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6. TESTS OF SIGNIFICANCE
(Small Samples)

6.0 [ntroduction:

In the previous chapter we have discussed problems relating
(o large samples. The large sampling theory is based upon two
important assumptions such as )

(a) The random sampling distribution of a statistic 1S

approximately normal and

(b) The values given by the sample data are sufficiently close

to the population values and can be used in their place for
the calculation of the standard error of the estimate.

The above assumptions do not hold good in the theory of small
samples. Thus, a new technique is needed to deal with the theory of
small samples. A sample s small when it consists of less than 30
items. ( n< 30)

Since in many of the problems it becomes necessary to take
a small size sample, considerable attention has been paid in
developing suitable tests for dealing with problems of small
samples. The greatest contribution to the theory of small samples is
that of Sir William Gosset and Prof. RA. Fisher. Sir William

Gosset published his discovery 1N 1905 under the pen namc
‘Student” and later on developed and extended by Prof. R.A.Fisher.

He gave a test p0pularly known as ‘t-test’.

“size n from a normal

" £ ‘
1d01n Sdmple 0 . N W .
X, IS a ral Student's t-statistic 18

lfx]. X7, «saeeeXn
Population with mean  and variance

defined a5 = ~_ it
S

Jn
Where  _ ZX

- 15 the sample mea



b l "_:
and "= — > (x —X) y 28
n-1 ,
Is an unbiased estimate of the population variance 6~ It follows
student’s t-distribution with v =n -1 d.f

6.1.1 Assumptions for students t-test:

I.- The parent population from which the sample drawn js
normal.

2. The sample observations are random and independent.
3. The population standard deviation & is not known.
6.1.2 Properties of t- distribution:

I t-distribution ranges from —» to  just as does a normal
distribution.

2. Like the normal distribution, t-distribution also symmetrical
and has a mean zero.

3. t-distribution has a greater dispersion than the standard
normal distribution.

4.

As the sample size approaches 30, the t-distribution.
approaches the Normal dictriet: o



Applications of t-distribution: - | o

The t-distribution has a number of applications in statistics.
of which we shall discuss the following in the coming sections:
(1) t-test for significance of single mean. population variance being
unknown.
(i) t-test for significance of the difference between two sample
means, the population variances being equal but unknown.

(a) Independent samples

(b) Related samples: paired t-test

6.2 Test of significance for Mean:

We set up the corresponding null and alternaive hypotheses
as follows: -



., = o; There is no significant difference bet
:z{tgﬁ;land population Mean. ctween the sample
;p;épo(u‘:PO(Uf)P}Pﬂ)

pevel of significance:

3% or 1% .
(alculation of statistic:
(inder Ho the test statistic 1s

o

tU:

where x = —— is the sample mean
n

— l —
and S'= —l—Z(x—x)z (or) s* = ;Z(xﬁx)
n_—

Expected value :

X —“—I ~ student’s t-distribution with (n-1) d.f

Inference : |
falls in the acceptanct region and the null

Ifto = #lf-—lt—""ﬂ*mmiif_ty_f/}_lhe null hypothesis Ho may be

hypothesis 1S 2 to > Le.the
rejected at the given level of significance.
e —

2 : . -
j‘f mplifl _ icide is packed into bags by a machine. A
Certain pestl « drawn and their contents are found to

random sample of 10 bags !
";'glgh (in kg) a;{ollow:‘; 45 48 46 45 49 45
49 , . taken to be 50 kg.

Solution: .
Null hypothes's: ~cking is 50 kgs.

. s in the average P2
!}_'j_f..uf _ 5() kgs in the ave g 147
1,0



Alternative Hypothesis:
H, : p# 50kgs (Two -tailed )
Level of Significance:

galfu!ation of Statistic:
nder H ) the test statistic g -

|
_|
[l] = o

[

—
|

;1\
RUN

\,:-_'“ i

" Let a=0.05
Calculation of sample mean and S.D
X d=x48
50 2 | 4 |
49 1 I
52 T
44 | 4 16
45_ 3 N
(48 ) 0 0
46 -9 4 **_hl
45 3 9
49 o+ |
: T45 -3 9
. Total . -7 | 69 |
x=A+:E
n
=48+ —/
10
=48-0.7 =473
Sz.: ] [Zd’ _ (Zd)
n-| " |
|
= j‘[ﬁ()a-(—?—-ll
9 0
_ 64
= =712
5 2



I = !ﬂﬂ;ﬁh.o' l
| \[7.15,?16‘! )
= 2'? '

—— o3,
] s

=
~J
)

pxpected value:

X = '

|

I l Orl ! i

| 20 1)
22602 (2271 )
Inference: =

Since 1o > te, Hy is rejected at §% level of significance and
we conclude that the average packing cannot be taken to be 50 kgs.
Example 2:

A soap manufacturing company was distributing a
particular brand of soap through a large number of retail shops.
Before a heavy advertisement campaign, the mean sales per week
per shop was 140 dozens. After the campaign, 2 sample of 26 shn_ps_
was taken and the mean sales was fnund_ to be 147 duch‘s witl
dandard deviation 16. Can you consider the advertisemer

effective?

Solution: | |

\'Ve are gi\ten . . »
n = 26; x = |47dozens, s =106

Null hypothesis: - ertisoment ot effective.
' ertise :
Ho: = 140 dozens 1.e. Advel | ’

- " r Cua Eoa A
Alternative Hypothesis: Lo o o 4
Hy:po> 140kgs (Right -tailed
Calculation of staustic: atistic 1S

g 'l
.11, the test®
Under the null hy |'1uthh1.‘- Ho. t

\'.-~‘f1
=S yn-]
L\ A . -:l"f\ -’II\J
147 - 140 -
| _ 16
=



txpected value:

X—H : i L ,
e =|- — follows t-distribution with (261,
s /n- l| )
=1.708
Inference:

Since ty > t. Hy is rejected at 5% level of sigmfi,
Hence we conclude that advertisement is ce

rtainly effe
Increasing the sales.

Hci

6.3 Test of significance for difference between two means:
6.3.1 Independent samples:

Suppose we want to test if two independent samples hag
been drawn from two normal populations having the same mean
the population variances being equal. Let X1y X2,....x, and y;, ¥
Y.. be two independent random samples from the givel
normal populations.

Null hypothesis:

Ho : py = yy 1e. the samples hav
populations with same means.
Alternative Hypothesis:

Hy gy # o (1 < paor py > py)
Test statistic:

Under the Hy, the test statistic is

oooooo

|1 25 | |
to . I+L l
n, n, J
- Ix -_2Xy
where x =— T
n, )
qSte ] [T(x—x) +X(y-y) )= s
a _



}'1W‘ted value:- {%V

..\-._ \..II I' . o - . R
. ollows t-distribution with n,+ 2df(
! 17Ny —&
R . =4l
S + |
\ n, n,|
[nference:

If the ty < t. we accept the null hypethesis. If 1, > . we reject

e null hypothesis.

£1aiﬁi;|i3 E, -

A group of 5 patients treated with medicine ‘A" weigh 42,
19, 38, 60 and 41 kgs: Second group of 7 patients from the same
wospital treated with medicine ‘B’ weigh 38, 42, 56, 64, 68, 69 and
"2 kgs. Do you agree with the claim that medicine ‘B’ increases the
seight significantly?
Solution:

Let the weights (in kgs) of the patients treated with
nedicines A and B be denoted by variables X and Y respectively.
Vull hypothesis:

Ho:py = 2
€. 'l"here“is no significant difference between the medicines A and
3as regards their effect on increase in weight.

Alternative Hypothesis:

H' SR < oy (left-tail) e
Enificantly.

Leve] of significance : Let &~ 0.05

r.“"“Illltmitm of sample means alfd S.Ds
Medicine A

medicine B increases the weight

PR . .. =2
X [xex(x=46)  (XZX)T
S o —1 _4 B 16 |
—2 = 1 »
| _43 ] ] - 2 4
; : ' 196

N 14 | >
5 f 2

| L s 290

| 230 -

—
h



N 230
X = -z_x...': 3_ :46
n 5
- MedicineB |
L -19 361
2 =13 225
6 | -1 ]
2 7 19
68| Il [ a2
69 | 12 | 14
62 5 | 74
2 0 | 926
-}_= .__)i = §2?. =57
n 7
3 [
S = I_'l_*l_-ﬂ«, 5 IZ{‘{—tcj +3““_$] l

= — [ 290+ 926] = 121.6
5 4 1- 2 {______...10
Calculation of statistic:
Under Hp the test statistic is

-



1

I
o

\jlzl.éx L
35
= _l.l_ = [7
6.5
Expected value;
*_/
te= |- XY - follows t-distribution with (5+7-2) =10d.f
L, |
N n, N,/
=1.812
Inference:

Since ty < te it 18 not significant. Hence Hy is accePted and
we conclude that the medicines A and B do not differ significantly
as regards their effect on increase in weight.

E;ﬁ’mp!? 4: types of batteries are tested for their length of life and
wo _
o data are obtained:
the following ngﬁ&}fgamp[es Mean life Variance
. (inhrs)
A 9 600 121
T - | . ——1: —_———
‘ _Typ_ ‘r‘;""’ | 8 | 640 | 144
¥ h_}_pe éigﬁihga}it—dil'fcrcncc in the two means”
s there a
Solution:
' ar{: g]\.’l:ﬂ . B )
\heq‘ x =600hrs; s;” =121; ny =8; x> =640hrs; s; =144
n=7

I pypothesis: ‘ o
Nu' IJ-' = p» i.e. Two types of batteries A and B are identical 1.¢.
Ho 'is no significant difference between two types of batieries.



Alternative Hypothesis:
Hi:p# 1o (Two- tailed)
Level of Significance:
Leta = 5%

Calculation of statistics:
Under Hy,. the test statistic is

nlsi' +n:S:-

where S~ =
n, +n: _B

9){'2!+8X[44

9+8-2

2
=;2?= 149.4

follows (-distributiot
{ e

31 154

1with 948 >

ISd.y



Inference:

Since 1y -~ te 1tis highly sionifs ?
aclude th;l :l u’hl} significant. Hence H,. i« re: L

we conciuet 1€ WO types of batterjes c¢ Hy is rejected and
regards their length of hfe. ¢s differ significantly as

6.3.2 Related samples —Paired t-test:

1) - 'l" 1 " ¥ ] 5
| ll; the ; test for difference of means. the WO
independent O cach other. Let us now take 2 parti Sldmp.lm b
cular situations

where
(1) I'he sample sizes are equal; i.e
;. The s e _ ) L L€, ny = ny = n(say). and
(1) e sample observations (x;. x , i
_ >IN X2, - Xp) and (Y. M
....... v,) are not ¢ N ‘ MRS
e S . ompletely independent but they are
ependent in pairs. :
That 1s we arc (] arvatione .
| lhat | - “r‘* making two observations one before treatment
nd another after the treatment on the same individual. For example
4 business concern wants 10 find if a particular media of promoting
sales of a product, say door to door canvassing or advertisement in
papers oOr through T.V. is really effective. Similarly 2
pharnmceulical company wants 10 test the efficiency of a particular
drug, say for inducing sleep after the drug is given. |
‘tuations in (i) and (1) above. we applh

‘or testing of

such claims gives rise 105

paired t-test.

Paired — t —test: - |
[et di = X1 - via=1. 2 .- n) denote the difference In

the observations for the i unit.

Null hypothesis:

Hy = o ie th

Alternative Hypothesis:

Hywg 2 o (p 7 2 (or) p < H2)

Calculation of test statistic:

¢ increments arc just 0 chance

-II’ Ilr.-- . 1
_t‘f_xn- R (}__Lh'
- R B ) 3! s

zd | 2 _ l T(d ~d) 0 - 1 R H.



r
Expected valye:

J'}

d . ST -
= tollows -distribution with n d.
S/vn

s =

lnfcrcncc:

By comparing (, an

d t. at the desired leve
usualiy 5% or 1%, we

n’ oF signif.
reject or accept the

nul| hypothes;, "

‘a certain modification 1 pisg

TC given [CSts of g5 nearly as possip).
SAMe nature. one

on the degk N use and the other on the new (i
The lollowing difference i the numpey of words typed per min
Were recorded
| Tvpiste ] C A I : .
Typists LA B ] D E G
Increase i | | | | | | |
| HUI_TIbC!" Uf'“ztl]'dg | 2 | 5| () | 3 III I I_' 4 Illu 3 3 ,-
DU. Iht‘ dald ”]dlLd{L ”"..' l]l“dl.ﬁ[_‘“““" l” duSk !‘JI"{H]]UIU" HPL‘L‘{! M
typing?

Null hypothesis
Hy oy, = Lo e the mmllliu'.-rlu.”
lyping.

Alternative Hypothesis

Hi - I (Left tarled tesy)
[.evel of significance: | ¢l oy

"N desk o, 1O promote speed i1

()4
|'_1."|1|-.l | N .' .
A . | g
|l - J J |'
H ' ] '. 'h |||
( | () f |
2 t t{: I
I | ' |
| ¥
| .
fl ‘. \ ,:I 'II
I 4 ‘ :



:\ll lh {{f

(| | 978
n ()
|
) a0
" I 1]
| (10)
HlH" 0 | J“” O

Caleulation of statistic:
Cnder H the test statistic is

{
il-\/ll | 778 = 3

L ) (104
S 7635

I xpected value, -
|
MLJU

s

| R60

Inference: - "
When t, < t. the null hypothesis 15 accepted  The data does

not indicate that the modification in desk promotes speed intyping

follows t- distribution with 9 | 8dl

E<ample 6: N
An [0 test was admimsterce
they were tramed. The results are given below

| to 5 persons hefore and alter

AY
Candidates [ | [l . IT; 132 ' |75
0 before 110 120 |12
lraininy - A
. " | 36y
1) after 120) 115 125
training

; () il“l! ”1‘-
: LI in I -
EI“'} L h.ll'li_

jcance)
g hicd

. ! i )y after the
Null |I\ n”l{-sls: “anl ¢ hange " I

“ - i = 1! no HIL’IH'IL-IH

| H ty 1€ thel 5 .

Iramnmg programme



Alternatiye Hy pothesis

H, M2 (1w

_ atled 1eg
Level of significance - ’ |
o= 0] i
X 110 |2
| 120
), 120 | ! I2__¥ L 132 125 r
d SERAL 125 | 136 | o
a2 I {1 2 | 5T L P
00, i o4
J 16 16 | 41}
d = 2d - 10 S
n s “
2 ] : "d)?
S —[Xd - .(_;‘!J_d,
n ‘_I n

| 100)
4“4{}— —] =30

" » S
Calculation of Statistic:
Under Hy the test statistic s

|
o= |9 |
S/vn |
2
J30/5)
2
2.45
0816
k. xpected value:
d .
' follows t-distribyt; ith <
/S’ /n 'on with 5 | 4di1
4.604

Inference: ot 1% |

Since o~ le ‘;[ 0 level of stienificance
e We therctore. conclude that th ,
h)pnlht,‘al'w . _ CI¢ 1s no change n 1)
e the tramning pr;;gramML. = )

We accept the null



| {{«-_L____LL._L Jor _dm -ji_*-"-‘:"ﬁé -E-M‘!LP_LQ >y r_a{é‘nw . s
\‘l'::ql E@J%i UnNTT - E Coni hasa 3en | =
A we have set up thwo wdl aund Alter va ki

Jpobtosis
Ml hypotiwesis Mo @ P = 0 agaunst
Alternakive hypotiesis wy ~ f# o
lovel o} siguaficance oL =5r.(0r) 1 7
Undor +ho H,, twe test stabickic ic givesw by
b s XJn-2 ~ben-2Ddf

N ad

Hexe Y I8 the EWLD correlabion oj C.ﬂueﬁ-fcigﬂ{ .

—

-

”Nﬁ)ﬂ rasdon  sample of 28 pacvs o1 owses vatiang
fyom a wormal popwlation gove 4 wovrelakion

co-efticent of 66 is tho sigmfrcont of
\Cﬂﬂalnkinﬂ co-effiuent i e population.

Let wus consider the Mdd  hypothesis Ho
1o test the H/jpot"l«u‘?Sl's N correlation Co-effrue
is the Elguljfm of coyrelation m the ,%Puj_a}]‘w.
that IS

Ho: f=0 V3 H,: £# 0
He » T test Stabshtic 1S c_.;ive.m by .

undor tho
A - :
b= Y xdm ~tendd
o Jr-r
._;i'
:_‘\ hog e 2D, X 27-2
< fi-(ob)’
’ 06 __ v s

7 ~ Soey

. - eh ¥ 5
N of




- XN
Toble value 1s 206 Hfor 25sdf 4er S Lol

Inferenco ! - *
sinte raladated valuo 9gyeatexthan Tove

value thot 1S 27s >B.0b thﬁn@}or@ reject

the  lad ijUAOSfS. ot S/ lovel of Sigufraunce:

Huat 15§ we may be Coviclud o tvak tho Covrelabo

Co-eftiaent s not tho S'E‘;Nﬁmm o} ¢ ovyolahor
i tho  populakion.
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