Replacement Models

e

11.1 Introduction

The replacement problems are concerned with the situations that
arise when some items such as men, machines, elcctric light bulbs ctc
need replacement due to their decreased efTiciency, failurc or brecakdown.
qrch decreased efficiency or complete breakdown may cither be graduai
or all of a sudden.

The replacement problem arises because of the following factors -

i) The old item has become worse or requires expensive
maintenance.

i) The old item has failed due to accident.

iii) A more efficient design of equipment has become available 1n
market.

Thus the provlem of replacement is to decide the best policy 1o
dctermine the age at which the replacement is most economical instcad
of continuing at increased cost due to factor like maintenance. The
objective is to find the optimum period of replacement. We shall discuss
the following main type of replacement sitpations:

i) Replacement of items that deteriorate with time.

ii) Replacement of items which do not deteriorate but fail after

certain amount of use.

For items which do not deteriorate but fail all of a sudden, following
are the two types of replacement policies :

i) Individual replacement policy : Under this policy, an item 18

replaced immediately after its failure.

_ii)Group replacement policy : Under (his policy, we take decisions
25 1o when all the items must be replaced, irrespective of the fact
that items have failed or have not failed, with the provision that,
if any item fails before the replacement time it may be
individually replaced. |

o
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@Elimum replacement period.

| Example 1l: A machine owner finds fron lis past records that
the costs per year of maintaining a machine whys€ purchase price is

Rs. 602,0 are as given below:
{

Year 12 ) 4 S g

Maintenance 4400 1200 . 1400° 17 2300 2800
Cost (Rs)
Resale

3000 1500 750 375 200 200~
Value (Rs) (S | ,
Determine af what age is replacement due ?
[MU. MBA Apr 97, MU. BE. 80]

Solution : See Table below. Here C = Rs. 6000, S = scrap value.

Year Main. cost |, Tetal C-S | Total Cost  Ave. cost
oy R Maincost| R | =@3)+@#)  _(5) _Pn)
~ (Rs) 2R, (Rs) =Py (D 7
o @ ¢t (4) 5) (6)
] 1000 1000 | 3000 4000 4000
2 1200 2200 | 4500 6700 3350
3 1400 3600 5250 8850 2950
4 1800 5400 | 5625 | 11025 2736
52300 | 7700 | 5800 | 13,500 | 2700%
6 2800 10,500 | 5800 | 16,300 7

Minimum cost 1s in 5th year = optimum replacement plan
replace the machine at the end of
Sth year.

'(ﬂ . rr:\ : ‘ e " ' . . r -

‘ y [Example 2|: The cost of a machine is Rs 6100 and its scrap value
s Rs.100. The maintenance costs found from experience are as

follows :

Year 1 2 3 4 5 6 B 8
Main.
Cost (Rs) 100250 400 600 900 1200 1600 2000

When should the machine be replaced ?  /MU. BE. Mech Oct 96]
Solution : Since the scrap value of the machine is Rs.100 resale

value of the machine after a year remains constant throughout. The costs
required can now be calculated as follows.
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Sear  Viaifi, cost Cumulative | ¢ i Ti;mCOS;ﬂAvc‘E;STT
(n) f Mai. cost T=(3)+(4) Ty= (5) /,
i an |

o, @ @ | sy )
1 100 1 1000|6000 6100 | 6100
2| 250 | 350 | 6000 | 6350 I
3| 400 08750 6000 6750 | 2250
4 600 1350 6000 7350 1837,
5 900 2250 | %000 | 8250 1650
6 | 1200 3450 6000 9450 1575*
7| 1600 5050 6000 | 11,050 1579 |
§ 2000 7050 | 6000 | 13,050 163 T——

Here T 4 is minimum during 6th year.

Hence the machine should be replaced at the end of 6th year.

. A taxi owner estimates from his past records that

Example 3
the costs pef year for operating a taxi whose purchase price when
new is Rs. 60,000 are as given below:
Age 1 2 3 4 §
Operting
000 15,000 18,000 20,000
Cost (RS) 10,000 12,0

After 5 years, the operating  cost s Rs. 6000 & where

=6,7, 8,9, 10 (k denoting age in years), If the resale value

what is the best
[MU. BE. Apr 91/

. ) ) ) ) ,,l_._.(_)._.
= Rs. 60,000 x L00

decreases by 10% of purchase price each year,

replacement policy ? Cost of the moncy s 2er0,

Solution :  10% of purchase price
= Rs. 6000

Thus the resale value decreases by Rs. 6000 every year, which means

(C - S) increases by Rs. 6000 every year.

Average annual cost of the taxi is computed as below.
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(ii) In a similar fashion we prepare a table for B.

(1 @ | & @ (5) (6)

e | ¢ |-y 6

| 1400 | 400 10,000 10,400 |0,400l
2 ‘ 1200 ‘; 1600 10,000 11,600 5800 |
3 | 2000 +; 3600 10,000 13,600 4533
4 | 2800 6400 10,000 16,400 4100 |
S 3600 ﬁ '10,000 19,000 20,000 40?0:‘
6 I 4400 14,400 10,000 24,400 @

The above Table indicates that machine ‘B’ should be replaced at the

end of 57 year.

Since the lowest average cost of Rs.4000 for machine B is less than

the lowest average cost of Rs.5200 for machine A, machine A can be

replaced by machine B.

Now we have to determine as to when A should be replaced. Machine

A should be replaced when the cost for next year of running this

machine becomes more than the average yearly cost for machine B

Now total cost for machine A in the first year = Rs. 9200

Total cost for machine A in the

I year ks, 11,400
= Ks.2200
11 year
IV year

Rs. 9200

Rs. 4200( 140 LY
Rs. 6200 ( 2 o0

As the cost of running machine A in 11 year (Rs.4200) is more than
the average yearly cost for machine B (Rs 4000) ; machine A should be
replaced at the end of two years (i.c.,) one year after it is one year old.



press

The following data is glven

is no longer required.

I/Wa"on costat | Salvage Value OPeratiﬁ
Year | beginningofyear | atend of year during thf cost
. ear
, (RS) C ﬂhi (RS)“H B ‘ (Rs) y
1 B ng_f_zoo ] 100 6’0’ o
| e S
2 20 50 A
V/L_A—— 220 30 - ‘Tod- R
4 ; 240 2 o
5 260 5 -
= 20 10 180
T 320 | 0 230

Find the optimum replacement plan and the corresponding

minimum cost.

Solution : Using the given information, the minimum average annual
cost of the press is computed in the following table.

;ar(n) In 2fn C-S TT Ty \\
a—l_ﬁ—l@’d 60 Mﬂ 160 EQ ’\\
2 80 140 210-50=160 | 300 | »1503
‘3# 100 f—/24'0~— | 190 430 ,143*
4 ’12’(;’ | ‘3’670 ’ 220 580 145
s s | s 245 55 | 151
6 iléo 4 690 280 970 162
7 20 | 920 320 1240 177
Since Ty is mini;rl_um f(;r n =3, the machine should be replaced every
|Ans]

third year.
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Money Value, Present worth factor |-
1.3 D-iscount Rate (pwf ) and

&

“Money !'a.hle](;'o/SmLe money has a value gyer time, we o
15 W 7o PET year. ' \ ofte
sney 19 e o B SRR This can be explained in th " “»peak
mone. (i) In one way, spending Rs.100 toda | e following 7

avs. : ye ab Y wou ' |
wa) Rs.110 in a year’s time 'd be equivalent 1

qpcﬂding
i consequently

_1 wqpee today.
11‘” rupe -

present worth factor (pwf) IMU. MBA Now o
As we have just seen above, one rupee 3 year fr 0v.96]
o (1-1)7! rupee today at the interest rate 1004 Per year. one rupee
W0 VEars from now 1S equivalent to (1:1)2 today. Similarly WZ Ca:‘;pent.
one rupee spent ‘n” years from now ig equivalent Say

' to(1-1)™" today\ T
quantity (1-1)7" is called present worth factor (PWf) or present vzl\_.-_hi
one rupee spent 7 years from now. | ue o

e
piscount rate (Depreciation Value)

The present worth factor of unit amount to be s

one 1 wer
P aﬂet d year ﬂ”() now g equivalem t
ce m . - 10O

Om now is equivalent

[MU. MBA Nov.96]

pent after one year is

given by V = (1 + r)~1 were r is the interest rate_Then V is called discount
rate (technically known as depreciation value)

.
T o ruse & IMlas ss s st ety v 52 = 2 =
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Example 7|: Let the value of the money be 10% per year and

suppose that machine A is replaced after every 3 years whereas

machine B is replaced after every six years.
The yearly cost of both machines are given as under : |
Age : 1 2 3 4 S 0
Machine A: 1000 200 400 1000 200 400
Machine B: 1700 100 200 300 400 500

D - : . d?
Aetermme which machine should be purchase e BE. Nov 93]
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Solution : Present worth factor V = 100+ 10 =1
“_ Total discount cost (present worth) of A for 3 years is
10 102

Rs. [1000+200 X‘ﬁ'+400 X717

= Rs. 1512 [nearly]

Again the total discount cost of B for six years is

10 10)2 103
Rs.{1700+ 100 x (l—l-)+200x(l—l') +300x(] l)

10\4
+ 400 x (ﬁ) +500 x (:i])ﬂ

= Rs. 2765
1512
Average yearly cost of A = —3 = Rs.504
2765
and average yearly cost of B = 6~ Rs.461

Although this shows that the apparent advantage with B, but the
comparison is unfair because the periods of consideration are different So
if we consider 6 year period of machine A also, then the total discount of

10 5
A will be 1000 + 200 X711 t - 1400 x (%) = Rs. 2647

which is 118 Rs less costlier than machine B over the same period.

= Machine A should be purchased [Ans)

Example 8| : A pipeline is due for repairs. It will cost Rs.10,000

and lasts for 3 years. Alternatively a new pipeline can be laid at a cost
of Rs. 30,000 and lasts for 10 years. Assuming cost of capital to be
10% and ignoring salvage value, which alternative should be chosen.

/MU. BE. May ']

Solution : Consider two types of pipeline for infinite replacement

cycles of 10 years for the new pipeline, and 3 years for the existing
pipeline.

et ic v o 100
The present worth factor is V 100+ 10 = 0.9091.
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Let Dy denot.e the discounted value of alj future costs associated with a

olicy of replacing they equipment after ¢’ years. Then if we desi
the initial outlay by C, i
D, = C+V"C+vy2cy

= Cli+vrevng
C
1-vn

Now substituting the values of C, V, » for two types of pipelines ; the
discounted value for the existing pipeline is given by ’

Dy 10,000 L RY 409
1-(0.9091)3 ~ (40,258
and for the new pipeline |
Dy = 30,000, _ _ Rs. 48820
1-(0.9091)10 '

Since D3 < Dy, the existing pipeline should be continued. [4ns]

Alternatively, the comparison may be made over 3 x 10 = 30 years.

Example 9| : The cost patterns of 2 machines A and B, when

money value is not considered is given below :

Year Machine A | Machine B
1 900 1400
2 - 600 = 100
3 | 700 | 700

Find the cost patterns for each machines when money is worth

10% per year, and hence find which machine is less costly.
[MU. BE. Nov 91]

Solution ; The total outlay for three years for

Machine A = 900 + 600 + 700 = Rs. 2200 and also for
Machine B = 1400 + 100 + 700 = Rs. 2200

he total outlay for either machine is same for

Here we observe that t
h the

three years. when money value is not taken into account, Hence bot

machines appear equally good.
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~ Now consider the money value at the rate of 10% per yeq; .
the following table we get the dlscounted costs for A, B.

on
3 \\
Year | 1. | 2 L - M

100\ 2
Machine A | 900 6OO><':'91% 700x<—ﬁ-) Rs. 2023 .93

Machme A is prefen ed [Ans]
Example 10 ﬂ: Assume that the present value of one rupee to p,

spent in a year’s time is Re 0.9 and C = Rs. 3000, capita] coq of
equipment and the running costs are given in the table below, Whey
should the machine be replaced? /[BRU. BE. Apr 97, MSU. BE. Ap, 97)
Year : 1 2 3 4 5 6 1
ung. cost (Rs): 500 600 800 1000 1300 1600 20“0
Solution : Consider the following table :

l —

‘l Year n Rn yr-l ann—l ZRnVn_l C'*'ZRnVn_1 yyr-l W(n)"éi‘
M 13 @ | 6 (6) (7)

1 500 | 1 500 500 3500 1 {3500
2 600 | 0.90 540 | 1040 4040 1.90 2126.3;
3 800 | 0.81 648 1688‘ 4688 271 [1729.88
i 4 1000 | 0.73 730 2418 5418 344 |1575
.§ 1300 | 0.66 858 3276 6276 4.10 ‘11530.73 |

l
6 1699_L0 59 L()ji784 4220.78 7220.78 4.69 { 1539.61

Smce W(n) is minimum at ch
of sixth year.

year optlmum replacement plan is end

Example 11]: The cost of a new machine is Rs.5000. The

maintenance cost of n' year js given by C, = 500 (,,_1) n=12.
’
suppose that money is worth 59

o per year, after how many years w111
it be economical to replace the ma

chine by a New one ?

[MU. BE. Apr 9]
The present worth Of the money to be spent a year from
now is Vo= (140051 = 09523

Solution :
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pL L AP EYEINeI Time, is etermined in the fo]lowing table.
W , R, . VA"TI R"V"‘ C+2R, Vi1 SVl | W= -Z-

el |02 ] 3 | 4 5 - 7
bt o T s Low [soo
B s *0;6(%14'__,‘17‘6‘ 6476 19523 2805
C 3 100 99073 | 907 | 6383 28593 2232
4 1500 08638 | 1296 | 7679 | 37031 2063
520000 08227 | 1645 | 9324 | 4.5458 2061 |
6 | 2500 | 0.7835 | 1959 11283 | 53293 2117 |

Since W(#) is minimum for n = 5 and R4 = 1500 < w (5) as well as
w(5) > Rg = 2500, it is economical to replace the machine by a new one at

the end of 5 years. [Ans).

-

Example 12|: A production machine installed has initial

investment of Rs. 30,000 and its salvage value at the end of i years of
30,000
i+1

maintenance cost in the first year is Rs. 15,000 and increases by Rs.
1000 in each subsequent years for first five years and increases by Rs.
5000 in each year thereafter. Replacement policy is to be planned
over a period of seven years. During this period cost of capital may be
taken as 10% per year. Solve the problem for optimal replacement.

Ans : Here C = 30,000, V= —I—O

its use is estimated as Rs. . The annual operating and

o [C-S, V"
| ZV’H &;C&TJ Rn V”_l R”V“ - },R”V“ | S” S”V” ’*‘}_JR”V”_

i ) ‘ )“‘V)r—l 1
— — — |

| 1000 | 1 1lsooo 1.0000 | 15000 | 15000 | 15000 13635l s

1909 | o 16000 | 0,909 14544 | 29544 | 10000 | 8260 | 26804
EAA N - | b T
2735 | 3 | 17000 | 0.826 | 14042 | 43586 | 7500 | 5633 | 24840
3.486 4” 18()00 0.751 | 13518 | 57104 | 6000 | 4098 23811
T N 23261*

|

|41«59 5| 19000 | 0.683 | 12977 70081 | 5000 | 3103
’ - - - S
| :

I

4.790 6 “:;_;boo ()621 14904 | 84985 | 4286 2”422 37.15007

ssss | 7 L2900 | 0s6s | 1e3ss | 101370 | 350 | 1926 | 24183 |

T ha e e A e

Optimum replacement plan is after 5 years.




11.4 Group Replacement Policy
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/¥ xample 15 : The following failure rates have been observed for

Certain items.
End of month ) 1 2 3 4 3
Probability 0.10 0.30 0.55 0.85 1.00

of failure todate , .

The cost of replacing an indi vidual item is Rs.l.'25. The dccl:i(::;sl:
made to replace all items simultaneously at fixed mwrvul.s l"ltcmcm
replace individual items as they fail. If the cost of group replac
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e roup re lacement, A¢ .o |
is 50 paise, what is the best interval for gro‘up fp ety A't What
is 50 l)msc.l cement per item, would 2 policy 0I strictly indivigy,,

roup replac ted policy.

ol nt become preferable to the adopted p

replaceme IMU. BE o, by
Solution : Assume that items failing during a month are replaceg at
Solution !

the end of the month. | -
Suppose that there are 1000 items in use. Let p; be the probability that
Sup N | '
item. which was new when placed in position for use, fails during jth

an item,

month of its life. Thus, we have

p = 0.10
p, = 030-0.10
= 020

p; = 0.55-030 = 025
py = 0.85-0.55 = 030
ps = 1.00-085 = 0.15

Since the sum of probabilities is one, all the probabilities be

yond Ps
will be taken as zero.

Let N, denote the number of replacements a

t the end of the month.
Then we have

Ng = Number of items ip the beginning
= 1000
Ny = Nepy= 100
Ny = Ny, N =200+ 10 =219
Ny = N, “Nipy + Ny, =250 +20 +21 =29
N = Ny + N, Nopy + Ny, = 306
Ne = N

0’s ¥ Nypy + Nyps Ny, + Napy = 331

R Y 5
I'he expected |ife of each jte -

Z ip,

+5x0.15 =320
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S

~ pverage number of failures per month i+
W JI5= )
_ 1000 Tt 1.3 ¢
32 ° 313 (app) / o3 v

5'0_5() per item and the replacement of individual

t ¢
(1,25, the average cost for different group repl em on failure costs

Sho“m/be]%w ‘:MFFI“d_'T"l*“ ———— at il ) 24
ndivi — VEETT e
E‘:)C:I:;I replacel::m _ gf’t?l cost (Rs) [ Averagéﬁ
/n/l’//”“ WEOUP cost (Rs)
I 100 1000 0.50 + 1.25x 100 | ..
= 625
Lt 625
2 310 1000 x 0.50 + 1.25 x 310
P . =887.7 443 8 | {
pot 1000 x 0.50 + 1.2
3 601 25 x 601 P
R — =1251.3 417.1* |
£2 " e 1000 x 0.50 + 1.25 x 997
4 i 997 2J X
| = 1746.3 1965

Since the average cost is lowest in the 3rd month, it is optimal to have
2 group replacement after every 3rd month. Further, since the average cost
i more than Rs. 391.25 for individual replacement, the policy of

individual replacement is preferable.
: Let p(t) be the probability that a machine in a

'Example 16

group 30 machines would break down in period f. The cost of
repairing broken machine is Rs.200.00 Preventive maintenance is
performed by servicing all the 30 machines at the end T units of time.
Preventive maintenance cost is Rs.15 per machine. Find optimal T

cing,

which will minimize the expected total cost per period of servi

given that
0.03 fort=1
pry = 4 pe-1)+0.01 for [=2,3, . 10
0.13 for t =11, 12, 13, ...

[MU. BE. Apr 98]

Solution : Here
t =1 2 3 4 5 67 § 9

PO = 03 04 05 .06 .07 .08 .09 0.10 0]

(0 11 12
[ 0120130

~
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Since the sum of all probablhtles can never be greater than One th
means py, = 0, py3 = 0 efc.

th period i o
A machine which has lasted upto 11 period is sure to faj) in |9th

period.
Let N, be the number of imachines at the end of ith

=N, = 30
N, = Npj =30x0.03=09~1
N2 e NO()2+NIPI
— 30x0.04+1x0.03
= 123 =~ 1
N; = Ngp3+Npy+Nypy
= 30x0.05+1x0.04+1x0.03

period.

= 1.57= 2
Ny = NopgtNip3+Nopp + Nyp,
= 195 = 2
Similarly Ns = 2, Ng =3, N; =3,Ng=4,

N9 = 4, N10=5, N“ = 6.
11
Since the expected life of each machine, )’ ip; = 6.41 time units we
i=1

. : . ... 30
have average number of machines failed per period is g7 =5 (app).

. Cost of individual replacement

= Rs.5x200 = Rs. 1000
Group maintenance cost is computed below :

I' et

| End of Cost of Maintenance Average cost OT
- Period in group Mamtenance per penod
1 IRGOXIH1x200=650 | Re60
| 2 | Rs (30 x 15) +2 x 200 = 85A()~ N R;,4£5 7 |
3 [ Rs(30x15) + 4 x 200 = 1250 Re 47
4 | Rs (30 < 15) + 6 x 200 = 1650 Re.412 B
5| Rs (30  15)+ 8 x 200 = 2050 Rs.410°
6 RSGOXIHFIIx200-2650 | Re.dd2
s PO o Gl SO
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gince the minimum cost occurs in the 5% period it is optimal to
aintain all the machines upto 5% period, [Ans]

Example 17]: There is a large number of light bulbs, all of which

must be kept in working order. If a bull fails in service, it costs Re.1
to replace it, but if all the bulbs are replaced in the same operation, it
costs only 35 paise a bulb. If the proportion of bulbs failing in
successive time intervals is known, decide on the best replacement

policy and give reason. The following mortality rates for light bulbs
have been observed.

Proportion failing during first week = 0.09
Proportion failing during second week = 0.16
Proportion failing during third week = 0.24
Proportion failing during fourth week = 0.36
Proportion failing during fifth week = 0.12

Proportion failing during sixth week = 0.03
Solution : Let number of bulbs initially be N, = 10000 (say)

If p; denote the probability of failure during ith week then py = 0.09,
P, =0.16, p3 = 0.24, py=0.36, ps = 0.12, p¢ = 0.03,

Now N; denote the number of replacement at the end of ith week.

Then N, = 10000
N; = Ngp; =1000 x 0.09 =900
N, = Ny, +Njp, = 1681

Similarly N, = 4324, Ny =2747,
Ny = 2599
=6
The expected life of each bulbs Y. ip, = 3.35
i=1
, 10,000
Average number of failures per week = 335 -~ 2985 app.
The cost of individual replacement 2985 x | = Rs. 2985
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chource Munagcnmnt lcchnlquu

Now thc avcraga cost ol dlllercnt group rcplm.cmem 1S as mllnws

End of | Individual 'I"olul cost (Rs) | Average
- week | replacement individual + group 1 cost (Rs)
| = 4400 ;
| 10,000 x 0.1 1 |
| 2 r" (] ‘(N‘
| il (2581 x 1) = 6081 i
o 10,000 x 0,38
g §9 \ | AV BAL
i (5276 % 1) = 8776
|
| 10,000 « 0.8 ¢
J ' ' ol
- 930 (D580 % 1) = 11,080 .
. 10,000 s 0N
~ [ "”)! ‘ ‘ ‘0
’ 12,497 (12,297 « 1)
s opthmal (o hiave group replivement every A week | tm)

Also averape conl 1a Jess thian 1 2985 o individual replacement, the
policy ol groap replacenent e preden sl

| A
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