UNIT IV
Differential Equations

Differential Equation

Equations in which an unknown function, and its derivatives or differentials occur are called
differential equations.

for example,

dy _ i 2L XY 0 Gy YLy = s 2’z 2z _
(0 x+ydx—3y,(ID dx+x+y—0,(||D dx2+y—smx,and (N)ax2+6y2_0

are all differential equations

Ordinary differential equation

If, in a differential equation, the unknown functionis a function of one independent variable,
then itis known as an ordinary differential equation.

Partial differential equation

If the unknown function is a function of two or more independent variables and the equation of
involves partial derivatives of the unknown function, then it is known as a partial differential
equation

In the above examples, equations from (i) to (iii) are ordinary differential

equations while the fourthis a partial differential equation..

Order of a differential equation

The order of a differential equation is the order of the highest differential coefficient which
occurs in it. In the examples given above, (i) and (i) are of first order while (i) and (iv) are of
order 2.

Degree of a differential equation

The degree of a differential equation is the degree of the highest order differential coefficient
which occurs in it, after the equation has been cleared of radicals and fractions. The above listed
equations are all of degree 1. To decide, for example, the degree of the differential equation

213/2
p = [1+(dy/dx)] , we rewrite it as

d*y/dx*

2 AL
p? <iz-)i) = I:l + (é—y-) :l and observe that it is of degree 2.
dx




Linear differential equation

If in a differential equation, the derivatives and the dependent variables appear in first power and
there are no products of these, and also the coefficients of the various terms are either constants
or functions of the independent variable, the equation is said to be a linear differential equation.

SOLUTION OF A DIFFERENTIAL EQUATION

A relation between the dependent and independent variables, which, when substituted in the
equation, satisfies it, is known as a solution or a primitive of the equation.

Note that, in the solution, the derivatives of the dependent variable should not be present.

The solution, in which the number of arbitrary constants occurring is equal to the order of the
equation, is known as the general solution or the complete integral. By giving particular values to
the arbitrary constant appearing in the general solution we obtain particular solutions of the
equation.

For example, y = Ae®* + Be %,y = 3e?* + 2e~%* are respectively the general solution and

2
the particular solution of the equation % —4y=0

Solutions of equations which do not contain any arbitrary constants and which are not derivable from the
general solution by giving particular values to one or more of the arbitrary constants, are called singular
solutions.
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" (201.3_,.2 + 4x? y+ 2-1'.\'2 + oyt 2v)dx (2" 4 200+ 20y = 00
[Ans : (20%y? 4 dxy 4 }f, = Ce )

" ' + y)dx + 202+ + ¥y =0 [Ans Iy 4 byl 4 20 = 4

" (."3 + 2e2y)dx + Gxt = xy)dy =0 [Ans: 12, /5y - 2(y/x ;"ﬂ' = k)

gy # 2O G SO =0 JAnss ety = €]

14
dy 2 X — 1) —
15. _-,:(3_\':!,\- — 2xdy) +x*(10ydx = 6xdy) =0 [Ans: 'y + 26 = ey)
15 DIFFEHENTIAL EQUATIONS OF
® RST ORDER AND HIGHER DEGREE
consider the equation
Pt AP Agp" + .y =0 .(7.6)
where p = a3 and A, A2, ey Ay are all functions of x and y. The solutions of
(his equation 0'? first order and higher degree under various categories are considered
below. _ ;

75.1 Type (i): eq;atibné. Solvable for p

The LH.S. of the equations (7.6) can be resolved into a number of linear factors
(9= 1), (P=f2)y s (P— Sa) SO that it takes the form (p-ﬁ)(p—fg)...(p—'ﬁ,) =0

Equating each of t fferential equations of first

order and first degree. Solving these and combining them we
gl the primitive of the given equation.

Example 7.25 /

Solve p> —7p +12 = 0

hese factors to Zero, We get n di
equations individually

sOIuHon
(P-4)(p—-35_ = 0;1:3.;::4
dy, ' 3% =4
t_:':‘- & ' dx

I'-,l =’4.t‘-,_'f' c

s .
Olving them, we have y = 3x -+ ¢
of the given equation can be put as

Comhin: .
fy mb'"'"g these solutions, the solution

~3 _
No Ty —4x—¢)=0

.i |
Ongy ¢ equation can have only one arbitrary

in both cases as ¢ itsell.

lsm':': the primitive of the first orde
+we Lake the constants of integration

Xa

E"’n’ u:n fle :,-25 __m__'____________ﬂ—‘_____
ypl T
P~ p(2 ) 4y =0

h

e e
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Solution The given equation is

pX(py —x) = y(py — )

= Oor
Py = X)(px — ) =
Py = x, PX—y =
ly
IFpy = y, then y <Y
'vdx' X
/ y2 2
vdy = f,rd.\' OF 5 = 4y or y2. . >
ya) PFols pii
230:.2, o k A1)
Ifpx = Y, then x-(-l—}-’- =y
dx '
f Q _ dx
Yo 4 %
) ]og}r = log x + 1og & ory = gy )
The solution ig (y - kr),(yz_ TXT—k) 0
Example 7.7 "

Solve xp? 4. (v

= -‘-')'P-—- V =0

:! i

p="0=-x)+ V(Y —x) +4xy

Solution Solving for p,"

SR s

= Z0-0+/GF
= 0 /GFa?

2x
(x —y) 4 (x +vy)
2x
- \‘
1 o p = l \ Ri= =
i ‘!' 'r
dy dy y
e 1 = =2
dx dx x »
l"lcgraling the first, we have y — v -+c |
“legrallng the Second, we haye '
dy | : ;
. dx log ¢ = 108
— == ] = - i 0g ¢ y
; f ~ or log ‘ log x -+ log \ o
Y g L |

1
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e 7'28 EE——————
Examﬁ-'“- 4 2pycotx = y?
l;[}““d ) .
_ Solving lor p,
tion
solM

P P

I

=2ycotx & 2ycosec x

il

]I"cgm[ing P = _V('— col x -~ cosec Xx)

Werentiag 1
/ Werentia f:rﬂm!fum‘ s DE-7.25

—2ycotx £ \/ay2cop? v e

> —— = y(~cot x + cosec x)

i!-_’i = [f(—colx + cosec x)dx
y
logy = —logsinx —log(cosec x - cotx) + log ¢
i lo ¢
log(ysinx) = cosec x + col x
o ¢sin x
Lysing = o ory(litcosx) = ¢ (1)
When p = y(—colx — cosec x)
d t 4 § |
; Ty = ;— fcotxdx — fcosec x dx
. logy =/ —logsin.x + log(cosec x + cotx) + logc
log(ysinx) = log[c(cosec x ok cot.x)] .
ysinx' = ¢(cosecx + cotx)
» Y +cosx)(1 —cosx) =. c(l+cosx)
(2)

oyl —cosx) e

The goperr: txis
olution jg: [y ~cosix) — e][y(l + cosx) —¢] =07

Xa
Sr}.l'l‘:lp!!e 7-29 -
P 2p? _ y2p2 2xy?p = 0

So;u" on

]

pAp +20) — Y p(p +20)

(p +20)(p* = PV

p(p =y (pt+2¥)

0
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2 = —2x.
0. p= ¥y p= X
r dy _givesy=c¢
.4y _pgives ) "
p = 0 1€ gy
2 ﬂ = dx gives
— \1" 1.C.y 2
p= "y
I _ctcorxytcy ==l - (2)
-\l
and p+2x =01 dy = —2xdx gives
y= —x*+c

: «(3)
combining (1), (2) and (3) we get the solution as
y-Oy+oy+ D +x*—c)=0

EXERCISES

Dy*+(x—=y)p—x=0

[Ans: (xy —c)(x2y —c)=0)
2) pPy —2px +x2 =0

[Ans: (3x% — 6y + 4 —¢)* = 16(1 )]
3)2P2-—(-r +2)‘3)P+x)‘2 =0 [Ans: (x+ ..1; +C) (E;.. _y+c)=01

VPP -N=x(x+y)  [Ans: (y4x+1L¢er)2y+x2-0)=0

xpltxy p— 6yt =0 [Ans: (y — cx®)(yx’ -0 =
6) p* -2 py = 3y? (Bhamrhiar'W)

[Ans: (y —ce™ (y—c€ .
[Ans: (y+ 25 ¥ Gy +x 4G
1.5. - i

2 Type (ii): Equations Solvable fory

S“PPOSP, the di " . :
Y=1lz p) ifferential €quation can be solved for y giving a relation -

NP +3p+2=0

leferentiating WI. to x we get

dp
p=g\xp oo

Let the i D , :
Olution of this firgt order linear equation in p be NG

®(x, p.c) =0
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Differential Equations ¢ DE-7.27

1(7.7) ¢
between (7.7) and (7.9) we pe( 4 relation between x and y which is the

gl mnh “[IIFII;L elimination is not possibl
olution NIC we express the solution in the form
X= fl {[). c), y = f}.'(f). (:)1 Y2 hCillg a parameter,
30—
mple 7 et aC a
Efﬁe = 2pr P
. l' .
¢ ution pifferentiating w.r. to x, we gel
0
dy d
—— = 2p+ 2x-— £
dx b i

dp
=2 2_. i
P p+ (/.r(r+pJ

dp dx  2x
- = 2—(@x+ of — 4 — = -2
P TP e
This is a linear equation in x.
2
it S iz
/ 2
rpPdp = 2logpand AP = p
' 3
2 2 _LP .
".Ip?‘ = =2[pdp,xp” = 23 +c. | l”‘
p? A1)
| Thus the solution is x = —2/3p+cp
Using this in the given equation we gel
' [ 71 ..(2)
f : p = == ‘-f"ZCp
ion of the given equation.

(1) and (2) together gives the solutio
e

Example 7.31 -
Yobvey = —px + p2x*
Solution
2.4
y = =px-+ pr
i (fﬂ 2.4 1
Y e mip __:-‘f{‘f +x'2p P ‘
| W ! 1 .r o
:‘ dx . ,c7 ‘1 f{_/f(sz-' o
i po= —,J-{-‘l»ﬂ'f +( ”
i ; Ip 1 = 0
'- dp AEE _4p X
3 2p+xT T 20Y Ux
| dp 3 f.i.l: 4 ?.p) =, 0
f (2!7 t+ X .L) = 2pXi\ gy '
IE (’?p-%‘.c%)””zf“ ) = 0
2 7

[ isadoos
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i
dp 4, = 0O | = 2px" = 0
vt el
i dp _ g%
.r‘—fj-l-‘.’.f’ = Qor=; ” |
dx e c
logp = =2logx -+ 10EC "

. L] = .2 N . )
Using this relation in the given equation (1)we getxy = ¢2x —c which is the i
of the given equation.

- ince i
Note: |- 2px? = 0 is not considered since it does not contain the derivatjye

ip = — 0
rerm “_l‘. Substituting p = 373 in the given equation we get 4x%y 4 | = (. T

relation 4x3y + 1 = 0 cannot be derived from the general solution xy = ¢y _

=
obtained above by giving any par ticular value for c. Such a bOluuon 18 called's
singular solution.

It is easily seen that 4x?y + 1 = 0 satisfies.the given differential equation (1)
and hence it is a solution of the equation.

Example 7.32
Solve y =x + pt=2p

Solution
dy dp dp :
SR = i
dx de 2(1.1' _
dp : d
p=1 = 2—(p—- _ LT =
dx(p Dor (p 1)(2dx l) 0
dp 1
dx — 2 P =1
2fdp = [dx
2p = x+corp=x+c

Z
U T .
Sing this in the given equation we get

1 I‘, . -—-4 :i
2y i (\+r. (,\+t |

dy —x)o= (r+o)x+c— 4)
4v—x) = (x+c¢)y -4+ ¢)
dy+x) = (x+0)isthe solution-

Note :

=\
indeeq, as = 1, used in the' given equation, gives ¥
smgular \olulm“
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Differential Equations « DE-7.29

EXERCISES |

Solve the following equations.
) p2+py =x% 4 xy
y=Q0+pHVi

[Ans: 4 x2
[c 4 x —?.y][c—(y-k.r-l)f'l‘-*'ol

* [Ans s (x4 c)2 4 ¢y — py2 1]

3)xp*+x=2yp . l

[Ans: 2y = cx? 4 2
) 4

4)y =2px — p? ' -
[Ans ¢ 3y=p2+-—-;3x=2p+i]
p P

5) p*x —=2yp+ax =0
[Ans : 2yc = ¢2x2 4 q)

7.5.3 Type (lii): Equations Solvable for x

In this case the equation can be put in the form

X = F,p) (7.10)

Differentiating w.r. to y we get

— - - dx dp .1 9
n = 9| y:p, ;f;) Ll L)
Ifthe solution of (2) be obtained as

d(y,p,c)=0 = «(7.12)

fhcn. by eliminating p between (7.10) and (7.12). we get the solution. If the elim-

Ination is not possible, we ex [ is regard
. press x and y in terms of p and p is re
Parameter, o ! . < d wdasa

Example 7.33
Solve y=3x 4 log p

S .
olution Differentiating w.r. to y we get,

dx ldp

1 =43 pmat
dy pdy '
3 ldp dp
l = —=4+—-——=23p-3I=—
d p pdy T F dy

p . -

[355 = savioap-n=yie

(P"3) . e.“"f“" or p= 3+k¢}"

U&in ot
-_8 this in the given equation we get

N L 108(3 -+ ke,) or e"'h = 38_3 -+ k
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c———

e —

Example 7.3 — ,:
solve y =px t sin” /

' . y WE |cl‘
Solution Differentiating W-t oywesg

dx d I’ 1 d’ :

);ﬂ: o l'h' f e P- dy
1
1 dp (.
—_—
L, 5 "}};ery( J1-p
|
Cdp i . g

= G MET T Ao o 1)
dy l—-p

i i — o1
Using p = ¢ in the given equation we gel y = ¢x + sin’

|

il

c as the solution,
{ : Ay 2 .’.- s -
Note : From (1) we can et E); = cor y = cx+'d. But since this contains 2

arbitrary constants this cannot be a primitive of the given-equation which i of first
order.

e

leads to the singﬁlar solution.
- p?
Example 7.35 £ e
Solve dyp* +2xp = 'y | AR '

Solution Rewriting we get,

y
2x = = —4yp
5 - , 55
- Differentiating wr. to y we get .
i L -.d"-r. a ) b SIS o ' p
2..: — ._1_ 1 id_p —4p — 4)"5“
dy p ptdy Y
(l+4p2) ____dp (1+4p2) :
p AN
L +4p? dp :
T Pry=—). =0
P d log¢
d - d Ay o p+108Y 7
A
\ dy p
Y p =.;r ’ "
Usi . =268t ul
'8 this in the given equation we get the solution as i
Note : 4y* + 12 = 0isithe singular solution.
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Differential Equations » DE-7.31

[EXERCISES |

= xp A3y = 0 [Ans: y = cp'/2(2 + p*)~ ¥/,
X = Cﬂ”z(pz o+ 3)({)2 +2)—5/4]
[}\IIS ry= 2cx + C‘]

, = 2!).\' + .vzpj
[Ans : ac+ (2x — b)e = y? = 0]

2. )

g ayp’ t @x—b)p—y=0

: w% =L [Ans: (y+c)2+(x = ay = 1]

Vi 1+P

3 . —ak —3/2_2 p IR st - 8
5. ",:33,,;+4]J [Ans: x =3P = phy=cp’ "gﬂjl
I C 4

[Aﬂs-}’=§;+§-.r]

6. xp?‘-f-.\' = ZyP

'Lfkgy=xny+P3 (GCT 96)
1.5.4 Type (iv): Clairaut’s Equation

An equation of the form ¢ + A4S
y=px+SP) . (7.13)
is known as Clairaut’s equa_tionr | i
Differentiating w.r. 10 X we get ek
3 d . \dp
p=rpl +";3£’,+ [P
. : dpyireinn 4
o [x+ F(PIZ
dp . 591 10 noliB
2 _ o gives p=¢
Using this in the given equation we get y = €% + f(c) as the solution.
Note ;
terpreted

— ¢x + f(c)can be in
arameter.

px + f(p)is the

of Clairaut’s equation Y

geometrically as family of straight lines ¢ being a p

4 Sli_ng_ular solution of the Clairaut’s equation (7.13) ¥ =
eliminant of p between the'equation (7.13) and the relation

| (714

I The general solutinn

0= x+f’(p)... o

It ca S RAITE ,
"eSpect tr;be Obse,w ed that (7.14) is obtained by parti
P, treating p as a parameter. So singular sol

ally differentiating (7.13) with
ution is the clim_ing_nt of p
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| and 7.1, p being regarded a5 @ parameter or it s the elimingpy gy
petween (7.13) and LA

¢ between

of
)Igc_"-*‘f(c) n“d0=x+%n

ly. the eliminant is the envelope of the family of straight lines y = ¢y | i
ggzcihted by the general solution.

exnmplﬂ‘sﬁ—-—-—--r —_—
Solve (y = pX)(p — 1) =

p

p—1

Since thisis a Clairaut’s equation, we get the ge‘r:xeral solution by repl acing phy
. The general solutionis y = cx +

p ' —
Solutlon y—px = _.-_-T LYy = px+

-1
Example 7.37
Solvey = 2px + yp*
Solution Multiplying by y we get,
¥ = 2pxy+ y*p?
puty’> = Y ' 0
dy. dY T

il P (say)i.e., 2yp'£-;_ E
P2
Equation (1) takes the form Y=Px4+—

This being a Clairaut’s equation has the solution ¥ = cx + <

4
-+ The general solution of the gwen equatmn is.y* =cx+ Ei
Example 7.38 __ 4 T
olve sin PX €08 y = cos px sin y+p- | |
Solution
Sin px cog y — cog px siﬁ’y = p

S"‘CC thi
§is :
a Clairaut' equation, thc solulion is y = cx = sin ‘e

EXERCISES

Solve the following :

13’=x-—-+ dx . '.Vﬂb
X dy
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_..x.cl'g +Ed7/!fl
2.7~ Tdx
(x _a)ﬂ : (d_\- 2 [Ans: y = cx + ]
3 y=¥ dx ;}T)

4. xy(y = PX) =x + py Ans: y & oy o ac — c?

(Hint: Putx? = x 2 _ Y]
5.y = 3px +6y*p? Ans: 2 < g g

[Hint : Multiply by y? and py ¥ = Y) g
Ang: 3 __ o =50
6. pix(x —=2) + p(2y — 2xy — y ) 4 42 e 0[ NS:yl=13cy + 6¢2]

[:\ns- (y cx
PO —ex 420y
1.5 (p—= 1)+ ple?y = Wy~ext1)= 0]

[Hint: Pute* = X and ¢* — Y]

; [Ans: pr
18LINEAR DIFFERENTIAL EQUATIONS oF e

=ce’ +C"l

HIGHER ORDER WITH CONSTANT COEFFICIcé:'?SAND
Tre general form of a linear different i
eefhics i ntial equation of the nth order with constant
d"y d"ly i
ao;;ﬂ* + a ;[;-'T—_I' + ... +a,y=X (7.15)
Were ay(# 0), a, a, ...... » dn Are constants and X is a function of .
fx= 0,(7.15) becomes
‘d”y 'ty dn-__ly £ kT
o ta Zonot Tty =0 : «(1.16)
~ The ' : '
’fi&lirme?‘;f?g;n _(7. 16) is F:alled lhg hqmoggngpus linear equation corresponding lc?

Ilcan be 'Seen thiat
iy Si(x), Y = fa(x), y = f,(x) are n linearly independent

%olutiong of the equation (2) then

e, = Ci) + Cofy(x) + o+ Co fulx)

i_'f.", I, This s i von-

iy arf;:i!' L are arbitrary constants is also its solution,. l‘hls..sol_l(ls’,u:_l::‘l 1),011
s ar ion of equation (7.16).

F i 4ry constants is known as the general solution of equat |

ify | " )
e #(x) be a solution of (7.15) not containing any arbitrary
E Cunstan s, then

y AL

K le](x): +Cafolx) + ... + Ciiifu(%) +¢(x)
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