be repaid at the end of five years,

A= 41472 + 829440 = Rs. 49,766.40
Compound Interest = A-P = 49,766.40 - 20,000
= Rs. 29,766.40

If n 18 a fraction, for the last umit of time ‘'n’ will not be

1 but will be a fraction 1n %1_;

This procedure may not fetch credit in the examinations.

3. Under the above note, it is seen that compound interest

for first year < compound interest for second year < compound
mterest for third year <

4. The formula for A can be derived as shown below

Principal for the first unit of time = P, say

Intervest for the first unit of time = Exlxg  Br

100 100

Amount due at the end of first unit of time which 18 the

Plinapal for the second unit of time = P+ TP:T‘- "PLI +TI;_1)




. ,

. &
Interest for the second umit of time = [ 100
100

-

Amount due at the end of second unit of time which is the I
princapal for the thard unit of time

1

x| uy

e 1 |
100

100

( .
= P — q § e i
' i mu] e (i ¥ mn] 100
= P " __I;_.l 7D r

As we proceed in this manner, we would get the amount

1
r
e mul.

16 (i): Calculate the compound nterest for
ars at 8% per annum. (B.Com. Bharathiar, N96)

due at the end of n years as A = P {

Example
15.2,500 for 4 ye

(1) Calculate the ¢
i-iterest 1s compounded

ompound interest in the above case when
(a) half yearly and (b) quarterly.

solution : (i) Given - P = 2500, n=4T17% 8.

1
"
\q = Xl oy
Compound [nterest, Cl =P Ul* mﬂ]I ]

1
- = 29
25 100 1| = Rs. 901.22
= 2500 [ 1+ l ] ]
" = -B: J'
(m) (a) P = 2000 n = 8 (half years) . T = o
( Ul ! 1} = Rs. 92142
e '] =2500 y=——| =
(Compound nterest, Ul 100 o
n =16 (quarter years) - T =

lhl P = E-F'IUU'.
F R in

1 2 |

2 = 2500 |3+ 75
[1-'."."!!.-"-.!.[ 1“‘]!'4_"!‘11, '[ I_ - -][ Lll,‘ 'I{}U]
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Note : 1. Compound interest calculated quarterly 1s more

(khan that calculated half yearly. Compound interest calculated
half vearly 18 more than that calculated vearly

Example 16: Mr Ambigapathy borrows Re 100,000 at
24% compounded monthly Find the amount he has to repay at
the end of 3 years

24
Solution: Given:P = 1,00,000; r=1 =2:

n=23=12=36 (months).

The amount he has to repay,

n KT
i " 1} . Tumnnonlis
A=P (1 ' mn} - 100000 [1 Hess Rs.2,03,988 7

Example 17: Balu borrowed Rs.25000 from Rathinam
but could not repay the amount in a period of 5 years
Accordingly, Rathinam demands now Rs.35,880 from Balu At

what percent p.a. compound interest did Rathinam lend his
money? (B.Com. Bharathiar, N95)

Soultion: Given - P = 25000: n=5: A = 35,880

By substituting in the formula,

= L

1
Y I.-' -
A 35880 |5
: l[m [ - ] - [L I_-’—} - ] = ) % I I
r [ p 1 100 95000 1 749% p.n

Example 18: VP Balaraman deposits Rs.12.000 1n
Pandurangan Associates and gets Rs. 27566.93 at the end of

| *

1 . |
3 years. Find the rate of compound interest which the company

payvs per month.

i

Solution: Given: P = 12000, A = 27560 93;

12 months

s
|
&
I
W
1<
i
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finding the monthly rate of U erest. 5 i
For é
A=
r = 100 5
27566 93 &
r 100 llV—r1 -1
12 | 12000 |

= 9

r = 24% p.a paid monthly.

Example 19: What amount lent at 10% p.a. compouns
. . -

interest will fetch Rs 630 as interest in 2 years.

(B.Com. Bharathiar A9y

Solution: Given: r=10: CI = Rs.630: n=2

Cl 630
To find P, use the formula. P=- = r 1(1?
r i | = 4
LI +m -1 Ll + 100
= Rs.3.000.

Example 20: A certain sum deposited in a bank at 15%
p.a. compounded monthly amounts to Rs 42.143.63 at the end of
9 years. Find the principal

Solution: Given: r = —;%= 1.25 | A=42143.63; n=5x12=60

For finding the principal, P. by substituting 1n the formula

42,143 6:
p-—A - 4ZMI63 _ o .0 000
(1 ) r )I‘I (1 a 1.25\¢n
100 100

Example 21: Find the period in which an amount gets
DOUBLED at 12% per annum compound 1interest.

(B.B.M. Bharathiar, A95 and A96)

Solution: Given: A = 2p or=12
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b=l ltb.'llJ,UUlJ = v, 10 2L — 1w, -‘:-.-’::_.UII 1
Effective Rate and Nominal Rate of Interest. | 2.

From Example 15 it is known that more often the interest
1s compounded, greater is the interest earned. It is found that
the interest compounded quarterly (4 times in a year) is greater
than the interest compounded half yearly (2 times in a year)
which 1s greater than the interest compounded yearly (once in
a year). Although the rate of interest 1s quoted commonly as 8%

per annum in the example, 1t does not result in equal amounts
of interest in the three cases.

r, the rate of interest usually quoted per annum, is known
as the nominal rate. The actual annual rate of increase in the
amount when interest 1s calculated more than once in a year 13
known as effective rate. The effective rate is denoted by s.

When compound interest is calculated yearly, r=s. When
compound interest is calculated by considering some other unit

of time (such as half vearly, quarterly, etc. each of which 1s less
than one year), r < g.

For example, consider P = 100: r = 8% (p.a.) n = 1(year).

R SR B

In the same situation, if the interest is compounded

Quarterly, we have P=100; r=-3— = 2 per quarter year and n=1x4=4

Quarter years in a year.

‘e sl 2 | 4 =
L u-—PHnwo]’l 1] 100 [[1+100T 1} 8.24



We find that r=8% p.a. and s=8.24% p.a. k2

It may be noted that the compound interest of r%
compounded m times a year (=4 in this example) 1s Equivaf N
to 8% p.a. compounded yearly. .

Corresponding to a nominal rate of compound interest o
r% p.a., the effective rate of compound interest of s% p.a. can
be determined as follows:

| The effective rate of compound interest percent per annum
(s) 1s the actual compound interest percent per annum and 80,

100m
year (i.e. quarterly means m=4, half yearly means m=2, etc.)

s = 100 [[1 PR Jm— 1} where there are m units of time 1N one

The above relation can be used as a formula to find s from
¢ and m.

Example 29: Find the effective rate of interest percent
per annum equivalent to a nominal rate 12% per annum, the
interest being payable half yearly. (B.B.M. Bharathiar, A93)

Solution: Given r=12; m=2 (half years in one year).

For finding the effective rate of interest percent per annum,
s. the following formula is used.

r
s = 100 Hl+ lnﬂm]mﬂll

. by substituting the given values,

12 ) |
s =100 \1+75052] -

= 12.36% p.a

. g g ver)
Note: Interest is compounded continuously means m 1

large. That 1, m — «. Then
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= = Laim 100 [(] + -‘—)m -1 ] = 100 (e' - 1) 4—

mn —e+w m

When 1interest is compounded m times a year, A=P(1+i)"
bocomes A = P I+—)’“ .

1m

Hence, when interest 1s compounded continuously

A = Lz P(]+_L)n1 L Pein

m —»oo m
Consequently, C.I. = A-P = P(e'"-1
P = % and
e
_ logA-logP
n = ,
1log =

Example 30: Find the effective rate of interest equivalent
to a nominal rate of 12% p.a., compounded monthly.

Further, find the effective rate when interest 1s compounded
continuously.

Solution: By substituting r=12 and m=12 in the formula.

s = 100 [(1+ﬁ%—- -1,

= 100{(1 *Wol%ﬁ)m‘l] = 12.68% p.a.

w
|

When interest is compounded continously,

s = 100(e’-1)
* the required s = 100(e”'*-1) = 12.75% p.a.
Example 31: If interest is compounded continuously at
6%, in how many years will an amount A double in value?

(B.Com. Madras, N80)
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& I 5‘
ituting 0.06 1n the place of | (=r/100)
and 2A 1n the place of A in
log A - log P
1 log e
log 2A - log A
0.06 log e

_ _log?2
= 0061ege log2A = log2+logA

_ 03010
006 x 04343

Solution: By subst
A m the place of p

n

I

= 11.55 vears.

Example 32: A bank pays interest by continuously
compounding interest to investors. A man invests Rs.20,000 in
the bank and accrued interest is 15% per vear compounded
continuously. How much will he get after 10 years?

(B Com /B.C.S. Bharathiar, N2000)

Solution: By substituting P = 20000, 1 = 0.15

arnd n = 10 i1n the formula, A =Pe"
A = 20000 "1
= Rs. 89,633.78

Note: The compound interest, CI = A-P = Rs.69,633.78.

Example 33: If a depositor gets Rs.30,04,166 from a bank
which pays an interest of 10% p.a. compounded continously, how
much did he deposit 11 years ago?

Solution: By substituting A = 30.04,166, n = 11 and
1=0.1(=10/100) 1n the formula.

p=2,
Em
p = 3004166 _ o 10.00,000.

0.1x=11
e
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Money lent or that deposited 1n a bank carns interest and
accumulates time after time. But vehicles, machiaery, ete. fall i
value over the passage of time. The fall or decrease In value 18
known as depreciation. Compound 1nterest formulac can be used
in this context by taking r as the rate of depreciation and the
sign of r as minus.

6. Depreciation )

Example 34: At the end of each year, the value of a
machine depreciates by 10% of its value at the commencement
of the year. If the value of the machine at the commencement
was Rs.58,750, find the value of the machine after 3 years.

(B.Com. Bharathidasan, A83)

Solution: Given: r=10; P=58,750; n=3.

~ the value of the machine at the end of 3 years,

( r 10 )
A=P 1__1'6'6]“ = 58750 (l-—'i—OO]

= Rs. 42,828.75



