8-2 FUNDAMENTALS OF APPLIED STATISTICS

8-1. INTRODUCTION

In this chapter we shall be concerned with statistical methods applicable in the field of
Psychology and Education. A new discipline called ‘Psychometry’ has been developed as a
branch of psychology which deals with the measurement of psychological traits or the mental
abilities like intelligence, aptitude, opinion, interest, personality or scholastic achievement,
etc. When individuals are ranked (or arranged) in an ordinal series according to their
scholastic achievement, then the problem relates to the education. As such, the educational
statistics may also be considered as a part of psychometry when individuals are arranged in
a series with respect to some attribute (¢ trait) and these ranks will give us the serial
position of the object in the group. In fact, the psychological and educational traits or
characteristics are rather abstract in nature and they can be measured only with some
approximation. '

For the measurement of psychological and educational characteristics (which are rather
abstract in nature as compared with physical or biological characteristics) and consequently
for the scaling of psychological and educational data, various devices, many of them based
upon the use of normal probability curve, have been used. Here the most practical
consideration is that the scales for different tests should be comparable. Although arbitrary
depending upon the choice of the investigator, the scale units should be equal, meaningful
and stable and should provide comparability of the means, dispersions and form of the
distribution. Although the zero point of psychological scale is arbitrary, the distances from
arbitrary zero are additive. In other words, psychological scale is an interval scale and not a
ratio scale since there is no absolute zero point. In the following Section (§ 8-2 to § 8-2-4), we
shall discuss briefly some of the commonly employed scaling procedures.

8-2. SOME SCALING PROCEDURES

In this Section, we shall discuss some of the common scaling procedures used in
psychology and education :

(i) Scaling individual test items in terms of difficulty.

(i) Scaling of scores on a test : Z (or o) score, standard scores, Normalised scores,
T-scores, and percentile scores.

(iii) Scaling of rankings in terms of normal probability curve.

(iv) Scaling of ratings in terms of normal probability curve.

In the scaling procedures developed for psychological and educational research it 1s often
assumed that the variable trait (X) is normally distributed (over population of elements
whose trait we want to measure). The origin and unit of measurement of the scale may be
chosen arbitrarily, but they should remain fixed throughout the use of the scale over a group
of subjects.

8-2-1. Scaling Individual Test Items in Terms of Difficulty. In this case a number of
problems or test items, say n all designed to test the same psychological trait or test, are
administered to a large group of individuals who are selected at random out of those for
whom the final test is intended and we are interested in arranging these items in order of
difficulty, say, from very simple to very difficult. For this the set of problems is given to a
group of individuals for solving them and for each problem the proportion of those who could
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solve it is obtai

.y n)is givenai)r;e;d' Thus the proportion p; of the individuals solving the ith problem (i = 1, 2,
p; = Number of individuals answering ith problem correctly

and thus items caq b Numb'er of individuals taken in the group

percentage of the peoelzrranged - Ord?r of ‘percentage difficulty’. Of course, the lgrger the

Thus, for example ag ; tpassmg a particular test item, the lower it is in order gf dlfﬁculty.

srach SHSIAY a5 Do em answered successfully by 80% of the individuals is obYlously
compared to a problem solved correctly by only 45%. But comparison of

percentage difficulty is only a crude method, since these percentages do not successfully
reflect the differences in difficulty.

In the _COll§tru_ction of the difficulty scale we assume that the ability or the trait (X) being
measured.ls distributed normally about some mean p and standard deviation 6. Without loss
of gene1°a11‘§y we can assume 1 = 0. Under the assumption of the normality of the trait (X) the
heterogeneity (or variability) of the group provides a better difficulty scale, known as c-scdle.
In'fa.ct, the difficulty value of an item is usually defined as the minimum ability to answer
z-fh.z,s item correctly under the assumption that the ability is distributed normally N(O, c2). If p;
is the proportion of the individuals answering ith item successfully then its difficulty value is
given by o > z;, where z; is determined from the following relation :

P(Z>zi)=ij etRdt=p;, (=12, ..., 1) .. (81)

‘\j_z—ﬂzi

where Z ~ N(0, 1). z;’s are also known as o-distances from the mean.

For given p;’s, the values of z;’s can be read from the table of areas under standard
normal probability curve.

It will be seen that some of the z;’s computed from (8-1) will be negative while others will
be positive. It is somewhat difficult to compare a negative value with a positive value. To
overcome this difficulty, we shift the origin in o-distances from mean (z;’s) or in difficulty
values (o0z;) to some suitable constant 9- corresponding to zero point of the difficulty scale. 0 is
usually taken as —30 but is also sometlmes taken as the value corresponding to the %age of
individuals failing all items or passing one or O'ther item (level of minimum difficulty). For
example, suppose that 4% of the entire group fa11. to answer correctly a single problem. Then
this percentage will be represented by the left tail area of 0-04 under normal curve. Thus we

have (from Fig. 8:1). |
P(0<Z<z)=046
Z1= 1-75 (from Normal Tables)

Hence 2/ =—2z=—175

g = - 1.750

This gives the level r)f min'imum d?i:fjculty 004
and we may shift the origin in the difficulty L/
values oz, to the point —1-75q thncb 11}@1)1109 t'hat z“um ,
we shall add 1-750 to cach dlf;f'wU]l'y Y?Illl(3: If W,('} % Z2=0 z4
are dealing with o-distances ?mm ‘muuu, viz., 2’ Fig. 8.1
then we obtain Z; + 1:75, (t=1,2, e If,)'Wl1l(1|l
gives the o-distances from the level of minimum or zero dj (ficulty.

N
=

0-46
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Example 8-1. Five problems are solved by 15%, 34%, 50%, 62% and 80% respectively of q
8e unselected group. If the zero point of ability in this test is taken to be at -36, what is the

/\ o-value of each problem as measured from
this point ¢ Compare the difference i

difficulty between A and B with the difference
0.12l0.12 in difficulty between D and E.

Solution. In usual notations, it is given -
p1 =015, ps = 0-34, p3 = 0-50, p, = 0-62

and p5 = 0-80.
4 Za The c-values corresponding to these p’s,
Fig. 8.2 on using (8:1) are obtained as follows :
P(Z >z,)=0-15 = P0<Z<z) =035

=5 z1 = 1-04 (From normal probability tables)

Similarly P(Z>2z,)=034 = P0<Z<zy) =016 ie., zo9=0-42

P(Z>23)=050 = p0<Z<zy) =0 le, 23=0
P(Z > z4) = 0-62 \
=5 P(0<Z<2z,)=0-12 (By symmetry)
[See Fig. 8-2]

= z4" = 0-31 (from normal tables)

Ses 24 = —24’ =-0-31 0-30 0-20
Also  P(Z > zg) = 0-80

= P(0<Z <z5)=0-30 (From symmetry) 77N LA Ay
= _ z5' = 0-84 (From normal tales) Zs Z=0 Zs

z5 =—25 =—0-84 (See Fig. 8-3) Fig. 8.3
The required c-values can now be obtained as given in the Table 8-1.
TABLE 8-1

Problem A B C D E
o-distances from mean 1-04 0-42 0 —-0-31 | -0-84 |
o-distances from arbitrary zero = -3 4-04 3-42 3 2:69 2-16
The difference in difficulty between A and B = 1-04 — 0-42 = 0-62

Difference in difficulty between D and E =-0-31 + 0-84 = 0-53.

ds_B 0-62 _

=  The difficulty of A relative to B is 1-2 times greater than the difficulty of D relative

to E.

Example 8-2. Given a test question solved by 10% of a large unselected group, a second
question solved by 20% of the same group and a third question solved by 30%, determine the
relative difficulty of the questions assuming the capacity measured by the test questions to be
distributed normally. Given that, with

) _] ¢ Y2 .. )
fla) :\]:t J e " dx, o
2n V-

f(0-52) =0-7, f(0-84) =08 and [(1-28) =0-9
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Solution. From (*), we

see that f(a) i ; i
Z=a,where Z~ N (0, 1) In bt g'r ;S) :1s nothing but the area to the left of the ordinate at

Ra) =P(ZSa)=1—P(Z>a)

*3k
The o-values are obtained as fo o

HOWS s
on uSIHgP;S%)> Zl) = 010, P(Z > 22) = 020, P(Z > 23) = 0-30

< 3¢ y We get ﬂzl) - 0-90 - 0.80 . .
Hence on using (*), we obtaj , R29) and flzy) = 070

Th 1 21=128, 2,=084 and 2z3=052
e results may be summarised in the Table §-2

TABLE 8-2
Problem Passed by Difficulty values Differences
1 10% 1-280 =d;
d, —dy = 0-44G
2 20% 0-840 =d,
d2 = d3 = 0-320
3 30% 0-520 =d3

If we consider the percentages only it appears that problem 2 is as difficult from problem
3 as problem 1 is from problem 2. But the difficulty scale shows that the differences in
difficulty between problems 2 and 3 is 0-32 ¢ which is roughly 3/4th of the difference in
difficulty between questions 1 and 2.

Example 8-3. Given three test items 1, 2 and 3 are passed by 50%, 40% and 30%

respectively of a large group, on the assumption of normality of the distribution, what

percentage of this group must pass test item 4 in order for this to be as much more difficult
than 3, as 2 is more difficult than 1?

Solution. Proceeding exactly similarly as in Example 8-2, we shall get

TABLE 83
Test item " Passed by | Difficulty value
1 50% 0-000 =d, We are given that dy — dy = d3 — d
9 40% 0-250 =d; = 0-520 - d4 = 0-250
5 30% 0520=dy | = dy = 0770
A D

Hence, the difficulty value of item 4 should'be 9-7 T gnd consequently its o-value is 0-77.
There(;ore ' he percentage p of individuals passing item 4 is given by :

1 Jw ot dt, P(Z2z 077, Z~N (0, 1)
P = [on lo7
2n , ‘
_05-P0O= 7<077) =05 - 0'2794 = 02206 (from Normal Probability Tables)
Example 84 Four items are t(_) e CIOZSt;usted,so that they are equally spaced on the
difficulty scale- If the easiest iten Lfrﬁ(;S::(() /2' lO ,/(f of the group and the most difficult item by
20%, find approximately the percentag ndawiduals in the 8roup passing the other two
items.

e aaa—
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Solution. Let the difficulty values of the items 1, 2, 3 and 4 be 023, 62, 6z3 and o,
respectively. Then we are given :

P(Z >z;) =080
=3 P(Z <z;) =0-20 [Fig. 8-4]
‘and P(Z >z;) =0-20
= P(0<Z<zy) =03 [Fig. 84]
= 24 = 0-84 .30 .30

[From Normal Probability Tables.] 20 20
Also, since P(Z > z,) = P(Z < z,) = 0-20,
(Fig. §-4) 5 Z-0 z

It %s obvious (by symmetry) that :
21 =—24 =-0-84 Flg. 84
Further, since the four items are equally spaced on the difficulty scale, we have
0(z4 — z3) = 623 — 29) = o(29 — 27) =  24—23=23—23=23—2;
i.e., the range between z, = -0-84 and z4 = 0-84 is to be equally divided into three parts
so that
24—23=23—29=29—2, =Ra§1ge = Sl 3( Dip) =0-56
z3=24—056 =0-84 — 0-56 = 0-28
29=27+0-56 =-084 + 0-56 = — 0-28
We have for find : P(Z>2z,) and P(Z > z3).
P(Z > z3) = P(Z > 0-28)
=05 -P(0 < Z < 0-28) 7N
' [Fig. 85]
=0-50-0-11 =0-39
[From Normal Probability Tables)
. 39% of the individuals in the group passed

the item 3.
P(Z > z5) = P(Z > - 0-28)
= 0-50 + P(0 < Z < 0-28) (By symmetry) z,=-028 Z=0 2z3=0-28
=050 +0-11 = 0-61 Fig. 8.5

61% of the individuals in the group passed the item 2.

8-2-2. Scaling of Scores on a Test. Suppose a number of candidates are given five
different tests, say, in English, Statistics, Physics, Psychology and Scholastic aptitude. The
usual system of judging the ability of an individual consists in adding the raw scores of each
individual in the five tests to get his grand total or composite score and ranking them on the
basis of the grand totals; an individual with the highest total securing the first position, and
so on. The question arises : Are we justified in making comparisons. on the basis of the sums
of raw scores ? The answer is ‘No’, since the same raw scores x(say) in different tests, e.g.,
English and Statistics may require different degrees of ability and hence may not be
equivalent and therefore cannot be compared meaningfully. In order to make valid
comparisons between the raw scores, we need a common scale which is obtained under some
assumption regarding the distribution of the trait being measured by the test. The standard
scores and T-scores furnish such common scale. These scores are used to combine and
compare scores originally expressed in different units and are greatly used in aptitude and

achievement tests.
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(@) Z (or o) S _—

dviakiEn tigra callzgr§_§; Olzeezlc)atlzt)ns from the mean expressed in terms of the standa.lrd

of raw scores (X) in a test by : :‘ne—scores or reduced scores. For example, if the distribution

¢ an | and a s.d. g, i.e., i = = o-score
or Z-score corresponding to the raw score X is gsivencl’); ?" G et o= Gy SRS

Z =X;“ ... (8:2)
We have E(Z) =E ()%1) = % [ECO —p] =0
and Var (Z) = Var (X - “) = Var x-p [ Var (@) = a? Var ()]
= 615 . Var(X) ["." Variance is independent of change of origin]
=1

Hepce, the mean of a set of o scores is always zero and its standard deviation is unity.
Accordingly 2 o-scale is one that has a mean of zero and a standard deviation of 1. In the
construction of c-scale, the assumption is that the distributions of the trait under
considerations differ only in mean and s.d. Although theoretically c-scores will do for making

valid comparisons between raw scores, from practical point of view they are less convenient
to use than others due to following shortcomings :

(i) Since, in general, about 50% of raw scores will lie below mean p, approximately half of
the o-scores will be negative in sign.

(it) Another disadvantage is the very large unit viz., one standard deviation, making
o-scores small decimal fractions which are somewhat awkward to deal with in computation.

Both these objections can be overcome by adding to 6-scores a constant p’ (say) so that all
of them become positive and multiplying them by another constant ¢’ (say) preferably by 10,
to make the unit smaller and range in total units greater. This amounts to transforming the
G-scores to a new scale with mean p’ and s.d. ¢’.

(b) Standard Scores. The c-scores transformed to the new mean p’ and s.d. ¢’ are called
standard scores. Thus the standard score X’ (with mean P’ and s.d. ¢’) corresponding to the
raw score X with mean p and s.d. o is given by the relation :

X'—"‘l' =_§LP’_ = Xlzul_’_o./( _u), i.e.,X= u'+0"Z, -(83)
o c
where Z ==— = is the o-score corresponding to X.

A convenient form of (8-3) for practical purposes is as follows :
X =(c’/o) X - [(c'lo) p— ] ... (8:3a)~—
All the quantities on the right-hand sidfe are .given. Hence, the relation for the conversion
of raw score X to standard score X" is a straight line given in (8-3q).

Remarks 1. In order to facilitate computational arithmetic, the new mean p’ is usually taken as
some round figure such as 50, 100, 200, etc. and the new s.d. o as 10, 20, 50, etc.
2. -scores or standard scores are obtained on the assumption that the actual means, dispersions

and form of the distribution are same 9{1 all the trials under consideration. We should beware of these
limitations and draw our conclusions wWith some reservation in line with these limitations.
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3. It has already been pointed out that the raw scores obtained by the same individual in different

tests cannot be compared directly due to differences in test units. However G-scores or standard scores
provide a method for comparisons provided the distributions of the raw scores are of the same form.
Fortunately, the distribution of most of raw scores is approximately normal.

Example 8-5. (@) The fifth grade norms for a reading examination are Mean = 60,

s.d. = 10, for an arithmetic examination Mean = 26, s.d. = 4. Ram scores 55 on the reading test
and 24 on the arithmetic test. Compute his o-scores. In which test is he better ?

(b) Compare his standard scores in a disiribution with mean 100 and s.d. 20.

Solution. (a) Using (8:2), Ram’s G-score :

. 55 - 60 24 — 26
In Reading = 10 =-0-5 =2, (say) 4
Since Ram’s o-scores are same in reading and arithmetic tests, he is equally good in both.
(b) On using (8-3), Ram’s Standard Score :

For Reading = p’ + 621 = 100 + 20(= 0-5) = 90 ; For Arithemetic = p’' + 6’2, = 90 ("." 21 =2y
Example 8-6. (a) A test is administered on 400 pupils. It gave mean 60 and standard

; and in Arithmetic = =— 05 =z, (say)

deviation 12. Complete the following table of equivalent raw scores.

Raw Score : 84 78 72 66 60 54 48 42 36
o-Score ) — _— 1 — 0 = _ _ _
Standard Score : — — - s e 45 — — —

(b) Convert the ten scores 1, 2, ..., 10 into standard scores with mean 50 and standard

deviation 10.

Solution. (a) Let X denote the raw score. Then we are given : E(X) =p =60, 6x =0 =12
o-scores (Z) and standard scores (X ’) are given by :

X - -
z=2"F X280 ang x7=50+102
c
TABLE 8.2 : COMPUTATION OF o0-SCORES AND STANDARD SCORES
~ Raw Score (X) 84 78 72 66 60 54 48 42 36
" o-Score (2) 2 15 1 05 0 -05 -1 -15 -2
" Standard Score (X") 70 65 60 55 50 45 40 35 30 |
TABLE 8-5: COMPUTATION OF STANDARD SCORES
() The mean and variance of the first| Raw Scores X-p X -y | Standard Score
n natural numbers is given by : X) Z= Y =50+ 10Z

poBtl g ni-1 1 45 157 343 |

2 12 ' 2 -3:5 -1.25 375

Hence, the mean and variance of 3 _9.5 _0-87 41-3

the first 10 natural numbers is given 4 1.5 _0-52 44-8

by : » 5 05 017 48-3

W= 102"' 1_ ? =56 and 6 0-6 0-17 517

ti 16 0-62 556:.

100-1_g.95 - - 9. 2

ol = 825 = o=287 8 2.5 0-87 BG.T

The standard scores are obtained in 9 35 1-25 625

Table 8-5. 10 45 157 65-7
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Example 8-7. A number of Uit - /,’T
students were examined in q — Pelgcentage freaune dlSt”buuoE"‘ ”
subject by three examiners E, E, 0—10 : =2 :
and Ej3 independently. The u 5 5 g
standards of marking of the {090 15 <0 La
examiners are reflected in the Aol 50 60 a0
percentage frequency distribution 50—70 24 8 10
of scores given in adjoining| 70—90 2 8
Table 8-6. . 90—100 1 s 2
TABLE 8-6(A)
Determine the relative ranks of Marks given by examiner ‘
Student
the three students A, B and C who E, Ey E; J
have scored the marks with the three A 25 62 73 ‘
examiners E1, E; and E3 as given in B 48 51 a5 ‘
djoining Table 8-6(A).
adjoining Table 8-6(A) C 78 25 50 |

Solution. We first calculate mean and standard deviation separately for the distribution
of marks by the examiners E;, E; and Ej3.

.. - 1
Mean of the distribution of marks by E; is given by %, = > xfi.

In the same way we can calculate the means X, and x3 of the distribution of marks by
E, and Ej respectively.
Standard deviation of the distribution of marks\by examiner E; is given by :

0% = [%Zflxz—ilzl,N=Zf1.

Similarly, we can obtain 0,2 and 032 for the distribution of marks by examiners E, and Eg
respectively. Next we calculate the o-scores by using the formula :

X—-x

g-score =

and then student getting the highest aggregate of o-scores by the examiners E,, E; and Ej is
given first rank and so on.

TABLE 8.7 : CALCUALTIONS FOR MEAN AND S.D.

5 10 5
20 25
60 50
g 10
2 8

0
T7100 100

fix fox fw fix?
% 50 25 125
300 400 500 | 6,000
2,000 2,400 2,000 | 80,000
1,440 480 600 | 86,400
400 160 640 | 32,000
9% 0190|9095
4,260 3,490 3,955 | 2,13,5650

fax? fyx?
250 125
8,000 10,000
96,000 80,000
98,800 36,000
12,800 51,200
0 18,050
1,45,850 1,95,375
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_ 3490  _ 3955
51:21%5)9=42.6 - x2=§130_ =349 ; x3=7,9 =3955

o [(218550) _ (4260)\*] _ 9 135.50-1,814-76 = 32074 = g, =17-9
gy~ = 100 100

(145850 (3490 \*|  _ 4 45g.50 121801 =24049 = o, =15
o = [L428 _(100)] = 1,458 : 2= 155

. 2
6 1,95,375_(3,955)] ~ 38955 = 05=196

100 100
TABLE 8-8
Examiner
E, E, E,
25 - 426 62 — 349 73 - 39-55
o-Score for A —I79 =" 983 155 =1-748 196 =1-706
48 — 426 51 -34-9 35 -39-55
o-Score for B {79 = 302 55 = 1-038 19§ = -0-232
78 —42-6 25 - 349 50 — 39-55
o-Score for C TQ = 1-983 —W = —639 TG = 0-533

The combined o-scores for the students A, B and C as given by the three examiners and
their relative ranks are obtained in Table 8-8. The student with the highest 6-score is given
the rank 1 and the student with the lowest c-score is given the rank 3.

TABLE 8.6 : COMPUTATION OF COMBINED ¢-SCORE AND RANKS

Student Combined o-score Rank
A —-983 + 1-748 + 1-706 =2-471 I
B 302 + 1-038--232  =1-108 11
C 1983 — 639 + -533 = 1.877 II

(¢) Normalised Scores. Here the scaling procedure is based on the assumption that the
trait under consideration (X) is normally distributed with mean ., and S.D. o, and the raw
scores are converted into a system of normalised scores by transforming them into the
equivalent points of a normal distribution.

Let p be the proportion of individuals getting scores below a score x. Then

p=P(XSx)=P[ZSx—G‘—&=g (say) |, where Z ~ N(0, 1)

The number & given by P(Z < £) = \/L_ r e 2 du=p = ®E=p .. (84)
where @(.) is the distribution function ogna standard normal variate, is called the normalised
score corresponding to x. Like o-scores, normalised scores have their mean zero and varif'mce
unity and in all probability they almost lie in the range — 3 to 3. Equivalent normalised
scores represent the same level of the talent or achievement.

For practical C().nveflie}lce, normalised scores are transformed to new scale with mean K
(say), and standard deviation o (say) , by the relation :

N-p

g =% = mn=p+of .. (85

. anld 1 .
where p and o are pre~asslgncd. '8 are called normalised standard scores.
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(d) T-Sc . . :
ores. In particular if we take I = 50 and o = 10 in (8-5), we get T-scores. Thus

T-scores are normalised
standard deviation 10 andsziz‘;‘?:gnslfsr,es converted into a distribution with mean 50 and

T'=50+10¢ ... (86)

T-scores were devi S j
Terms and Tho::cllirii .by McCall William A. and are named so in memory of the psychologists

Obtvalcu;atzon of T-scores for a given Frequency Distribution. The procedure for
ining T-scores for any given frequency distribution is outlined in the following steps :

(1) Arrange the test scores in descending order of magnitude (as is customary with most
psychological educational data).

(i) Obtain the cumulative frequency (c.f.) starting from the bottom of the distribution.

(iii) Obtain the cf. below the mid-value of each class interval under the
assumption that the frequencies are uniformly distributed over the class intervals,

ie., find [cf) -f].

(iv) Express these cumulative frequencies as percentagés or proportions ‘p’ of the total

frequency N.
(v) Obtain the normalised scores E given by :
3
1 2
P(Z<Y= J = ¥4y =p ; Z~N(,1)
—~\ 21

(vi) Finally, T-scores are obtained from normalised scores &'s on using 8-6.

Tables for obtaining T_scores directly from the percentages or proportion ‘p’ exist (c.f.
Table G in “Statistics in Psychology and Education” by Henry E. Garret).

The steps outlined above can be elegantly displayed in the following Table 810 :
TABLE 8-10 : COMPUTATION OF T-SCORES

f c.f. c.f. below mid- | Col. (4) as
Class value of each | proportion
Interval class ‘p’of N
] T cciieiu N
n | @ ® (4) (5) (6) T ™

.
-

xi-x2 | N1 N |N-3fi=Ai(say)| AJN

n n 5 1
Xg — X3 fa , v o A Ao/IN p=j Le_§u2du T =50 + 10
2 Sl : = \on :
n n
xg=%4 | fa 7 _Zsf,' —3fa=4Asg AyN
i=3 L=
xn,-—l._xn fn—-] fn+fn—1' fn+éfﬂ~l=All*1 AIL-I/N
1
Xp —Xn+1 fr fa Ef" =4, AN
|
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Example 8-8. Find the T-scores corresponding to the test scores X for the following
equency distribution :
e %3 ’ 1 2 g 4 5 6 7
y: 5 10 20 5 4 4 2

Solution. For the computation of the 7-scores, we complete the Table on Page 8-11 (as

explained in Table 8:10)
TABLE 8.11 : CALCULATIONS FOR T-SCORES

J c.f. below mid-value _col. (4) g Tﬁ

Lo } f c.f. of each score P="N P(Z<E)=p — R |

—

D | (@ (3) (4) (5) (6) L
7 2 | 50 50 -1 =49 0-98 2-55= &, 75
f 6 4 48 48 -2 =46 0-92 1-45 =&, 64
5 4 44 44-2 =42 0-84 0-995 = &; 60
4 5 40 40 - 2:5 = 37'5 0-75 0-675=¢, 57
3 20 35 35-10 =25 0.50 0=t 50
[f 2 10 15 15-5 =10 0-20 —~0-840 = &4 42
1 5 5 %f= (5/2) =25 0-05 -1-645 =¢&; 34

Normalised scores &;’s are obtained as follows :
If Z ~ N(0, 1), then from normal probability tables, we get

P(Z<8)=098 = § =255 ; P(Z<£)=092 = €y = 1:45, and so on.
Important Remark. Here although we are dealing with a discrete distribution, we convert the c.f.

in Col. (3) to c.f. in Col. (4) since each score is regarded as an interval and not a point on the scale. For
example, the score 6 may be regarded as the mid-point of the class interval 55 to 6-5.

Uses of T-scores. The T-scale and T-scores overcome the objection raised against
standard scores; they have a convenient unit and cover a wide range of talent. T-scores from
different tests are readily comparable since they refer to a standard scale with mean n=>50
and s.d. 6 = 10 based upon normal probability curve. The underlying assumption in the
construction of the T-scale is the normality of the trait being considered, an assumption
which is quite reasonable and feasible since the parent distribution of most mental abilities
is more or less normal.

Comparison of T-scores and Standard Scores. Although both the standard scores
and T-scores are used for the comparability of raw scores of an individual in different tests,
they should not be confused with each other since the basic assumptions underlying these
two measures are entirely different. In the construction of standard scores, the basic
assumption is that the standard scores have the same form of distribution as the raw scores
and thus they are merely original scores expressed in g-units. This type of conversion is
justified when the transformation is linear as, for example, in the conversion of inches to
centimeters or kilograms to pounds. On the other hand, T-scores are based upon the
fundamental assumption that “the parent distribution of the trait being considered is
normal”. Thus, w.r.t. the original scores, they reprosent equivalent scores in a normal
distribution. It is, therefore, quite clear that standard scores and T-scores are not
interchangeable. However, if the distribution of raw scores is strictly normal, the standard

74l v )
scores correspond exactly to 7-scores.



STATISTICS IN PSY
CHOLOGY AND EDUCATION 813

(e) Percenti :
inbeger) ofth :l;ieiizgi? IIDeil:enlglle score of an individual is the percentage (to the near o
continuous variable. For an yf E hls'ra“{ B ot . tho porcentil
e y frequency distribution, the method of computing the percentile
e fned o o g to any class interval (or mid-value of the class) has incidentally been
. mn (5) of the Table 810 (on page 8-11) while calculating the T-scores. The
percentile scores for different classes are thus given by :
P =100 x cumulative frequency below mid-value of the class/N
= 100 x column (5) of Table 810 on page 8-11.
) Advan.tages and.Disadvantages of Percentile Scores. The most practical advantage
0 pe'rcent%le scores is the ease with which they are understood and calculated. If an
individual is subject to several tests then his corresponding percentile scores give his relative

achievement in different tests. Percentile scores may be combined to give his final test score.

The basic assumption in the construction of the percentile scale is that the distribution of

the trait under consideration is rectangular or uniform such that the percentile differences
are equal throughout the scale. By a scale with equal percentile units we mean a scale In
which the difference between the percentile scores of 20 and 30 (say) is the same as the
difference between percentile scores of 60 and 70. From practical point of view the underlying
assumption for percentile scaling is wrong since most of the psychological and educational
data follow approximately the normal distribution and the distribution of raw scores 1is
rarely, if ever, rectangular in form. Consequently, in practice, the percentile scores cannot be
regarded as representing equal increments of achievement and the percentile scale does not

progress by equal units. Hence percentile scale should be used with reservations, if any,
keeping in mind its limitations.

8.2-3. Scaling of Rankings in Terms of Normal Probability Curve. Suppose N
individuals are ranked by a judge in order of merit of a particular trait, say, ‘social
responsibility’ Under the assumption that there is no tie, i.e., no two individuals are
bracketed together the frequency of each rank is 1 and the corresponding frequency

distribution (in ascending order of ranks) can be written as :

Individual : X1 2 X3 ... XR .- XN
Rank : 1 2 3 ..R .. N

where x;'s take values from 1 to N.
Proceeding exactly as in Table 8-10 the conversion Table 8-12 for obtaining the percentile

scores corresponding to different values of R may be summarised as follows in Tale 8-12 :
[under the assumption of the normality of the trait concerned which indirectly means that a

rank R of an individual represents the interval from [ ( R- %) - ( R+ %) ]

.12 : COMPUTATIONS
TAM, FOR PERCENTILE SCORES

Wrﬂ’_f”' c.f. c.f. below value of R | Cumulative pr ) R|
| Rank | T , proportion below R
1 1 N N-1+05
) 1 N-1 N-2+05
3 1 N -2 N-3+05
R-1 1 N-R+2 N-r+15
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R 1 N-R+1 N-R+05 N-R+05_; E-05_
N - N =Dr
R+1 1 N-R :
N-1 1 2 15 1-5/N
N 1 1 05 0-5/N
Percentile score corresponding to rank R of an individual among N individuals is given
by : 100 pg = 100 (1 " 2 ) ..(87)

This formula enables us to convert any set of ranks into scores if we are justified in
assuming normality in the trait for which ranks are given. This method is specially useful
when we are dealing with qualitative characteristics which cannot be measured
quantitatively, e.g., attributes like beauty, honesty, personality, athletic ability. For example,
suppose N individuals are ranked by three different judges A, B, C, (say) in order of merit
w.r.t. certain characteristic, say, beauty. The problem is “how to combine these ranks by three
Judges to get the final rankings 2" The solution consists in obtaining percentile scores by
using (8-7) corresponding to the ranks of N individuals for each of the judges A, B and C.
These transmuted ranks may be combined and averaged for giving them final ranks.

Remarks 1. The scores corresponding to the values of p; on a scale of 10 units are given by :
10pg = 10 (1—’%) ... (87a)

2. The scale values corresponding to pg’s are obtained by finding normalised scores E’s
corresponding to py by the relation :

3
1 J )

= e” “dt =dE) o (BB}

Pr m . (é
where @(.) is the distribution function of a standard normal variate. Since T-scores are given by :

T = 50 + 10?; = i = Tl_—oso)

T -50

from (8-8), we get @ (T) =Pr . (89)

This equation provides us a method of obtaining T-scores from the percentile scores or pg.

8-2.4. Scaling of Ratings in Terms of Normal Probability Curve. Let us suppose
that N individuals have been rated by different judges w.r. t. some trait say, honesty and the
corresponding frequency distributions of the ratings of the judges are given or known. The

is:
PTO]??::I we assign weights or numerical scores to these ratings so as to make them
judge to judge ? The answer is ‘yes’ provided we are justified in assuming
f the trait being considered, and (ii) different judges are equally competent.
the distribution of the trait, say X, is N(0, 1). Suppose ci;hat 'It‘ge
i i g in the interval (x; — x,) are given a rating ‘A’ by a judge. The
indiiissle § L trla . )vcaol:rzsmmding to this ratling ‘.zl’ is deglﬁned to be the average trait value
Scallel Uﬁlue gmc.iic,v-il:i(;Zfs and is accordingly given by the formula (due to Likert)
of all these 1n

comparable fr.om
(i) the normality 0
Let us suppose that
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J u ¢w)du I u o(u)du

X

Scale value = —
Lzﬁb(u)du

where ¢(.) and ®(.) are ;
variate. respectively the p.d.f. and distribution function of a standard normal

 blxy) - Mxy)

\ 1 —u?2 L

= e

Scale value = — 2% o 9(x) — 0(xg) (8-10)
O(xy) — Bx,) D(xg) — D(xy)

easilyozbia%‘;\;%nbdllsltsxrlbutmn of ratmgs- Fhe values on the right-hand side of (8-10) can be
err e, deno};n 1 lrig nf)rmal propablhty tables for areas and ordinates. It may be pointed
e 00 S mz} or in .(8-19)’g'1ves the proportion of individuals placed in the rating ‘A’
g ore for ratl.ng A’ is now obtained by shifting the origin in the scale value

ue) to — 3-0 as an arbitrary origin, multiplying each c-value so abtained by 10 and
rounding them to the nearest integer.

Example 8-9. Letter grades A, B, C, D, | = Honesty

E (A being the highest and E the lowest) are A| B | C | D|E
assigned by two teachers X and Y to the | Teacher
students of class for ‘Honesty’. The Table X 0-10 | 0-15 | 0-50 | 0-20 | 0-05 \

8-10 gives the distribution of the proportion
of individuals in each rating.

Y 020 | 0-40 | 0-20 | 0-10 \o-zoJ

Find the numerical scores corresponding to each grade and each teacher.

Solution. First of all, we shall obtain the
scale values (o-scores) corresponding to these
percentages. Since A, B, C, D,E are the ratings in
the descending order, we have for teacher X, on
using, normal probability tables : [See Fig. 8:6.] 0.05 -

A:-PZ>2z)=010 = 21= 1-28 0-20

B:P(Z>2z9=025 = 22% 0-675

C: P(Z > 23) =075 = z23= 23 == 0-675 24 Z3 Z=0 Zy Z{

D:P(Z>29)=09 = 24=— 1-645 Fig. 86
o-Score for ‘A’ = % = ¢§)1_'1208) - 9%21%& =176
5-Score for ‘B’ = % = ¢(0'67g?1'5¢(1'28) - 0-317(;‘) 350-1758 - 095
o-Score for ‘C’ = ¢L—’~ZZ; : 2:::) = S 0'672?5-0 ¢(0-675)  _ 0

oy 0 - §zy) _ 0(=1645) - ¢(-0-675)  0-1031-0-317
o-Score for ‘D =m = 0-20 = 0-20 £ =-1-07

- O(—o0) —0(z4) _ 0-01031 _
o-Score for ‘E’ = /41(24)_4)(_“) = 005 = —2:06
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——

Proceeding similarly, we shall get the scores corresponding to ratings by teacher Y ag
A B C D E
1-40 0-27 —_0-53 -1-04 -1-76
Shifting the origin to — 3:0 and multiplying by 10, we may summarise the numericg]
scores (rounded to two digits) as follows :
Teacher A B C D E T
\
|
|

X 48 40 30 19 9
Y 44 33 25 20 12
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