Simultancous-equation Models

41 SIMEEEANEOUS DEPENDENCE OF FCONOMIC VARTARL LS

Phe appheatien o least wuaren toasimgle egquation asuwmes, anang oihers,
W ! -

hat the exprlatiia vatabdes ae toaly
A (ion et een (e dependont « vable Y and the explanaton UVl 1 this s
L \

: fhat st the Vlvane at the same e detennmed by Asuinprion o

£ O and the applcation of this method vields buased

Paegenoving that thee woone way

A e,
H_’z,z: vieland (AL £ 0 .
.:._L 27.,..7__;.—2:.._ extunates : Woa m:_.:_._ A 7_._35 CPNRe G (N

1w lave a v way vansation i a tuneton tas aplies that the tunction
cano be teated isolation as asingle equation wadel, but belongs 1o a wider
watom of equations whieh deserbes the elabonships among all the wlevant
vardables, LY = /L0 bt alsoy U= 70V we ave not allowed to use a single-
equation mdel tor the descnption of the elationship between ¥ and U We
must wie a wmulieequation model, which would melude separate equations in
which ¥ and Uwonld appear as endogenons vanables although they nught
appeat as explanatony e other equations ot the model A svstem descnbang
the jomt dependence ot vatiables s called a svsren of sonudtaneous cu tions

Given the natwre of economie phenomena it is almost certamn that any
equation will belong to a wider system of simultaneous equations. Some
examples will illustrate the meaning of sunultaneous relationships and the
violation ot Ass umption o of ordinary least squares, which creates what s
Known as senudtancous equarions bias.

”_..,_qss_za I Suppose we want to estimate the demand for food We know from economic
\ an ﬁ._:: the demand for any particular commuodity depends on its puce, Poon other
prces, Py Land on income. Y. Thus we may write the demand funetion tor tood ;

Q=by+b P+bh,Pth, Y +u
Where (- Quantity demanded
P = price of food

o ~ Price of other commodities
mcome

" = random variable.

.,on“__p.“.m_am_mvn__f least fQuarss to this equation we will abtain biased estim cH.,?_ :s._.._..

Price ?:,A :%: are notandependent. The demand for any commodity 1s 4 tunction of its

nm_su:anmﬁn,sv. but at the same (ime the price in the market is :,:,:n._nca by the .L:,:::t

352 comp| E.._.m: commodity. Consequently the above single equation cannol .7». .q.,..rd

Mode] e .m_:w_m.ﬂ:;:oi model. There should be at least one more equation in the
Eving the telationship between £ and @, for example

P=c, +e¢,Q+c,W+e
331
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Assume we have the smple model

Yudytd X ¢y Ruy=0 e =0
V=dp tay Y vy 2 vy M) = o Mt = o
) =0 Aan)=0
Aar) = 0

The maodel i mathematically complete wt contains two SQUAtIons in two
endogencus vanables, Uand Y. 2 is assumed 1o be e nously determuned ( for
A b )
example by the goverment). Substituting U the second equation we obtain

N=ag v byt 5 X+ tayd ey
W
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U and the dstibance teom s are related. U is not a traly exogenous variable in
the fust equation

1t can be proved that the covanance of X and & is not zer,
cov ) # 0
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The baas 0 5, can be established by taking expected values of (14.2)
o ks
- . XU
R oo o

Ed,) = b, + BT

o

The bas s measured by the second term on the right-hand side and depends on the model
beng studied and the particular form of the dependence between X and u

uﬁwukﬁ.mﬁm_uww; um@ﬂo (14.3)

In our example of the consumption function it ¢an be proved that
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Figure 14.1

An inttiitive explanation of the bias may be formulated on the following
lines. In applying OLS for explaining the variation in Y we give as httle emphasis
as posuible to the error term 1 and as much as possible to the explanatorn
variables. But & 1s unobservable and will not appear in the estimated equation. If
uand the X''s are correlated this specification bias (omission of ) will cause an
ertor in the b's, because some of the effect of u will be wrongly absorbed by the
coefficients of the X's.

Itis clear from (14.3) that the bias is independent of the sample size; as n
increases the terms that we sum increase in both the numerator and the
denominator. Hence the bias cannot be eliminated by increasing the number
of observations in the sample. Thus the first condition for consistency (the

condition of asymptotic unbiasedness) does not hold and the estimates obtained
from OLS will be inconsistent.

14.3. SOLUTION TO THE SIMULTANEOUS-EQUATION BIAS

Since the application of ordinary least squares 1o an equation belonging to a
system of simultancous equations yields biased and inconsistent estimates, the
obvious solution is to apply other methods of estimation which give bettes

estimates of the parameters. There are several methods for this purpose. The
most common are:

(1) The reduced form method, or indirect least squares (1LS),
(2) The method of instrumental variables (IV),

(3) Two-stage least squares (2SLS).

(4) Limited information maximum likelihood (LIML).
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(5) The mixed estimation J&%@
(6) Threestage least SQUTSS ~5 00 6 (FIML).

¢7) Fell info rmation maydmun

= fye methods are called single-equation methods, because they age
The first frve MU of the syslem at a time. The threestage least squareg

. i

u

bad 1o ODS SOUd LR o R )
D i o (o0 MaXImu likelihood are called systems merhods,
and the I =070 415 2ll the equations of the system simultaneously. The

w..mﬂ.._n ,....q ,.M un.m..“.w.‘...mw.»wn&u. in chapters 16—19 of this book. The choice
o tu», .‘”...h.luﬂw rechmiques for the estimation of the parameters of 3
gt L.m..-lr_.mh « 3 2enlt 12sk and will be discussed in some detail in
MM.L.M? J._.-wm.m.uu aroceeding with the discussion of these techniques, it is
nh.:m..ﬁ:al w.ﬂ.m..‘..n further some definitions and 10 a.ﬁﬁm.wamnw the
m...‘.\..,wn. of decyding wiuch variables are endogenous end which are truly
exogemous Of T be nﬁh.uﬂ& 25 eX0genQUs in any particular econometric
model of gmtansout equAtIoN.

144 SOME DEFINTTIONS

1. Sorucnarsl models
A sractucl model i 3 complete system of equations which describe the
stracture of the relationships of the economic variables. Structural equations
exprew the endopenous varizbles zs functions of other endogenous variables,
predeiarmanad varizhles and disturbances (random variables).
As 20 Phustration we will me the following simple model for a closed
econommy
ﬁ.n =dg +QP Hwn +uy
Iy =bg+ by Y, + by ¥y Y1tz
Y,=C+ 0+ G,

The first eopsation is 2 comumption function, the second is an inveitment
fenction. the thard u 2 definitional equation. The system is complete in tht
B comtara thres sgmation in three endogenous variables. Cy, l,, Y, The maodel
comtzmn e, predeiermined variables, government expenditure. G. znd lagged
wne ¥, .
B Ir the vemainder of this haprer. for the wake of simplicity, we will ignore the
mﬂ.wﬂ r,\u c_.“ the structural equations. (If one wants to retain ﬂ.sn
il ‘w\\... ‘\w‘w w o Sm...wo_ 44 imroduce & dummy variable, Xo. 10 the

T ey vl which e shways awume e val o of |
pitstactrsod e 1Tk are i general. propenaities, elasticitics or other
Dot ot o sy Astetorsl pasasastes axprewes the el
can be o/ mprited raratiny vasiatle on the dependent variable. Indirect effec

] by the

..\\\..«vﬂ\.éa
J NE VAR Mm 1
ﬂ‘u.\»\h\.\a. Wfit H km

A the structural ystern, but not
persmeten. Factony nust appearing in any function

explacitly meay have as
Phicitly may have an mdiect mNuence on the dependent variahle of that

i
P
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Simultaneous-equation Models 337

function. For example 2 change in consumption will affect investment
indirectly. through the increase that the consumption, C. will produce on
income. Y. which is 2 determinant of investment. The effect of C on J cannot
be measured directly by any of the structural parameters. but it will be taken
into account by the simultaneous solution of the system.

Trzditionally the structural parameters are represented by s when they
refer to endogenous variables. and by 7's when they are attached to a pre-
determined variable. Similarly endogenous varizbles are denoted by s while
exogenous variables are represented by x's. Using the comventional notation
(and ignoring the constant intercepts) the structural system zbove becomes

¥1=bizyatuy
Y27 B23y3t Inx) Yy
V3T ¥yt x
where
¥ =C ¥2 =1 ya=Y
;=¥ x=0C
Tramsferring all the observable variables to the left-hand side we may obtain
the complete table of structural parameters as follows
¥1 40y = Biay; + 0x, + 0x; =uy
Opy +y2 —Basys —Tauxs +0x; =1z
V1= 2+ ys+0x; —x3=0

Table of structural | Table of structural coefficients
| coefficients "_ r in standard notation
(1 0 -2 0 0 | 1 o £, 0 0 |
T B ) 0 1 By v O
-1 -1 1 0 - -1 -1 1 o - _

Values of the structural parameters may be obtained by using sample
observations on the variables of the model and applying 2n approprizte
econometric method. (See Chapters 16-21.)

2. Reduced furm model

The reduced form of 2 structural model is the model in which the
endogenous variables are expressed 4s 2 function of the predetermined variables
only. The reduced form is obtained in two ways. The fint s to express the
endogenous variables directly as functions of the predetermined variahles

Vs-"‘,.hkh*ﬂ;ﬂnﬂ“#...#ﬂhrk_rDG‘ =12, ... \\.ﬁ

and proceed with the estimation of the m's by applying some appropriate
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= In our example of the simple three.

technique to this nxvaa_.am Mwwwwhw_uw.vm
equation model the reduce o

¢ =my Y- T Tzl T
f=nanYe-1 t Moz Gr T U2
Y, =Ta Yo t m32Ce T U2

hod for obtaining the reduced form of a model is to solve
o vetem of endogenous variables in terms of the predetermined

the structurzl sys tural parameters and the disturbances. The structural

émmznww HMH“_MM ple gives the following reduced form model:

system

The second met

Uy tayuy —byu,y

a
_n:m_u Wnlu. i 1 Qn +

ﬁ.ﬂ"~lhullmﬂ _|QHIU— —|EH.IUH
= b U, +U.—E_|hmgu
I&u: n_u + 1 G ¥
S e Yot I—a,—by ° I o —b
_ b " 1 G.+ uy tu,
b mby R T T2 B

Clzarly for the two reduced forms to be consistent the following relation-
ships between the 7's and the structural parameters must hold

T a; b, —_ a,

B ulﬁg .INV_ = .—Iﬁ—lvu
uvpﬁlnL - b

M2 M.I_H_\@H LY h'-ﬂ—l@—

T3 = mum T Hn_.|

h l-a, b, = l—a, b,

Itshould be clear that there is a definite relationship between the reduced-

form parameters and the structural parameters: the s are functions of the
structural parameters.

Derivation of the reduced form parameters.
(2) Substitute €, and {¢ 1n the third structura] equation

:lfﬂé:if t+ba¥e ) tug)+ Gy
By fQarmanging we obtain
’ by
wqr 2 . 1 Uyt u
L=y <8 H-rt——— g . A1 V2
1 l-ay-b, 72
1 1 mwl@u

This is the reduced |

orm of :
(b) Substituge ¥ of the third 5

¢ Into the consump
by
l—g,—-p, ¢
1 1 Hlﬁu|m?m

Tuctural equation,
tion function

G
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or
hu..ww ay uy +huEH|UHEH

—IQHI&H _lhuI&H —!ﬁw\m;

This is the reduced form of the consumption function.

(c) Substitute Y; into the investment function

bo 1 uy+ ug
Y e (IR . +bo¥_y +u
=0 1—a;-b b=l 1—ay3-5b4 t wlnulmu 27t—1 2
or 5
bp(l —ay) b ugt byuy —ayug
Hn = Nﬁ 1 u\ulH.—. 1 nn+ = S
_IEHLWH —Inulv.— ay 1

This is the feduced form of the investment function.

The reduced-form parameters measure the roral effect, direct and indirect,
of a change in the predetermined variable on the endogenous variables, after
taking acceunt of the interdependences among the jointly dependent endogenous
variables, while a structural parameter indicates only the direct effect within a
single sector of the economy.’ For example m;; measures the effect of a unit
increase in Y, _; on the value of investment. This effect consists of two parts:
firstly, there is the direct effect on f through the coefficient b, as set out in
the structural equation of investment; secondly there is the additional effect
due to the fact that an increase in Y, _, affects [, = and /, influences ¥, —
which in turn affects /;: finally ¥, affects C, — which in turn affects Y and
hence /;. Thus the total effect (measured by m,,) of Y;_; on I, may be split
into the following components

e - @MAM i D__v = hu — = N:.
L ~|n:.|W_ . ._.lb___. plm.
or
bab,
Ty = vu + — -..h» = Q—
_“33_ g = &n«nﬂ wn_&anaﬁu_
effect effect| * effect

. The reduced form coefficients are used for forecasting and policy analysis,
Since it is the total effect of a change in the exogenous variables on the
dependent variable(s) that is of interest to the policy maker.

The above two ways of defining the reduced-form model suggest that
estimates of the reduced-form coefficients may be obtained in two ways.

Firstly. Direct estimation of the reduced-form coefficients. The reduced-
form #'s may be estimated by the method of least-squares-no-restrictions

!See A, Walters, An Intreduction to Economerrics, Macmillan, London 1968, p. 181 —4.
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R} We express all the endogenous qm;mv_ﬂ as P:ﬁwonm of all a._m_ pre-
(LSNR). F [ the system and we apply ordinary least squares to these
%E:&:.& éEEa.m 9 ,_.:._um method of obtaining the s is called least-squares.
ﬂmacf.&.ﬂo.:ﬂ ?:n:gw because it does 1ot take into account any information
no-restrictions (LSNR). ?M hat is it does not Use any restrictions imposed by
on the structural .M_E,m:._mﬂn%,.m::, For example the structural equations define
i gl Ewrm.r,EL.cmﬁwm H.m.o,:..:ﬁ respective variables are not included in 3
H.F.: SOme 2..1_:_“:.2”7? 7.2: taken into account by the method of LSNR.
E_ﬂsoﬁ SHMMWMHM _.EE.R complete knowledge of the structural system,
ﬂwnz”m..ﬂuﬁ_na is knowledge of the predetermined variables appearing in the
,%mw,..wmm.ﬁuaﬁ,ﬁ.u estimation of the reduced-form Sm%e.mu:.m_ We saw that
thers is 3 &‘m finite qm—uzﬁ_zmamu between ﬁ—m.m —.nn_.Cnmn-m..Og n.Om».H_F.._nﬂa_..m and the
structural parameters. It is thus possible first to 975,5 estimates of the
structural parameters by any appropriate econometric technique and then sub-
stitute these estimates into the system of parameters’ reiationships (o obtain
(indirectly) values for the 7's. This indirect method involves three steps:
(1) Solvs the system of endogenous variables so that each equation contains
only predetermined explanatory variables. This, as we saw, may be done by
continuous substitutions of variables, until we arrive at the reduced-form of all
the equztions. In this wav we obtain the system of parameters’ relations, that is
to sav the system which defines the relations between the 7's and the §'s and
v's. (2) Obtain estimates of the structural parameters by any appropriate
econometrc methed. (3) Substitute the estimates §'s and ¥'s into the system of
panameters’ relations to find the estimates of the reduced-form coefficients.
This method is more complicated, but it has several advantages over the
direct estimation of ='s from LSNR. (a) The derivation of reduced-form a's
from the structural s and 7's is more efficient because in this way we take into
account all the information (that is all the a priori restrictions imposed by the
structure on the parameters) incorporated into the structural model.
?,m:ms:a_ changes occur continuously over time. If we know these changes
I thfe and y's we may easily recompute the #'s. While if the 7’s are computed
ﬂﬁ?ﬁm%ﬂﬂ%«%ﬂ it ,,..._E; not, in m.ﬁ.zmnm__. be possible to take this informa-
and if ﬁ._._m mﬂug nmﬁuﬂ_rf““HmuGrU N, o2 T.....Zn..,.—@ﬂ ® m.«.ﬂ...‘mﬁL un_.ﬁ.n.ﬁ_.—ﬂw_ Hu»m_.mm.._..-nnmu.m.
——— w.?,o%cm.z w,sr_.w.rw:.,ng 7’s, s and ¥'s has not been established,
the latter. (¢) Extraneous .5__. . *on‘dmﬂ the changes that may have occurred to
become available from ogwhﬂhﬂw: EW Sk mmE.nEHm_ mm_,E..:mﬂnE Sww if
we have not estimated the 8, such information again will be useless1

.m?c:).m. , , .
Goldberger, Econometrig Theory, ﬂwn uﬁwcimmwﬂwamzm Sl

3. Recursive models

A model is o
a way that Emnmwmﬂmqﬁ”:% ve if'its structural equations can be ordered in such
udes only predetermined variables in the right-hand side;
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the second equation contains predetermined variables and the first endogenous
variable (of the first equation) in the right-hand side; and so on. For example

I =f(xy, x L xp )

Ya=f(x1, %2 . Xpiyiiu)

Y3i=flxy, X0 .. Xk V) Paitty)
and so on.

The random variables are assumed to be independent.

The special feature of a recursive model is that its equations may be estimated.
one at a time, by OLS without simultaneous-equations bias. To understand this,
let us write the above recursive model in its complete form. Assume that there
are G endogenous variables k exogenous variables in the model

Y1 =711 %) FyeXe vt yex, tug
Y2 S ymXy FyeaYy too ot ygxy +0 0 tug

Y3 =TmXy ty¥zexe to ot ygexy T3y tBaeys tuy

Y6 SY61%1 Y YgaXa t ..t ygrXk * 8c1 tBcavat .. .+ ug

Given values of the exogenous variables (x;) we may apply OLS to cach
equation individually. because by assumption the distribution variables u: and w.
are E.r_mﬁn:am:? and hence the y’s appearing in the right-hand side of Sn.._. .
equation are independent of this equation’s error term. For example, in the
.mmno:n_ equation y, is independent of u,, given w, and u, are ex hypothesi
independent. .

Recursive systems are also called triangular svstems because the coefficients
of the endogenous variubles (the §'s) form a triangular array: the main QBW@:&
of the array of §'s contains units, and no coefficients appear above the main

diagonal. For example assume that we have a model with four endogenous
and five predetermined variahles

M T YnXe X, tuy
Ya =0y by Xyt yaXs t vaaxs tuy
Y3 =037 Y32yt Y31 x, + Taaxa tus

Ya=Bar¥y + Bazya * BazVs + YaaXa + YasXg Ty

To see whether this model is recursive it suffices to examine the form of the
array of the @'s. If it is triangular the system is recursive. The system may be

|
1
|
|
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15. Identification

151 THE PROBLEM OF IDENTIFICATION STATED

Identification 1s a problem ol model ::.::__ m_.:.::.._.»._:___:_ than :._ model
estimation of apprasial. We say a model isadentified il itis in a unigue slatistical
form. enabling umque estimates ol 11s ﬁ::“::c_clﬁ to be ,r.:.rznr___c:_q made from
sample data i a model 1s not idennified then estimates ol parameters ol
relationships between vanables _:E_,._:ma. in samples may relate to the modelin
question, or to another maodel, or to a mixture .:T: :.mn_m.

An econometnc model 1s frequently in the form of a system of simultaneous
equations The model may be said to be complete if it contains at least as many
ndenendent equations as endogenous variables. For identification of the entire
model 111 necessary for the model te be complete and for each equation in it to
be idennfied Tests of identification are examined later in this chapler.

To dlustrate the meaning of the identification problem let us take an example
from the theory of market equilibrium. Assume that the market mechanism for
a certain commodity is given by the following simple model

D
S=agy+a, Prv

D=5

by + b, P+

where D = quantity demanded, § = quantity supplied, P = price.

The first equation 1s the demand function, the second expresses the supply
tunction anc the third is the equilibrium condition of the market (or clearance
tquation). The model is complete in that there are three equations and three
n.q.a..gw“_._ us varizbles (S D P). But is each equation identified?

Assume we are interested in the measurement of the coefficients of the
demand equation To obtain estimates of by and b, we normally use ﬁ:d:mrna
::.‘_...‘”_n_.,b...n ‘P.v_”.r;:_m the quantity w:._:m‘j." of the noﬂ:ﬁ:on:ﬁu\. _._.Os.mcdw. the
muﬂ_ ﬂ_mﬂﬂ‘gwh_quupwm ..MKU_ W,,_: the quantity sold at any particular price. _/.\___ﬂwm”
in the market 413 .rﬁ.sﬂ_m Honum of supply and demand at the price prevailing
"G point of time. A sample of time-series observations
at the prevailing :LHL_:MMMMMH.:WM iyl i ey suppliec, M_w
measure the coefficients of a W._mn:ﬁsm cw.m HERaa ey ERligiAMION, W achun %

n of the form @ = f(P). This equation may
14F
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be either the demand tunction or the supply function (or even a ‘bogus' equation,
as we will presently see). How can we be sure which function we do :,,__:.N
measire” [HIwo econometricians use these dats and one claims that he :,;.
estimated a demand funetion, while the other claims ::: he has 3::.;:.&.._
supply function, how are we (o decide who s night? Clearly, s_:w ‘:nc: w.,.___,n

criteria which will enable us to venly that the estimated r:c:.F:;_? belong Lo

the one ar the other relationship. Such criteria are knawn as ‘identification
conditions” of a function and will be developed in a subsequent section _”.:_. the
fime being let us return to our example. One might think :.:: a scatter diagram of
the sample observations might help. This is not always s0. Suppuose we plot _::.u
sample data on a diagram The scatter of points may reveal one of the patterns
shown in figures 15.1,15.2, 15.3.

2| \J L 2|
| ., | = .

LA * - . "

. ’ - - B -
" L a0 o, * .

- * « * — .

.o '] - - . .

. n-a . °®
- o | ) a

Figure 15.1 Figure 15.2 Figure 15.3

One might be tempted to conclude that the scatter of data in figure 15.1
identities the demand curve, the scatter of figure 15.2 identifies the supply curve,
while the data of figure 13.3 identify neither relationship. This assertion 1s not
necessarily true. In order to be able to say that the data identify the demand or
the supply function we need to know the changes in the other faclors which
determine the supply and demand. Any model (like the one presented above) in
which each equation contains the same explanatory vanables, 13 statistically
impossible Lo measure. Demand and supply are determined by many factors
ather than price. Changes in these factors cause shifts of the curves. We must
have information on the shifts of the demand and the supply curves in order to be
able to identify the cocfficients of these relationships. It can be easily seen that
the scatter of figure 15.1 will not identify the demand function. despite the
apparent (spurious) high correlation between @ and P, it the observations have
been generated by the intersection of shifting demand and supply curves. On
figure 15.4 we plot imaginary sample points which represent the intersection of
shifting demand and supply curves

Such sample data show a spurious high negative correlation, which is misleading:
if we use the sample for estimating the relationship between () and P that s
Q = f(P) we will obtain a high R* and a negative b,. and we will be pretending
that we measure the demand function, which abviously is not true. We are
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measuning 2 “mongrel’ funcuon, that 1s. a function which is a mixture of
spply and demand torces and whose cocfficients are really a mixture of the
coefficients of both funcuions (se¢ below). These spurious results are due to the
emuon 4 shft facton’, in other words of vanables which caused the shift

of the demand and supph functions If we have information on the shifts of the
demand and supph curves (thatis, on the changes of the other determining

fx tors of demand and supply ) we Can say which function the data identify. For
example 10 figure 15 5 we depict observations which show that the demand
curve has temained f{airly stable over the sample vn:ea. because the other

fac tors wha b affect it — income, tastes, other prices - have remained almost
comstant, while the supply has been shifting widely due to changes in its other
determinants ({or example weather conditions). Such conditions, of fairly stable

mand and widely shifting supply. give rise to observations which identify the
demand function This 1s the case with most agricultural products, whose supply
u heavily influenced by weather conditions, while their demand does not shift
much ove: time (they have low income elasticity of demand and the tastes of
consumen {or agneultural products do not change appreciably).

i

Figure 15.7

Figure 15.5 Figuie 15.6

In figure 15.6 the supply is fairly stable while demand shifts within a wide
range, because, say, of changes in tastes, incomes, war conditions, Under such
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circumstances the observations generated by the mteraction of demand and
supply forces trace (identify) the supply function.

Finally. in figure 15 7. both supply and demand are shifting widely so that
their interac tion gives observations scattered all over the 0P plane. However, if
we know the factors that cause the shifts we may be able 10 identify both
functions, ot one of them. For example if D shifts due to income changes and S
shifts due to weather conditions we will have the model D = f(P, Y)and
§ = f(P, W) and both functions can be identified despite the scatter of
observations all over the Q—P plane (see below).

The zbove discussion may be summansed as follows. If we want to measure 2
given function belonging to 2 stmultaneous-equations model, the function must
be fairly stable over the sample penod, that is, it must shift within 2 smaller range as
compared with other relationships of the same model: we can measure the
demand function if it 1s fairly stable while the supply function shows adequate
variability. This condition is fulfilled if some factors not included in the demand
function change considerably, causing a shift in the supply (or in other relevant
equations). In other words, in order 1o 1dentify the demand function, some
factors absent from it but included in the supply function (or in other relations
of the system) must be changing over the period of the sample.

Similarly, we can trace the supply function if it is fairly stable while demand
shows enough variability. This implies thatif the supply function is to be
identified, some variables absent from it but affecting the demand function
must be changing.

This may be called the paradox of identification: the identification of a
function depends on vanables absent from it, while at the same time being
operative in the other function(s) of the model. We are able to identify a function
by what variables it does not include.

The above was a diagrammatic presentation of the problem of identification
of an econometric model. We may now examine the identification problem
regarding a particular function in a more formal way.

A function belonging to a system of simultaneous equations 1s identified if it
has a unigue statistical form, that s if there is no other equation in the system,
or formed by algebraic manipulation of the other equations of the system, which
contains the same variables as the function in question. To lustrate this de finition
let us return to our earlier example of the model of the market mechanism of a

certain product

D=bytbhPtu (15.1)
S=aptayPtv (15.2)
p=5 (15.3)

We want {o find out whether the estimates, which we may obtain by using sample
data on demand and price can be identified as estimates of the true demand
parameters bo and by We may substitute § i equation (15.3) and obtain

D=ago ta P tuv (15.4)
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w We thus have two equations (15.] yand (154) ...;..M_H m,.:_:w statistical form,

that is containing the same vanables (D and £) I:f.,@r_:_;: _:w__ oos_‘u_:« the

demand parameters (bo. b1 ). while the second mc:ﬁ::v : ¢ ,EEVW, ?,._Eaﬂma

(a5.a,) Repressing D on P with .3_1.,1,, data we mwhno_ ¢ sure t 1t the estimates

which we will obtain are really the b's of the an .m aﬂzm:a €gqualion has not

a unique statistical form, hence s parameters rmzzc_,_um,.. slatistically identifieq
Let us proceed further. By algebraic 9.\_:::.__5.:03. we may form an infinite

number of equations which have the same statistical form with the demang

| function. For example multiplying Bcﬁ:o:m:m, 1)and (15.4) by k and ¢

(arbitrary constants) respectively we obtain

XD = kbg+ kb, P+ ku

cD=cag+ca P +cv
Adding these expressions we obtain

(k+e)D = (kb +cag) +(kby +ca )P+ (ku + cv)

- v e ——

_ (kbg *cay kby +ca)\ ku +cv
% G|A kit v+A h.+n..‘%+Aw+a.v
| Setting
Ikva.—,ﬂﬁo "\n.mv_ +ﬁb— *H\:L..Tn.ﬁ
I - At S TY:

we may write the above expression in the form
D=4, + A, P+ u*

This equation contains the same variables as the first equation of the structural
model. but its parameters are a mixture (linear combi nation) of the parameters of
the demand function, of the supply function and of the arbitrary constants
,_r, €l ,; us by mampulating the relations of the structural model we obtained a

bogus” equation, an equation which is neither the supply nor the demand

, lunchion, but a mixture of both, which, however, has the same statistical form as

the demand function. Consequently the demand function is not identified (or,

__ﬂ“ﬁ“%”?r :_.n._u.w__,:_:.‘ﬂi." of the demand function are not identified) Under
circumstances, if we use g sample of actual observations and perform

the regressio = E ¢ A
the ar..r::__ nb=f(pP) we cannot be sure whether we obtain estimates of the 8's,
5. or ol the mixed coefficients Ag and A
The conclusion ::E::.; _.

system boils down 10 (e :_ENF_,_,W.JM.EC%_.O__ is that ?,_. the Eg::nu:o: ofa

(b) Wenufication of the i ,Hm__. i of each one of its equations;

Prove that its statisteal _ﬂ ::._:5 of any equation 1s established if we can

we can establish 1he _%z._,___,a..; Uique. There are two formal rules with which

the identifiability of - ol Lanaal s relationship. These rules set conditions for
w._2.:_,5‘4.:_?4_5%5." 3_:n:atm:.e:n__.:c:mzn_;EEm

.—.—:;r ._ﬁ...u-..-ﬁ,_‘_m..u‘u _On :_ﬁ- _ﬁ‘ m 1 a

ust pve 501 a ;_”.”: w ;:m:. d,mou‘cﬁ - ﬂxm:—._:.__:uw —.—. nm :< a——ﬁmﬂ .Unu__n: __ .
mus Rive net -Q na n“n o _.w_n n__:——m— . ,..4
O _n._m_dﬁ_ TCN:C:.

T T e
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Identification 3

In econometric theory two possible situations of identifiability are traditionally
distinguished:

1. Equation underidentified.
2. Equation identified
(a) Exactly identified.
(b) Overidentified.

An equation is underidentified if its statistical form is not unique. A4 system
is underidentified when one or more of its equations are underidentified.

1f an equation has a unigue statistical form we say that it is identified. It may
be exactly identified or overidentified. But in both cases it is identified. A
system is identified if all its equations are identified. ‘

It should be noted that identification problems arise only for those equations
which contain coefficients which must be estimated statistically (from sample
data). Identification difficulties do not arise for definitional equations, identities,

or statements of equilibrium conditions, because such relationships do not require
measurement,

15.2. IMPLICATIONS OF THE IDENTIFICATION STATE OF A MODEL

Identification is closely related to the estimation of the model.

(1) If an equation (or a model) is underidentified it is impossible to estimate
all its parameters with any econometric technique.

(2) If an equation is identified, its coefficient can, in general, be statistically
estimated. In particular: (a) If the equation is exactly identified, the appropriate
method to be used for its estimation is the method of indirect least squares (ILS, see
Chapter 16). (b) If the equation is overidentified, indirect least squares cannot be
applied, because it will not yield unique estimates of the structural parameters.
There are various other methods which can be used in this case, for example
two-stage least squares (2SLS), or maximum likelihood methods. These methods
will be developed in subsequent chapters.

15.3. FORMAL RULES {CONDITIONS) FOR IDENTIFICATION

ldentification may be established either by the examination of the specification
of the structural model, or by the examination of the reduced form of the model
(see below).

Traditionally identification has been approached via the reduced form.
>E.=.,_.__< the term ‘identification’ was originally used to denote the possibility
(ot impossibility) of deducing the values of the parameters of the structural
R.E:E; from a knowledge of the reduced-form parameters. (See Johnston,
Econometric Methods, 2nd ed., pp. 334-75.) In this section we will examine
both approaches. However, we think that the reduced form approach is con-
ceptually confusing and computationally more difficult than the
model approach, because it requires the derivation of the reduce
then examination of the values of the determinant formed {rom

structural
d form first and
some of the
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reduced form coefficients. The structural form approach is simpler and mare

ul. : .
_._...n_._s applying the identification rules we should either ignore the constant term,
or_if we want to retain it, we must include in the set c?EiEmm a dummy

; ould always take on the value 1. Either convention

ariable (say Xo) which w B :
H«m% to the same results as far as identification is concerned. In this chapter we

will ignore the constant intercept.

15.3.1. ESTABLISHING IDENTIFICATION FROM THE STRUCTURAL FORM QF THE
MODEL

We mentioned earlier that there are two conditions which must be fulfilled for
an equation to be identified.

1. The Order Condirion for Identification

This condition is based on a counting rule of the variables included and
excluded from the particular equation. It is a necessary but not sufficient
condition for the identification of an equation. The order condition may be
stated as follows.

For an equation to be identified the total number of variables (endogenous
and exogenous) excluded from it must be equal to or greater than the number of
endogenous variables in the model less one. Given that in a complete model the
number of endogenous variables is equal to the number of equations of the model,
the order condition for identification is sometimes stated in the following
equivalent form.

. For an equation 1o be identified the total number of variables excluded from
it but included in other equations must be at least as great as the number of
equations of the system less one.

Let Q = total number of equations (= total number of endogenous variables)

K = number of total variables in the model (endogenous and predetermined)
= number of variables, endogenous and exogenous, included in a
particular equation,
Then the order condition for identification may be symbolically expressed as

K-M >

excluded
variables | 2 [total number of equations —1]

(G-1) ]

For example, if a syslem containg
endogenous and five €Xogenous, an e
identified, while anothe, no_._smw,s

(a) For the first €quation we ha

10 umzm:cnm with 15 variables, ten
quation containing 11 variables is not

g 5 variables is identified.
ve

G=10 K=1s M=11

Identification 353

Order condition:

(K-M)=(G-1)

(15— 11)< (10 - 1)
that is, the order condition is not satisfied and the equation is underidentified.
(b) For the second equation we have
G=10 K=15 M=5

Order condition:

K-M=2(G-1)

(15 =5>(10-1)

that w..: the order condition is satisfied.

The order condition for identification is necessary for a relation to be
identified, but it is not sufficient, that is, it may be fulfilled in any particular
equation and yet the relation may not be identified.

2. The Rank Condition for Identification

The rank condilion states that: in a system of & equations any particular
equation is identified if and only if it is possible to construct at least one non-zero
determinant of order (G — 1) from the coefficients of the variables excluded from
that particular equation but contained in the other equations of the model.’

The practical steps for tracing the identifiability of an equation of a structural
model may be outlined as follows.

Firstly. Write the parameters of all the equations of the model in a separate
table, noting that the parameter of a variable excluded from an equation is equal
to zero.

For example let a structural model be

Y1 =3ys —2x, tx; tuy
Y2 =¥y txytu,
Ya=yL — Y2 —2x3 tu;

where the y’s are the endogenous variables and the x’s are the predetermined
variables.

 This condition is called rank condition because it refers to the rank of the matrix of
parameters of excluded variables. The rank of a matrix is the arder of the largest non-zero
determinant which can be formed from the matrix. In our case the relevant matnix is the
submatrix of coefficients of the absent variables. Hence the rank condition may be also
stated as follows: a sufficient condition for identification of a relationship 1s that the rank
of the malrix of parameters of all the excluded variables (endogenous and predetermined) [rom
that equation be equal to (G - 1).
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Ignoring the random disturbances the table of the parameters of the mode] jg

as follows.
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Variables
Eguations N Y2 ¥3 X1 X3 X3
i - 0 -2 1

151 equation 1 3 7
2nd equation 0 -1 1 0 0 _
3rd equation 1 -1 -1 0 Q )

Secondly. Strike out the row of coefficients of the equation which is being
examined for identification.

For example if we want to examine the identifiability of the second equation
of the model we strike out the second row of the table of coefficients.

Thirdly. Strike out the columns in which a non-zero coefficient of the
equalion being examined appears. By deleting the relevant row and columns we
are left with the coefficients of variables nof included in the particular equation,
but contained in the other equations of the model.

For example if we are examining for identification the second equation of the
system, we will strike out the second, third and the sixth columns of the above
table, thus obtaining the following tables.

Table of parameters of

Table of structural parameters exciuded variables

tn.u ,Lm 1 X2 Xa .v: Xy Xg
st | 1 R TN .
] RS S - - 1
ik Lt 1 -l 0o 0 . | 50
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the detenmingy of order (¢;
In the aboye ¢

Structural equq

They are

iy : 1) and examine their value.

1K . Lo e . ; . th 5

_"w_:, IS non-zero, the equation is identified. I all
are zevo, the equation is underidentificd.

Xample of gx . :
Mo ; I '
1on we have __u _.J_ i 0l the identifiability of the second
ree determinan s of order (G- 1)=3  1=2

LT

=0 ay=lor a]#0
00 1o

“

(the symbol A stands for ‘determinant’; see Appendix 11) We see that we can
form two non-zero determinants of order G — 1 =3 - | = 2: hence the second
ation of our system is identified. _ ‘
E:Eﬁr?. To see whether the equation is exactly identified or .:<n:m_m::m.oa we
use the order condition (K — M) = (G — 1). With this criterion, if ::w nnc.m;._q
sign is satisfied, that is if (K — M) = (G — 1), the equation is exactly am:::mn.
If the inequality sign holds, that is, if (K —M) > (G — 1), the equation is
averidentified.
In the case of the second equation we have

G=3 K=6 M=3

and the counting rule (K —M) 2 (G — 1) gives
(6-3)>03-1)

Therefore the second equation of the model is overidentified.

The identification of a function is achieved by assuming thal some
variables of the model have a zero coefficient in this equation, that is, we assume
that some variables do not directly affect the dependent variable in this equation.
This, however, is an assumption which can be tested with the sample data. We
will examine some tests of tdentifving restrictions in a subsequent section,

Some examples will illustrate the application of the two formal conditions for
identification,

Examplie 1. Assume that we have a model deseribing the market of an agricultural product.
Irom the theory of partial cquilibrium we know that the price in a market is determined by
the forees of demand and supply. The main determinants of the demand are the price of the
commadity, the prices of other commodities, incomes and tastes of consumers. Similarly, the
most important determinants of the supply are the price of the commodily | other prices,
technology, the prices of factors of production, and weather conditions. The equilibrinm
condition is that demand be ecqual to supply. The above theoretical information may be
expressed in the fonm of the following mathematical model

D=a, va P va, P va, Y va r+u
by +b P+ b, P4 b, CHbr+w
D=5

W
M

where

o

= quantity demanded
§ = quantity supplied
P, = price of the given commodity
P, = prices of other commodities
Y = income
C'= costs (index of prices of Tactors of production)
£ e trend. I the demand function it stands (or "tastes’: in
the supply function it stands for ‘technology’

. I'he above model is mathematically complete i the sense that it contains three cquations
n three endogenaus variables, D, 8 and FooThe remamining varables, ¥, P C 7 are .
EXOgenous. Suppose we want to identify the supply function. We apply the _r,: criteria for
ientilication: . .
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OF THE ASSUMPTION OF SERIAL INDEPENDENCE

nary least squares is that the successive values of
le u are temporally independent, that is, :E.ﬂ :_.c value which
the random yanable u B ndependent from the value which it assumed in

ot i0) 2 ne . 5 L y
i assumes in ﬁ:”pﬂ aﬂ? assumption implies that the covariance of u; and ; is
any ﬁ—nr._:..!-m i

equal to 7er0

10.1. THE MEANING

syrdi
The fourth assumphion ot ord

E{w; - Eu)] [y - E(u;))}
E(u;u)=0 (fori#j)

cov(u;uy)

]

given that by Assumption 2 B(u;) = E(u;) = c o .

If this assumption is not satisfied, that is, if the value of v in any vm:_n:_»a.
period is correlated with its own preceding value (or <m._=2u we say that there is
autocorrelation o1 serial correlation of the random variable.

It 1s convenient to change the subscripts of the w’s and use £, ¢ — 1,1 — 2, ﬂn.
as subscripts, s0 as 1o show clearly the fact that we are at present concerned é:u:
the temporal dependence of the u's, their dependence through time. Thus we .....::
write u, {or the value that u assumes in period ¢, 2, for the value of 1 in period
{r - 1) and so on.

Autocorglation is a special case of correlation, Autocorrelation reters to the
relationship, not between two (or more) different vatiables, but between the
siccessive values ol the same variable. In this section we are partticularly interested
M the sutocorrelation of the i's. However, autoconelation may exist, and indeed
W 8 common phenomenon, in most econamic variables. Thus we will treat
»:.,...._. orelation of the s in the same way as contelation in general. )

I ol the standard econometric textbooks deal with the simple case o

near _:,_:,._:_:_, Detween any Iwo successive values of

ssive values of w

—n =_ o t:- \ 4 *_«
W Kiown |
DRI o :::.”.b ::,_ Vet autiegiessive relationship (see below). We will
Wo Wil gy ,:;..L:_ _ :___,. ot simple elationsip of the #'s In _.;::,“.r__
LIS T e ay v R "
| aconielabion voe it tent s i (ax a specia
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whstguent seotion we shall exagimine some solutions fos
such complox atotegiessive sty Libies

We may oblai i tough wea af the existence or absence of autocorrelation 1n
the 1's by _,_:__:__m the values ol the regression residuals, e's, on a two-dimensiona
dingram, a8 we did in simple correlation theory for the variables X and ¥ The
e's mie estinates ol the true values of w: thus
autocorrelation of the true u's. Drawi

bear in mind the following:

(1) The ‘variables’ whose correlation we altempt to detect in this case are ¢,
and ¢, (or some other lagged value of e, for example -2).

It the e's are correlated this sugpests
Ig the scatter diagram of the e's we should

Vanable I: ¢, Variable 11: e, _,

\....?H or ﬁﬁuw Nﬂ or AQ“.—
€i+2 (e,) €11 (e7)
Nn&rW Amhw Nﬂ.fN Aﬁwu
sy L) Ct+(n-2) (en-3)
€ten (en) €tr(n-1) 5}

The observational points to be plotted are e;e,_, . or (e, , e,), (€5, e3),
Amu.mauv. i HN:.N_:{_V.

The mean of both ‘variables’ is zero (7 = 0, by definition. Hence the
perpendiculars which pass through the ‘means’ are actually the two orthogonal
axes. By analogy to what we said in Chapter 3, it is clear thar if most of :.:.
EEE (e, ¢r-y) fall in quadrants 1 and 111 (figure 10.1), the autocorrelation
will be positive, since the products(e)(e, ) are positive. If most of the points
(ee, e 1) fallin quadeants [1 and 1V (figure 10.2), the autocorrelation will be
fiegative, because the products (¢, We, | ) are negative.

It is obvious that autocorrelation, as tndeed the simple correlation between
any two vavables, imay be posttive on negatwe 1w theory. However, o practice
Autocorrelation is in most cases posifive. The main reasons for this are economic
Bl th &r. eyelical movements of the economy . Most economic vartables tend
_.._ BIOW AR periodds of growth, o they tend to show oy clival patlons (See box,
Boonomic Stariseios, poEno )

Avnother wethod aminendy wsed n applisd econometon wseanch tor the
detovtion o atttovntielation o fo plod the wegression tosiduals, o dganst tune
I the ¢y W scvossive portodds show a vepwlar tine pattorn { boe ovample a
MW onth pattesn, o a vy olival pattenn) we comc e that these o autboeviie latig
Wothe et i Clgbees L0 el 1O we sbiomy By prolie ol e s w g Bag,
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A meases of e Sewtcedier bmeer yetocorselation i provided by the suie-
ORI Coe izt

Tee. 52 ot of the 1m ;
o oy ,ﬁfv.ﬂ uu e utacorrelstion coefficent P,y which #
reseron, e o B TR romlation of a5, .
o ..r...mul.u.rwv_”ullv c. ,. N p . .
2510 Bt tage - sappested by Durbin and Warson fof aute 4
SRR Sefimens 5 oSyl significance of the estimatad

Same Sefmunons At e LT W togt whather g = 0 (see below). ;
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Aurocorrelation 203
that the s follow a firstorder autoregressive scheme (o1 forst-order Markoy
“_anﬁ:‘._.uq relationship between the u's is then of the form

u, = flug )

If u depends on the values of the two previous periods, that s u, = flu,_, . #,2),
the uohﬂ of autocorrelation i called a seoond-order guroregressiee scheme  amd
1= most apphied research 1t is assumed that. when autoconeiations &

oo
i + i of the umple first-order form w, = flu,_; ) and more culashy

1."‘3%.“

PR S P + 4
where 8, = the coefficient of the autocorrelation rehatwnship
- -
= = a random vanable satisfying all the usial assumptions
E=v=0 Elr;;) =0
Clearly this is the simplest possble form of 2utocorrelation: 2 hmear

relationship between &, and ;. (With supprzssed copsizn! misrospl). If we
apply ordinany Jeast squares to this relagonship we obtain

EF)=¢af

M Bt

On the other hand the autocorrelation coefficent o, , 5 &ven by e
formule
Saod
=

-]
heas ~ M..lu‘( -3 g

Given that for large sarmples Saf = Suf | w2 mn wnte

Mﬂqﬁulm M.l..-...-h...u.l.)

p=

E y e
T § 2
.f.y-ll-..uuu = —

1

Clearly o > 2, for large semples (S Kane . Fopmommic Saerienics sad
Ecompmerrics, p. 366.) This is the reason why in mos? t=xthooks the seaple
nrst-order autoregressive modal is given in the form

M, S QM I,
where 5 = the first-order autocormelation coefficient. Clearty W2 =0, & =3,
that 15 u, 8 not autocorrelaned (gien that by xsumplion T; © Bl 2wt
correlsted).

10.2. SOURCES OF AUTOCORRELATION

Autocorrelated values of the disturbance term u may be observed for mamy
TEsons.
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yat most ccononic variables
Jated variable has been excluded from
: Cjts nfluenee will be reflected in the
nables. _a:.w_.”_..:_::.:_:._ ated This case may be called
(ocorrelated pattern of omitted:
he pehavioural pattern of the values of
lated X's are omitted 4 may not he
atterns of the omitted regressors iy

is known tl

(Xs) a8 pot to !

 everdl autocorre
_._.t::n_u:o: P
hematical form of the model 1f we have

it rs from the true form of the _mﬁm:o_._w:_.v
m -or example 1f we have chosen a linear ;

y and the X’s is of a cyclical form,

function whix ' v dependent.
“n O Hﬂ:m“_“.w_.,_ww‘_NG,...E?.&___QE. Most of the published time
i _F.H.ﬂ_.,,___..“__.»‘..,“.ww _M.an_::o: and ‘smoothing’ processes which do average
- .L.n_‘. ‘_._:..,,..u.,”,_o,.z successive time periods. As a consequence the
r)t..v_”_ \.u ; ,__,_., uare interrelated and exhibit autocorrelation patterns.
SUCCESIVe .T,,, gi.u of the Irue random term u. 1t may well be expected in
idd n,w..,.__r%_éﬂgzn values of the true u to be correlated. Thus even the
man) wc.“q ﬂ_.h.”r:iﬁ: droughts, storms, strikes, ctc.) exert influences that
purcly andom 1a¢ ' f time. For example a strike will have

are spread over more than one period 0
dsruptrve effects on the production process w L Will .
~nods. An exceptionally low cropping period in the agricultural sector,

_ rmal weather conditions, will influence the performance of almost
riods; and so on. Such causes result
bance term u, so that if we

{ values of w. This case
oot lies in the

hich will persist through several

cased by 2bnc
- sconomic vanables in several time pe

emporally) dependent values of the distur
uu,) = 0 we really mis-specify the true pattern o
rrelation may be called “true autocorrelation’ because its 1

mume £
¢ aglog
lation has a strong bearing on

* of the incidence of serial

ach nmn_..n:_ma
relation. We

noted that the source of autocorre
son which must be adopted for the ‘correction
corration |n other words the type of corrective action in e
ecommetnc spplication depends on the cause or source of autocor

will drscuss thus topic in a subsequent section. w \

L

103 PLAUSIBILITY OF THE ASSUMPTION OF NON-AUTOCORRELATED u’s

bvious that the
y violated in

From the ¢

" the drscussion of the preceding paragraph it should be 0
einoral ind .
emporal independence of the values of u can be easil

i

the
in
se of

= ERRt that in most applied econometric research only
“ree ot fous) explanatory variables are included explicitly
a2l 10 expect that omitted variables are a frequent €2V
In particular, if we use time series it is almost certain that
7% omitted vanables will be serially correlated, since in

. 320 g
weE-autocomelation

SOme 2t ann.‘ of th

.

A ::n..:.ﬁ:.?:.‘.i U0

omic life it s usual for the value of any variable in one particular period to
be partly determined by its own value in the preceding period (or periods). For
example output in period ¢t depends on output in period £ - 1; current income
depends on past levels of income; investment decisions depend on past levels
nvestment, and so on. One can hardly think of any significant economic
itude which is not somehow determined by the values which the same
magnitude assumed in the past. Furthermore, in actual life, as we said, auto-
carrelation tends to be positive. If a disturbance (or an omitted variable) causes
a no.a,_.:.é u in period 1, it is most probable that the u,,, will also be positive.
Similarly, if ¥ assumes a negative value in f, the chances are that its value will be
also negative in period (t+1).

(b) Interpolations and, in general, the customary data-collecting and processing
techniques impart serial correlation in many aggregative time series.

(c) Random factors tend to persist in several time periods.

0.4, THE FIRST-ORDER AUTOREGRESSIVE SCHEME

In this section we will limit our analysis of the autocorrelation problem to the
simple first-order autoregressive scheme, since most classical textbooks refer to
this model as the most frequently assumed in applied econometric research. (In
section 10.6 we will suggest a simple method for dealing with higher order auto-
correlation structures.) We will first establish the mean, variance and covariance
of u when its values are correlated with the simple Markov process. In this case the
autoregressive structure is

uy = puy tu, with |p|< |
where p = the coefficient of the autocorrelation relationship. '
v; =a random term which fulfills all the usual assumptions of a random
variable, that is,

econ

ol i
magn

E@) =0
E@) =0}
E(v;v))=0 (fori #j)

The complete form of the first-order Markov process (the pattem of auto-
correlation for all the values of u), is

up  =flugy) Spugq Yy
Upg =fup.2)  =pti-3 1
Upg =fup-3) =pup-3 + 02

Mger n.\.ﬁzu.ci: =pity_ra1y T U

See

T
f 1salso approximat i i fict
page 203, pp ately equal to the first-order autocorrelation coefTicient Py ;-
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(1. Multicollinearity

(1.1, THE MEANING OF MULTICOLLINEARITY

A crucial condition for the application of least squares is that the explanatory
- sables are not perfectly linearly nczim.a,.._ ?am: t .:. The term multicol-

._.”.m..:u 1y is used to denote the presence of linear relationships (or near linear
linear! w! 5) among explanatory variables. If the explanatory variables are
:w_u:omm. :ﬂam:t correlated, that is, if the correlation coefficient for these
ﬁn_._.m_w_nw is equal to unity, the parameters become indeterminate: it is impossible
..E_ﬂs.: numerical values for each parameter separately and the method of least
Gceuam breaks down. At the other extreme if the explanatory variables are not
M_Snncn&man at all (that is if the correlation coefficient for these variables is
equal to zero), the variables are called oz_gomo_._»: and there are no problems
concerning the estimates of the coefficients, at least so far as multicollinearity is
concerned. Actually, in the case of orthogonal Xs, there is no need to perform a
multiple regression analysis: each parameter, b;, can be estimated by a simple
regression of ¥ on the corresponding regressor: Y = f{X;). (See A. Goldberger,
Economerric Theory, p. 201.)

In practice neither of the above extreme cases (of orthogonal X’s or perfect

—

collinear X’s) is often met. In most cases there is some degreeof intercorrelation

—among the explanatory variables, due to the interdependence of many economic

magnitudes over time. In this event the simple correlation coefficient for each
pair of explanatory variables will have a value between zero and unity, and the
multicollinearity problems may impair the accuracy and stability of the parameter
estimates, but the exact effects of collinearity have not as yet been theoretically
established.

Multicollinearity is not a condition that either exists or does not exist in
economic functions, but rather a phenomenon inherent in most relatonships
due to the nature of economic magnitudes. There is no conclusive evidence
concerning the degree of collinearity which, if present, will affect seriously the
Parameter estimates. Intuitively, when any two explanatory vanables are
changing in nearly the same way, it becomes extremely difficult to establish the
influence of each one regressor on Y separately. For example assume that the
consumption expenditure of an individua! depends on his income and liquid
assets. If over a period of time income and the liquid assets change by the same
Proportion, the influence on consumption of one of these variadl )
moneously attributed to the other. The effects of these variables on consus
ton cannot be sensibly investigated, due to their high intercorrelati

1 ; ;
Orthogonal variahlec ara tha variahbes whose cOVarance it zero; x;x;R =1
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copalant nomber, weact selation X, < kX, whers b is any sibibiary
P Foonvtabae fon Ahe satWiiation of thie e i jonts b ane B
oAl L oape
2 3 " )
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. y LEA) nse in periods of econom;  SAVINgS, investment, prices
1045 ol recession. Growth and trend § OMIE expansion and decreage o
serious cause of multicollinearity .m.mnazm%n_cm Dol i
o o : Y, the use of la :

nx.ﬁ#_._m&ci variables as separate independent factors in Hm%%n““””m,ﬁmem___ma 1
with distri s h: i ‘ - - Models

) \ ,.,_:d.:_oa lags rE_.n given satisfactory results in many fields of apphied
GPC—_C.—:::QJ,. and their use is expanding fast For example in consumption
functions it has become customary to include among the explanatory
variables past as well as the present levels of income. Similarly. in investment

tributed lags concerning past levels of economic actinly are

bles. Naturally the successive values of
in the current pesiod
and so on, Thus
odels. { Distributed

tend to lag behing others,

functions dis ,
. [ -ed as separé tory vana
iroduced as separate explana _
i are intercorrelated, for example income '
_ in the previous period,
, Aermined by its own value 1n evio s
artl determined ! STER el e
ok <:> eanty 1s almost certain to existind
multicolhn Y ced in Chapter 13.)
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Therefure the parameters ar
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of each coefficient, A i
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s A . 8 of the estimnates become infinitely large. In the
) Y=bo+b X, +b,X, +u
if X, and X, ate perfectly correlated (X, = kX, )the varances oA b, and b, will b
e . ’ e
var(h,) = L L

) Zxi Ex! —(Ex, 1,0

Lxl
Mk." NNuu - ﬂMhH._N- ‘-

ﬂulmi =0y
Substituting £ X | [or X, we obtain

.‘mlm}_uau &’ Tx} o, Lx?

1« -
FEC LS - kEay 0

Thus the vasj

2 varances of the sqtj

? LAk £ sitimates be = ini

T prinei reavon wh ates become infinite unless o, = 1)
nontercorrelation of the explanatory

f»a—u_h.. .:C-Pennw—ﬂh praa_n_nﬂnncuﬂqdf
e 2avelmo has suggested that - .
c fare B eate ; 2 t the estimatz of 77 is not impa
M...uﬁr.n Confluznce Mﬁ““mhw_. .“““BU_M. are hughly intescorielsred’ _.rvw\w 7 ...muwﬂo“-”.\\
1atistical fnfa and its Use in Econometricy. of SinT Ko
> trence in Dy ngmir Ero n Econometscy’. chapter 5 in T Koapmang (ed
% ; . \ C s
onomic Models, Wiley 1350, p. 260 )

However, thets is no

To illustrate
:.en_ﬂn._ﬁ_m th

the
problem let us take the following example of a rel
function fo

it - lationship
Ty variables. 2
L tertaincongin Suppose that the lrué consumption

Where Y =101a) i i bt itk
consumptio
e ption

1 ~1ncome of rural areas

X1 = income of urban areas

X, =
3T laxonj
Ong Income

Pricor gr
Erounds one shoulé expect b, < b,, since the marginal propensity

j
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Experaiirgre Disprosrdde Liguad j c.].ﬂﬁ.
¥eur O JEoTRawr e prosen fov cloching price
£ fm £m, 19%3=100 _!r.uwﬂl
1959 £ 329 WM.—. wm ”
. 21- 3
1960 8 830 um.” o e
131 104 999 "
a 05-3 30 4 e
s 1 03 30 c 8
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C=b,y

shere € = expenditure o cloths

so that the demand s
+b Y+ vuh+vu.1n+ms~uo+n
1

p. = price of other commodits the following
. wares to this function we ObEH 01997, + 03470
Applying least 153+ 0097 Y+ izwnn @0 (19
- "G ©on ©0F g=34
A.Em- “°1um B
M\J 3 = Hm.ﬂm M&h we m&
f variance to test the over2l 15/4
z analyss o 1 (K —1) le. =156
Applying g menlhﬂu =033/
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. .un&?.ﬂ?u_m.?ou.&ﬁéu‘uhl_nsi-uun.lhumgk
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(363 003
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