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5.1 Renewal process

Renewal process is a generalization of Poisson process. Renewal theory has assumed great

importance because of its theoretical structure as well as for its application various situations, such

as demography, manpower studies, reliability, replacement and maintenance, inventory control,

queueing, simulation and so on.

A renewal (counting) process {N(t), t>0} is a non-negative integer-valued stochastic process

that registers the successive occurrences of an event during the time interval (0, t], where time

durations between consecutive ‘events’ are positive, independent, identically distributed, random

variables (i.i.d.r.v).

Consider the following examples,

a)
fail and denote it by N(t).

The number of bulbs replaced in an industrial campus in an interval of time (0O, t) whenever the bulbs

b) No. of defectives components of a machine being renewed in the interval (0, t) and denote it by N(t).
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Reference:
Medhi. J: Stochastic Processes, Wiley Eastern limited, New Delhi, Second Edition, 1994.

" Renewal Function and Renewal Density

The tunction M (0 2 [N () s called the renewal funetion of the process with distribution F Itis clear
that

|N(!).‘n|<>{.\'nﬁr} (2
o {N(1) 2} it and only if {8, <1},

Fgquivalently {N(l)(n} ¢ {S" >!}.
Theorem  The distribution of N (1) is given by
p"(l)'—*l’l‘{N =nf=F (1)=Fy (1) (3

and the expected nuinber of renewals by

M(:)=ih’,,(:) (.4)

nel
Proof: We have
Pr{N(!)=n}=Pr{N(r)Zn}—Pr{N(t)Zn+l}
=Pe{S, St}-Pr{S,,, <1}

=F (-F,,, (1),
Again,

E{N(1)} an,,(t)

n=()

o~

=Y n{F, (0-F,, (1)}

n=()

:il’,,(!)

n=l

= Z P"{Sn < t}. Hence proved. :

=\
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The relation (- 4) can be put in terms of
Let F' (x) = f(x) be the density function ¢
of a function g (1). Then taking Laplace trans

=T J

Laplace transform as follows:

f (p.d. ” of K, and g* (1) denote the Laplace transform
form of hoth sides of ¢ 4), we get

M"(s)zil-:(sh—:if;(.s)
n=l Somel

om0 “(5)
==Y[r ] =L __ 5
‘nz-l[ J .s[l-f".s)] oy
This is equivalent to

o(.)= SM.(S) .

T ) w

These show that M (1) and F (x) can be determined uniquely one from the other.
Note that M (r) = E N (1)} is a sure function and not a random function or stochastic process,
Renewal Density
The derivative m (1) of M (1) (i.e. M”(1) = m (1)) is called the renewal density. We have

Pr{one or more renewals in (1,1 + Ar
m(t)= lim { dad )}
Ar—=0 At

o i pr{n the renewal occurs in (1, H'A')}
-2, m

n=1

=, f()ar+olar)
-”zﬂg_n'lo Ar

(assuming that F(x) is absolutely continuous and F)(1) = £, (1))

=z/~(,)=Zf:(H
el nel
=M(1),
The function m (1) specifies the mean number of renewals to be expected in a narrow interval
near ¢,
Note that (1) is not a probability density function. As m* (s) = LT [m (1)] = s M*(s), it follows from
€5) that
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1 T ! ¥ v ' [ _.-._\_"‘-\-.
Fxample Let X, have gamma distribution having density

CI B T

iy

flx)==———, 120,
(k1)
= (), elsewhere,

Then,

i
' 7!
o
{} ﬁ+ﬂJ
and the density F,:{.r] of

sn =:’I.'| +IE +'"'|'.h.'||I

has the LT,
ik
L
[n+a}
Thus
E!-'-lE‘Irr.i-i -ax
! (k= 1)1
and hence
Fy(x)=[Fy(y)dy
0
M ()
=l-e ﬂz—l-. nzl.
r=(] a
Thus

P =E,(t}-F (1)

(41lk=] {m}r

=E-ur E s

=k T

and using ( 5), we pet

Mgz
:|:|:|[.5-'+4::|']'F ~a* (N
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Example Hyper-exponential distribution, Let X, have density

f(t)=pae™® +(1-p)be™, 0sps|,

a>b>0. (. 8)
Such a model may be used to describe a system which has two kinds of components - a proportion
) ‘" of components having, say, a high failure rate a and the remaining proportion (1= p) of components (
having a different, say, a lower failure rate b. We have

vy pa  (1=p)b
= + J)
f(s) s+a  §+b :
50 that

ab+.f[pa+(l-p)b
sz[s+(l-p)y+pbk
Writing A= pa+(1-p)b and B=(1=p)a+ ph, we get

As+ab
()2
. i*(s+8)

A + n_.':___
Cslsed) (s m)

.d{l‘ I%nﬁ,l_]ll I }II
H gy st B l.\ st i H['

W
ﬂlt i I'lhl I i l[

A J+ 54
M) It ‘ I I

Irwming the L.T., we gel

I F o #
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abt - Bt
=—+C (] -e ),
B ( 10
where

A b
c=| 2=
B B?

2

_ p(1 —p](a—b) >0,
B2

Markaw'fm case: When p = 1 (or p = 0) the distribution of X, reduces to negative exponential and
then C = 0, i.e. the second term of ( 10) vanishes, so that we get M (1) = at (or br).

- RENEWAL EQUATION

An integral equation can be obtained for the renewal function
M (1) =E {N (1),
which gives the expected number of renewals in 10, £,

Theorem °  The renewal function M satisfies the equation

M) =F(r)+ IM(:— x)dF (x).
0

Proof: By conditioning on the duration of the first renewal X, we get

o

M) =ENO} = [E{N ()| X, = x} aF ().
0

Consider x > 1, given that X, = x > 1, no renewal occurs in [0, #], 50 that
EIN() X, =x}=0.
Consider 0 < x < 1; given that the first renewal occurs at x (< t), then the process starts agan z

epoch x, and the expected number of renewals in the remainin 2 interval of length (t —x)1s E[N(1- 2,
so that

E{N(1) X, =x}=1+E{N(1-x)]

=1+ M(t-x).
Thus, considering the above two equations, we get

M(t)=.f{l+M(t—x)}dF(x
0

=F(t)+fM(t—x)dF(x,
0

We have thus established (. 1).
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The equation (_ 1) is called the integral equation of renewal theory (oF simply renewal equation)
and the argument used to derive it is known as ‘renewal argument'. The renewal equation is also

expressed as

M=F+M'f.
The equation ( 1) can also be established as given below.
lwf havt ZF t) E ,Ht(i'}
n=l n=l

- {1)+i”Fn(t—I)dF(ﬂ],
n=l |

F...,, being the convolution of F, and F, = F. Thus, assuming the validity of the change of order of
integration and summation, we get

J=Flt)+ JKZF (1- FF{I};

o Ln=l

Mfr)=."[al+JM(r- dF(x),

il

ar,

It follows that M(1)= F, (1) satisfies the integral equation (.1). The renewal equation (. 1) can

= |
be generalised as follows

[

v[i]=g(!}+‘{v(r—ﬂd!~'{.d,IE{}, (. 2)

U

where g and F are known and v is unknown. The equation ( 2) is called a renewal type equation.
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5.5 Basic ideas of Time Series

7

“a

We shall discuy; = o
€uss here only the models, where the random part involves stationary stochastic proc-

esses (real-valu

t= 1y, m) ma;dﬁeficzr;;:e shall also confine mostly to processes in discrete time. A time series (x;,
(X, t €1). We shall belc;::;d a5 : l(]-“"gle) particular realisation of the stationary stochastic process

€ 1 1 A
analysis of the time series [y, ,r:"l - }‘”'“‘ the stationary process (X, ¢ € 1} rather than with the
We conside A :

i vahrx :z'; at:stochastlc process (X, € T} which is wide sense or covariance stationary; then
(Xe-m] = Cyis a fu ction E {X;) = m is independent of ¢, and (i) the covariance function £ (X, =m)
. o () kT-he fnction of the difference (f + k) - t = k. The comrelation function is py = Cy/Cj, where

: _h o 8 gCraph. of the correlation function p, k = 0, 1, 2,.. is called the correlogram of the
stochastic process. Lonsidered below are some stationary processes which are used as models for the
generation of the random part of 4 time series.

MODELS OF 'IME SERIES
1 Purely Rai dom Process (or White Noise Process)
A completely rand »m process {X,} has
E{X}=m, (1)
which may be ass 1 ned to be 0, for simplicity, and

o’, k=0
F X ={0, k#0 ()
The process is covariance stationary.
2 First Order Markov Process
(X} has the structure
(3

X +o,X,=¢, [a,|< I,
where {e,) is purely random process, say, with m =0, 0= 1. Further e,,,, is not involved in X;, X,_,....,

ie. X, depends on e, e,,...¢, but is independent of'e,,\,, ugp
Multiplying both sides of (*3) by X, and taking expectation, We get

C, +o,Cy =0,
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Ol', pl + (Xl =0, i.e., pl = -(1] =a(Sa)’), |a| < 1-

Proceeding in the same way, we get

2
Pt =0, ie, py=(-a,) =a?

pn +a|pn-—l =0’ i-e-y P,, =(-a1 )" = a"

The process is covariance stationary. The representation ( 3) is a linear stochastic difference
equation; X, cfn be expressed as a formal solution of the difference equation as follows,
Denote the backward shift operator by B, i.e. BX, = X,_,.

Then B'X, =X, and B*X, =X, k=123 ..
Thus the difference equation can be written as

(l+alB)X, =e,

or X, =(l+a|3)-le, > Z{(-al )k Bk}e:

m Z plk €k
k=0

(4
3 Moving Average (MA) Process
Here (X} is represented as
X =ape + Gy, Feetage,,, (3
where the a's are real constants and {e,} is a purely random process with i
mean () and 2,
also be represented as AT

Xf =f(B)e', where f(B):iar Br;
r=0

whena, 20, (X, 1 e T} is called an MA process of order A,
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4 Autoregressive Process (AR Process)
The process (X} given by
X, +bX,_ +b X,y ++b X =6 b, #0,

X, can be obtained as a solution of the linear stochastic difference equation

g(B)X, =¢,,

h
where g(B)=Y b, B, by=1.
r=0

the unit circle. The complete solution of (2.9) can be written as

h

1
= A '+-——e ’
Xr ; rzr g(B) 4

where A,’s are constants. Now

1 L -1
2(B)° =[1(1-2B) "
izl

(8

where {e,} is a purely random process, with mean 0. is called an autoregressive process of order h.

(-9

Suppose that g(B) = (1 - zB), z; # z;, L., zl", z,}' are the distinct roots of the equation
g(z) = 0. Further suppose that lz{ < 1 for all i, i.e., all the roots of g (z) = 0 lie outside the unit circle;

h 3 . . .
the roots z; of the characteristic equation f(z)= Y b, 7 =0 (where f(z) = 27 g (z”")) all lie within
r=0

 5 Autoregressive Process of Order Two (Yule Process)
This is given by

h | X b X +bX, ) =¢,
W CT: {e:} is a purely random process with mean 0.
ssume that the roots z,, z, of the characteristic equation

b+ b, =0
are distinct, and that both the roots lie within the unit circle, i.e. by < 1, and 4b, > b 2




18MST24E: Stochastic Processes UNIT-V Handled by: Dr. S. RaviSankar Page: 20
I MSc Statistics Semester-1l  Year/Semester: 2020-21/Even Mob.: 9842007798 Dept. of Statistics

5.6 Auto-regressive and moving average processes.

6 Autoregressive Moving Average Process (ARMA Process)
Consider a process having the representation

tbr Xt—r =t".f €rs U’U - l)‘ (21)

r=() s=()

where {e,} is a purely random process with mean 0, and the roots of f(z)= th,z'n =0 all lie within
r=(

the unit circle. Such a process is called an auto-regressive moving average process and is denoted by

ARMA (p, ). We can write ( 21) as g(B) X, = h(B) ¢,, where g(B) and h (B) are polynomials

in B of degrees p and q respectively. Then X, can be represented as an infinite moving average
X = Y ve,., as follows:

q
Put U, = Zasel—s and let the roots %y i=12.. p of the equation ﬂﬂ = () be distinct.
s=0

Then

p
X, =Y Az +f1(1 ~zB) " u,.

r=1 i=1

Now as |z < 1, we have for large  (neglecting the terms ZA,zf, )

4 -1 — —
X, =H(1_ZIB) Uy :Zbr W_, = zb:[iaser—r—x}
i=]

! r=() r=0 r=0
[=-]

=2 V,e_,(say). ¢ 22)
r=(}

Thev/’s,r=0,1,2,..in (" 22)can be determined by substituting the above expression for X, in the
Lh.s. of ( 21) and then comparing the coefficients of ¢, , from both sides.

We have E {X,} = 0. Multiplying (" 21) X, ; (k 2 0) and taking expectations, we get

I
R[B)p.ﬁ :Zbrpk—-r —_-U* k}q

r=U

P
whence P =D 0,2, k>4, ( 23)
r=l

., being constants.




