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7-11. SYSTEMATIC SAMPLING

Systematic sampling is a commonly empioyed technique if the i:dmp]ete and up-to-date
list of the sampling units is available. This consists in selecting only the first unit at random,
the rest being automatically selected accordi

N=nk = k=@ Sl meei i divan o (L
e sampling interval,'is an integer.- v ;
Systematic sampling consists in drawin B By s b '<'k'and selecting
: . g a random number, say ; < k£ and selecting the
unit corresponding to this number and every kth uns dently. Thus the 8 tematic
sample of size n will consist of the units i,.i :.Y k i:-l 2‘;:1113 suib-f i::lu_erll;:llzy' ERLEaa &y

The random number 7 is called the r. R Y
-~ fact, the whole sample, | ed the ran

where k, usually called th
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" ible systemati 7.77
The k possible sY TA;‘:_Zal;lples together wit, their m
o 91 SYSTEMATIC RA €ans are as given in Table 7-9
dom start | Sample composit; NDOM sampe )
Rand? Posttion (Uniyg 4, tl o
A LV 1+k. 145 ‘¢ sample) | Probabiliz [ Mean ]
-2 2 24k, P Loy, “‘*‘*1;,7—3-”_12'3__
+ R . v -—
. : 2+Jk . 2+(n._1)k Uk {l-
‘ : : ‘ Ya.
; l l+.k... i"‘jk . l:+(n__l)k ]_]:k —
: : ; . Yi
k kE 2k.. (k+ ) ' :
has, k1 k| w 5

Thus, k rows of the table give the b
slso sometimes referred to as k strata.
From the above table it is obvious that each of the N units in the population occurs once

in only one of the k samples and thus has an equal chance of bejne : i
. gince the probability of selecting the ith sample (i =1, 2, ... k)e;giﬁgcsl;gtﬁnl;i?:a;aﬁzlg

1, we get

.S >
ystematic samples. The columns of the above table are

_ 1.5 _
E(y;) =Ei§1 yi=y. ...(7-120)

Thus, if N = nk, the sample mean provides an unbiased estimate of the population mean.
For notational convenience, we shall write

Ysys = Mean of the systematic sample =3;. ...(7-121)

_ 1y
Var (¥y,) =% Y (y.-5.)2 . (7:122)
i=1

Remark. A systematic sample selected with interval £ after a random start yields an equal
. probability sample, because each element has a probability'(llk) of being §ele_cted. The sample mean,
- therefore, is an unbiased estimator of the population mean, if the sample size is fixed. If n is not fixed,
. (N #nk), the estimate is not unbiased but is a good estimate usually. [See Circular Systematic

f Sampling.]
'7.11-2. Variance of the Estimated Mean. |
I Oy | o Bl et .. (7:123)
Theorem 7-10. Var (¥, = - N Pww
15 5 -5
-

where | 82, = - 1)‘_:1.‘.“_:1 i |

‘ tematic sample.

hin the same 8yS
nterpreted as within (samples

o (74128a)

. isthe mean square among units which lie wit ) mean sum of

(lh ANOVA terminology SZusy may be!
Squares ]

.Proo, Weh - v 7))
f. We aVQ i o 2 2__22(),..'_.”&)’5-"3’..)
' W -18% =X S (v ¥ =g
3 i=1j=1 ko Soie 2 )
kB )2 Z (yi-=y.1»
= ¥ (yii= %7 7 Jhis
,=1j=1
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P the co-variance term vanishes, since

L | k n "
ST (-5 (7:-5) = X [(5:-5) L G -5:)]=0
’ ‘__ J : . J=

i=1
k .
(n-1)82 = X (-5l +n 2 7:-5.)
L ' i i=

= k(n—-1) 8%, + nk Var ( ¥ sys) [From (7-122) and (7-123a))

= - E(n-1) .
i 1 Var(yg,) = liN—l.sz- ——(’lN—-—-.szmy (. N=nk)
Cor. Systematic Sampling vs. Simple Random Sampling.
~ Incase OfSrSUBbf, Var ( ;) =NN_n LB S2, where S?is defined in (7-123).
' = = N- S2  k(n-1)
Var (y,) - Var (y,,) = (Tn—N-I- 1) Nt N S2sy
S I | TRV
== N Sy -~ 8
-1
_n (Szwsy_sz) (CNenk) ..(1128)

The systematic sampling gives more precise estimate of the population mean as
compared with srswor if and only if

Var(y,)-Var(y,)>0 = 82, >82 ... (7-125)

This leads to the following important conclusion : “A systematic sample is more precise
than a simple random sample without replacement if the mean s
sample is larger than the population mean square”,
yield better results only if the units within the sam

Theorem 7-11.

quare within the systematic
In other words, systematic sampling will
e sample are heterogeneous.

- k-1 S2
Va;'(y,,,) =gn—k—‘-'-ﬁ_{1+(n’“.l)p].

where p is the intra-class correlation coefficient bet
sample and is given by : '

(7126)

Wween the units of the same systematic

nk(n-1) o
g
_ i?” ‘%L ; (¥i-¥.) (y V=)
(n-~1)(nk-])§2
[Since Ng? = (N-1)82

(7127

= ('7.712'70)
® nko = (nk - 1)32]‘

Pl _y")',

Proof. We have

: EARE LI EL A
: ‘va.r(y’.")"_'ﬁézl(yj-r

<t

2 k
-) e=‘.-{ Z(
=1

e
E e
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1—21 le i —y )J :
- z oy -y.)
; ’ +13: 0y-3.) vy~5.)
o = - k n
E R S
(b 1yse. o vy,
S "‘(n-l)(nk—l)Szp
5 = (nk - 1) S2 [1 +(n-1)p] Pkt
k- nk —
; = Var (y,,) = nk [1+(n l)p]

Thus, we see that a positive mtrac-lass co
: mﬂates the variability of the estimate. Due
~ significant even for small positive values of p.

b Cor.1. We have

rrelation between the units of the same
sample
to the multiplier (n — 1), the increase is quite

o Var (¥, 20 = p>-—1—
i_';lr'- n-1

B ,'Thus, the minimum value of p is — andmthmcaseVar(y,,,) =0.

-1
L 2. Systematic Sampling vs srswor. The relative efficiency of the estimate of the
pOpulahon mean in systematic sampling over srswor is given by the expression :

VarGy) _Nen g [WhDSy )]

Var (3, "
n(k-1) : e {7128)

(nk—1) [1+(-Dp]
Obviously this depends on the value of p.

E

‘__
et By

nk-1)

> >1
E>1 = GGr-D+®@-Dp :
= (nk-n)>nk-1+(n-1)(nk—1)p = =1>@k-1Dp,beP<"Gp_1)

I'hus ith srsworifp< ——-——*k e
icient as compared wi o ‘
3J'stematzc sampling would be more effi e

to sysrematlc sampling if P> =)’
ie.p= - Un - D) f Ceor. 1.
is case reduction in Var ( y,,,)

-,0" the Other hand .srswor would be supﬂf ior
= posalble value.

en from (7-128), we get

rH““’*‘-Ver 1f p assumes the minimu

ﬂtwe) then Var ( 3,,,) = 0 and consequentl;
€r srswor WIu be 100% % o i th
H ’ as”“mes the maxlmum value. i i )1 1P

E—nk 1

(7198a)
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vs Stratified Random Sampling.Let us now rega
esponding to the 7 columpg :::_the
the

t is drawn randomly fr
Om gy
cth

Sampling
g 1o he divided inton atrata corr

7.77] and suppose that one uni
wtified random sample of size n. Then

7-11:3, Systematic

population of N = nk unit
" Table 7-9 of § 7-11-1 [page

startum, thus giving us a stri
k
= 1 .

Mean of the jth stratum =Yy, = 5 HZI Yip U=1,2,..4 n) (7'129J
Population m =y __lzz —-—l-i y —-li—

O] auon can =y —llk ly J’u"ki=1y:.— n,:xyj ...(7.1290)

k 0 1 k )
Z (yij —y-j) it (71296}

; 1 —

Stratum mean square =S "N -1 Y - ¥ = -1 :
1= 1=

CNj=kij=1,2..,n)

k n
S, 2 = Pooled mean square between units within strata = n—(ki—-—l—) .'=21 gl (yij —5;._,-)2
.- (7'129”

[In terminology of ANOVA, S,y is the within (stratum) mean sum of squares.]
Pue is the correlation coefficient between deviations from stratum means of pairs of
stems that are in the same systematic sample. Thus, ¢

pwst = — 2
E(y,; i 4 .j)
k k

T X =y (Y=Y

- 1 L Azli=i=l
“k(n-1) 1 — \2
nk E‘l j§1 =)
k n
E:u ;;; 1 O -;'j) Gy - ij’)
= [From (7-129c¢) ... (7-130)

(n-1)nk-1) 8%,

Theo . y E=L gt
rem 7.12. Var (§ua) =7~ Sax [1+(n-D P, ..(7-131)
Proof. We have
V“"Sf-m)-'—kl':\:(f -J—")z"'li [1 i li y :
i . = —_ e — ;.
1=] k‘=l nJ:lyu n}-_-] 'J]
) S 2
i % | 2,005
o O A8 k
-;:_5-}:{2-2(%—37-)2+ 3 Y sl
bxtjay Y ugljsjz‘zl u=yi) (3 =¥ )] ‘

e |
[From (7-129¢) and (7-130))

kv
zwa[1+(n._1-)p ]
Dt |-

e
nk S
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Cor- S-”Stemaﬁc Sampling vs S tratified Random o

- _ _!__ 1
Var(yst) _j§1 ("-j - E)pjl sz

Sampling, wo have c.f. [7.47)]

! .. (1-131a)

[From (7-1295))

! . Szwst ’[FTOm (7'129C)] o (7'132)

Comparing (7-131) and (7-132), we get
B Var (yg) 1

Var (¥ g L+ (n—1pys

/Thus we see that the relative efficiency of systematic sampling over stratified random
sampling depends upon the values of p, and nothing can be concluded in general.

If Pust > 0, then E” < 1 and thus in this case stratified sampling will provide a better
estimate of y_. However, if p,s = 0, then E”= 1 and consequently both systematic sampling

; and stratified sampling provide estimates of y_ with equal precision.
i Remark. On comparison of systematic sampling with stratified random sampling or srswor. As
¢ dready discussed in the corollaries to theorems 7-11 and 7-12, the relative efficiency of the systematic

L gampling over stratified random sampling or srswor depends largely on the properties of the population
perior has also been obtained.

. under study and the conditions under which systematic sampling is su e
. Thus without a knowledge of the structure of the population no hard_ant_i fast rules can b% ez; own
. and no situations can be pinpointed where the use of systematic sa_;p}n;g is tolbt: }-ecom}?e’:: o e
Exa . . 1 .10 are for small artificial poputation i ic

e s o ofd. Fooh el f tic sample and the rows are the

irly steady risi nd. L column represents a systema . :
Boc conpore ¢ e system];tic sampling, random samplmg_ aend stgqtzﬁed

la Compare the precision of

i Jll‘ng .
i ) T ; . = = = 40.
Data for 10 systematic samples withn=4, k=10 N =nk

El

... (7-133})

TABLE 7:10 .
Systematic Sample Number i . -
ik P TS M 10
; : 5 4 ' _ 7 8 -
Loy g 15 16 16 ?
o - 25 28 99 .. 3
3 37 38 _ 38
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