2
L4500 g, 5

i‘
M\\..
2

- q
Amm " .ﬂzv =
Z

EXERCISE 6.7
p?, find the total revenue curve and

o =

(b) AR =
=29 4 50 =-q + 50.
R 2

e

d
© MR =4 “dq

(=8

==a_ ...-.—.:)..0 mu = _Q T

=t e (Jlem =
|. Given the de urve when D = 1.

marginal revenue C

40— Qi the demand function, find the total and marging|
=12+ - :

2. IfP +8Q-
revenue funclions.

3. Given the demand function
revenue functions.

p = 40 - 2q, find the total and marginal

commodity be P = 10 =2D, where P is

~eand function for a
4. Letthe demand function ‘emanded. Find AR and MR.

the price and D i the quantity
Find AR and MR for the following functions :
5. R=2x-3%’
R=3+5x-x
R = 8x - 2x?

100X = x2 - x*

{0 ge o En
=
1

=<
1l

10. X=2P-PL

20 - 2P? .

CHAPTER 7
INTEGRAL CALCULUS

/ MEANING

" In calculus, the reverse or inverse process of "Differentiation” is called
"Indefinite Integration” or "Integral Calculus" or "Anti differentiation”. The
process of Integration is finding the function whose Derivative or Differential

is given. /

Example:

We have seen that, differentiation means finding the rate at which a
variable quantity is changing (i.e., Derivative). If y = f (x), we can find out
the rate of change of y with respect to x by differentiating the function and

thereby obtaining w_m or f'(x).

Therefore, if total Utility Function is U = np. where, U is the total utility

and q is the quantity consumed, then A% = 2q is the rate of change of total

utility (U) with respect to quantity consumed (q) and is the marginal utility
function.

Now, if the marginal utility function is 2q, what is the total utility
function? The total utility function U=q2. The problem is reversed here.
Because, we are now given the marginal utility function and we have to find
the total utility function. In other words, we are given the rate of change of
quantities and we have (o calculate the total effects of the change (i.c.,
function). This reverse process involves the summation of the differences.
Process of this calculation is called "Integration”.

m\c:?_.n._:u:o:

IT Total Utility Function is ¢, then the Marginal Utility Function is 2q. Y,
Integration (Indefinite Integration)

. wq the Marginal Utility Function is 2q, then the Total Utility Function
is q°.

That is, if derivative is given, our problem is to find out the function. ,
Definition

If the Differential co-efficient of F(x) with respect to x is f(x), then an
Integral of f(x) with respect to x is F(x).
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Notation | N
:P F(x) = f(x), then the usual notation for the indefinite integra) is,
b ;
n [ f(x) dx cq:ax = F(x).
where,

" o | sign.
i) the symbol | is called Integra LB , .
ME f(x) is called the "Integrand” or the function to be integrated.

(i) dx suggests that the operation of integration is to be with respect (g
variable x.
The statement, "Bvaluate [ f(x) dx" means "Find the antiderivayj,, o
Integral of fix)". :
SOME BASIC RULES OF INTEGRATION

In fact, every differentiation rule has a counterpart in Integration,

Rule I
Jdx=x+c¢

Rule II

If a function is multiplied by a constant, the integral of that function js
also multipled by that same constant.

JK dx =K [dx =Kx + C, where K is constant.

the ﬁ
_

Examples:
I ]Sdx- =5 dx =5x+C
2. J7dx =7]dx =7+ cC
Rule 111
xn+l
[xrdx = +Conz -1
n+l
(i.e, the integral of x" with reference to x)
Examples:
S+ 6
1 xmn_ = xll e xl
/ | X se1 t G 6 +C
1+ 2
/2, %xax ~ il o AC
Y CES 40
3. [ idx = [x%x = x 40
g ~7+1 -5
4, q&k = .ﬂx.lqakﬂuwrll = ¥||
/ Ix = Je, FE o= i
by 4 x 124 372
m._ﬁ% . ._._p_a%u_ NI L
3
5+ 1 =
9+ . 2
6. £ = W..Irf -8
) [ x-% dx o +C = mll+0 ” L y84C

Integral Calculys

Rule 1V

Integral of Sum or Ditference
Integral of sum or diff,

or difference of (he Integrals of (he Separate functions,

crence of a number of functions

287

is equal 1o the sum

In symbols
Fdx; + dxg+ ... +dx,) =[dx, + ._gxm+_....,.+._aa__ +C.
. Or
?%_:?J:.-&ai%.L%ﬁ ....... -Jdax, +C
Examples:
4
1. :xulx+: axu:uenl:ax+_._ nxuwlim..f x+ C.
\u Axm+P|x|_vaa
. .c-nlw
ufﬁax :.W dx - J xdx - | 1dx
_ m X7+ x2
JORICORCR
5 ks g2
i Z =8 -x+C,
\.u.:m.xulmxw+xl: dx
=] 8x3dx - J 3x2 dx+ [xdx -] I dx _
um_xwaxlw?maxi.xn_xl:ax
x4 3 ) 2
nmﬂluwwn+wlx+n nux.ﬂ:xw+w|x+n.
Rule Vv .

Integral of a Multiple by a Constant

If a function is multiplied by a constant number,
amultiple of the integral of the function.

Examples:

: B+l
1. [ 4x8 dx =4 xtdx =42— 4 =
8+1
3 ._.u Axf._
W.T_x& =4[x3dx = 321 * € =

v

this number will remain



2 2
. 1+! nMu +Onmx+ﬂ
[xdx = hm\\_. i, 3
w._.saxn.ua N 2! n\mmb+ﬁuru+n
g =-3
-3 xdx ~ 241
4. |3x%dx =
5 O, =%+ C
5. [5x*dx 5lrE = m,.w
2 =xb+C
_¢ 2 +C=
6. J6x5 dx —6fx3dx T 6
. 7
X —
. i g ER Yes
.w.._.quma.n Hﬂ.—xunx = 7
Rule VI .
tegration by Substitution . . . |
" Hnm the case of a product or quotient of two a_mmqﬁ::mc_n functions of x, it
ae\ﬂﬁ possible 10 Xpress them as a constant multiple of another function
.. du
f(u) and its derivative Is Ww. N

TAE wﬁmu_ dx =Jfu).du = F(u+C

e counterpart of the

ie, [fxdx =

The substitution method is th i
Differential Calculus.
Examples :

(A) Product i
[ 4x2 (x3 + 5)° dx.

[. Evaluate
Solution: Let U =x3+5
du
Hence, == = I
& 3x
?dx =du
Therefore, dx =32
3x?
; Hence, on substitution we have
2 (x*+5Pdx = | |
= |4x2 3 :
ouddx.. .. (Sinceu==x+35)
= a2 3, B i =
™ (Since dx = 3,2
X
= [l gt
3 u= .w,._.:..., du
Hm cu+_ 4 y4
3 w+_ +C = = F +1C

3 4

"Chain Rule" in

)

ut + C

o
+
2

4=

+

!

(x

ER.

[ox* (x* + 78 dx.

7. Evaluaté
—.\WH u= M.m + \N
di 54

Solution
=du

Therefore, ax
du

= 5x4

ution we have, :
"k_‘mvx.u_.. _._x_ﬁ—x o & i

= A—‘th. :w

1

'-Hl.'_' (| —

i

5x% dx

Therefore, dx

Hence, ©on substit
foxt (x5 + 7Y% dx

du

—_—

Sxt

+ ©1=-0

—~ e O
th

=

+C.

|

|

3. Evaluate | 21x8 (17 + 1)? dx.
Let u=x"+1
du

Therefore, — = 7x8
erelore i Tx

7x8 dx

dx

Solution:

=du

_ du

T Ixb

Hence, on substitution we have,
J21x6 (x7 + 1) 2dx

_N_XO. u? .

3 fu? du

J21x5 . u?dx .

(Sinceu=x*+7)

. du
g Aw::.n dx = m;u.v
8+
8+1 i
+ C
. (Sinceu=x"+T17).
... (Sinccu=x"+1)
du
T Am:_nn dx = w_“_,,

)



€
) T__mu_ Joxd g
- ) .ﬂv+ » .
B 3l . (Sinc
= u .TAHH Axg.—. : *
(B) Quotient -
|. Evaluate _ _.yww ...,wax
29
Solution @ Let u=s*" 7=
PR
j_m:.._s?.% 2
2y dy = du
o _du
dx =
Hence, on substitution ,.:w:mé.
X g = ..lw%. ..... .. (Since u=x*-12)
T e Ju’
= _ 3x, u2 dx
du . ~du
= ﬁ; e mx.......Aw_:onaxl mxv
= %Wc,u du
3 3  u2t
-2 P2 _3 W _.c
= 5 _c du 5 a4l
3 u!
=2 0D +C
3 .
=-5 -1+ C . (Since u = x* -
8x
2. Evaluate .—35.
mﬁ_—__nmﬁs . —
Letu=x2-5
du
%rwx
2xdx =du
- du
ﬁ_ﬂ = w.“

Hence, on substitution we have
.

P .. S 8x
Ja-sp® =g

291

Integral Calculus

_(8x du . _du
4.-:» b  TRRREEE Am.:ﬁn dx = Nxv
Q: T
sk PEE -3 —f A
.— “:_ du Nm.\.uw+_+ﬁ.
PP L O T T P QT .
IM y?
) _
T (x2-3)? +L
40x3
3. Evaluate u?mcx,_ T 2) a«
Solution:
Letu =20x*+2
M|“_ = 80x3
80x3 dx =du
du
T
Hence, on substitution we have,
40x3 40x3 :
| 20x% + 2) +2)! da S dEs
40x7? du
n_. ut X moxwuu._.:kac
_1 ﬁw S,
=2 3 +C =5 +C
1 W
|1m.:ﬂ+h n:m=w+m

=y + Gl (Since u = 20x* + 2).

6 (20x* + 2)
Rule VII
Logarithmic Function Rule
In differentiation, we have seen that, if y = log x, then,

dy _ 1

dx  x
Thus, in ::mm:_:c:, we shall define that,

_.x dx=logx +C

where, C is a constant.
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Examples *

2. [ .

Substitute

"
-
+

B &R

=dx
—w% =logz+C
H_Omnx.f:.—.n.

X

F i
Substitute x2+1 =z
z =x2+1
@
ax =2x
xdx =dz
dz
x dx =3
X dz 1 dz :
T O T LRIED
= ._.._.IQN
z

_oma+n:.: _x.n log x + Ov

rw_ 2
=hlog (*+ 1)+ C,

Rule VIII
Exponential Function Rule

In a:.?a:_,_ﬁ._o__. we h

Thus, in Integration, we sh

ave seen that if y = e, then,

all defipe that,
y nb.n,%.nc,+n.

Integral Caleulus

Examples :

1. ,ﬁnim dx=ex3 4 C

| ;
2 x S - ; I -
. -‘b Aﬂ va dx ‘ﬁnx dx _.Mﬂﬁ_x I.Pwa dx 4 ._.aﬂu dx

. x-1+1
=gt +
= T ¢
X XJN
=e*+— +C
3 :
Rule IX
= e dxX e, [Substitute ax =y
- dy
= [ev i oqwuﬁ....mwum
|
=2 ey dy Therefore, a dx = dy
|
nm%,+0 o&xnm“wH
= Mm? +C
Therefore, .—n: dx = ._Mni+0 _
Examples :
I _.aw:_xn W ed 4 C
2. _n:axu%n: +C
Rule X
Taks gx
=Jekiopyx gy [Any Number = ¢ 'og (that Number)
Therefore,
a kx = log T—»xv =e kxlog a — e k(log =_-_
= .xluﬂﬂﬁlm ceMogwmy 4O

293



Meaithemiatical .:_.:_ (
Dy

2
My
og N = {
- alt + O [sinee ehtopr® =4 _
“kloga o
Therefore, I E k log @
Examples :
g%
X i \|.||Il+ﬁ
1. [§"™dx = 3655
121 3*
= — +C
2. 127 dx =300 127
Rule XI
._:; + b)r dx
lety =ax+b
dy
=a
dx
& =
alx =dy
n—MH@R
a

Therefore, :wa +hydx = _{_. Awm = _m .:._ dy

+1 n+ |
|MF+OH_IF;+E e

Ta n+l a  n+l
Therefore, r. (ax + b)* dx = 1 (ax_+ byr+! B
~a o+l
Examples :
1(5x +2)8
L[5k +2) dx == ]
K ) dx S A
2. [(32x + 165 dx = L 32x + 16)'6
J )2 dx 3 = ol
Rule XII
.—xulH Am.ur: +3u.= di
Lety = axn 4}
d
cﬂ = nax™!

mregral Caleulus

295
Thercfore, dy = n ax™! dx
pax™'dx  =dy
| x"dx = dy
na

m —
Therefore, _ ™! (ax"+b)mdx = % Nu&. e _ y™ dy

m+1 n m+ |
Ay L l@rebpymt
na m+1 na m+1

n m+1
Therelore, .— x"-! (ax" + b)™ dx = 1l{(ax"+b

na m+1
Examples :
1 (8x8+ 76
5 (8x6 15 =
1. _.n (8x° +7) nxlmxm e e
_ 1 (BxS + )16

= B =

9 33
2. [x8( + 1502 dx = L (700 + 1583
63 33
Aliter :
Let7x®>+15 = y
Yy =70+ 15 )
Y _ 638
& = 63X
63x8 dx =dy
8, O
x® dx =63

Therefore, | xB(Tx®+15832dx = i y32 dy _1

1 y3
63 33 63 133

Th *ozor.:_m results will be useful for findi
1 = o h—_B —.—AO — { TZ ﬁ » _.
:__wosoan_.:n Functions : g megraly b
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pometric Functions »
> . _uzmn._m of .—inw\\\\\l’./ gmber or a value independent of the constant 'C’ and not a function as ﬁ.oq
Table 7 ° Integration . ﬂzn Indefinite Integral. Therefore, we call this process as Definite
%1 | ivative Eﬁn.mazcn:‘
51 | Derivally . T y : .
z.u,..l\l\.\\.\\\\\\ﬂ\l\; _nom x dx = sinx Notation for Definite Integration
1 4.|m sinx =cos* b qw .
& dx or x) dx
; [ sin X dx = —COs X [YE¥ | (
, | y=S cosx=-sin¥ ) a a |
- & 2y dx = tan x It is to be read as “the Definite Integral” of y or f(x)fromx=atox=b.
3 |y _ 9 apx=secX L Then the value of Definite Integral from a to b is written as,
T
b b b
4 ..1n.nl no:unnommn: | cosec? x dx =— cot x. T&x or ‘ﬂixvaxn:uoﬁ:m =F((b)-F@a)...b>a
de F a
A %u%mmnnxuwmn:m:r f sec x tan x dx =sec x whete,
. b b
6 <u%|8mmn X = — COsec X col X [ cosec x cot x dx =—osec x, ._ ydx or % f(x) .ax is the Definite Integral of y or f(x) and is the area
a a

bound by y = (x), the X—axis and the curves x = a and x=b, a is called the
lower limit of the Integral and b is called the upper limit of the Integral.

EXERCISE 7.1

Evaluate the following :

31 Examples v v >
X es: i
T3 =5x+1)dx N_AMM.Twlmv& 2 2 . 7
i e 2 S[E). S[B-T.EL-E
_ - 2ot L3l L3~ 341737353
3. [(ax +4) dx 4 [ Togx & ~ |
: 2
- 341 2 4 2 4 4
| 7 e =1 2 H_ - _Hx| _f2_1)_16 1 _15
5. _Au)rwvuax m..—ax¢xu+m dx _ EEs 3+1 40 4 "La” alT474" 4
e 3
o7 J@-3w ax | m.;x:ﬂv& 3 ST T -
> 9 3. [3wdx =3 ~+L = _Hu T
| 3k + 4x - § 2 ; .
9.
, N dx 10. [x2 (1 -x)? dx s 323288 1215
_— Pty
FINITE -%.Hmmuwb.ﬂucz 3 - 3
_, R i . [ oy 1+ 243
e b dx = = xl
SN ) DEFINITE INTEGRAL N_ 4 ks = | Ld
s ‘e found that fi; . -
“  indefinite result m_wn_jsmus% the antiderivative of a function achieved » 32 52 26 5
rocess as "] €., efinite numerical v ) ~alled {his - ﬁb I H.|9I 16 20
process as "Indefiniie Integration® & Values) and 5o We 08 = - 4 2 2 227 N

\l
ﬂon.
n the
i

of the integral to fing the area wﬁémﬂoé_ we have 1o use the other pro
curve and the X ~ axig 0 IWO curve wee

S, we e es and the area betwe®
shall achieve 5 definite numerical result 1
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et St EH_
3 sadr = |20t 141 2 _ AREA BETWEEN TWO CURVES
L
5 ._3 ) 3 Let Y, = f(x) be the curve BOS and Y, = g(x) be the curve BES.
- (1! + L quH Suppose they intersect at B and S where "X’ co—ordinates are OD = a and
= 3 ) 2 k&
5 32 ON =D :
’ = 3 . .l+ .:SH_ _H\ +5 22 +7 Jv_ The above statement is illustrated in the Figure 7.1.
=13
. 2 W
-1Z- e ﬂfb:L |
,ma+_mm+_umu H_a+oo+wd. _, _ y
= h ui
315 160 155 .55 |
6 6 6 6 |
_
2 a4l x1+! H— ﬂ 2 :
6. [(i-2v-3)dx =), _+_ ~ER u-:_
1

um- 2 Wf 3 GL = _“m| iwm-u:__

[ 50 B34 | k
“Le u - 4 2
= (4-4-6)- AWr | - uv Fig. 7.1 : Area Between Two Curves
|
: { 1 | We have (o find the area BOSE, which is equal to the area DBOSN
=4-4-6-,+14+3= B-10, =-244§ minus DBESN,
_ b b
EXERCISE 7.2 J Therefore, area BOSE = f(x) dx - [ g)ax
|
I. Evaluate wampm::%. 2. Evaluate 1 (x +4) dx __ Ar -
_ . | d_ caBOSE = ) -g 00 dx.
a
. 5 w\:ﬁ Examples -
. Pr 4 3 i
vethal [ (2x+ 7)dx = 18, 4. Show that h ?~+?+3% Y 1. Find the area beneath the curve y = x° between x =2 and x = 3.
0 Solution i
3 Sk iha 3 ; | B 3 , e X613
n.m :_...__xlmvaxu|mw. E.nml‘.. X dx = m+_iu u_ﬁﬂu_m
0 2 2
b Vomedar o SGE QR 79 &4 729-64 665 110.83
rave th; - B S e T g =hosi
R S =55 % 6 6 6 6 6

0



Maq henygy,
h n
0 - 'cal _:g: L
stween the two parabolas
»  Find the area included between the two p
- v’ = dx and x* = 4y.
Solution: ;
vio=4dy ¥
g = =
y = V4dx
' =dy v
- x (
ol
Y =4
. X2 .
Substituting the value of y (ie., y HM.V I equation ()
x2)2
=4x
(&)
4
X
il =4
16 "
x =16 X 4x (cross multiplication)
x4 =64 x
X-64x =g
x (13 - 64) =0
Dx=0 i)x¥-64 =
B =64
w -
X = @ = A.
Limits are x = Oand x =4
) 4
.;m_.oncz.&g = — A.,?‘x _ X2 dx
4
oo 0
| 4 . g
= o X
% m Tﬁ.fvam[ dx
4 2
- ._ _” A@.x _aulxa Hax
O i
4 X}
=iy ¥ x3 mv - L
V)T ac) = [(2en3)- )
2 0

ntegral Calenlus

(2.

301

4
o m.v X2
Hﬁm.x.ex. 3) - 13 c

]

4
X.x1/2 2 _x? _
d 124,

4
- AN 2\ 64
::i./m. wv; ELO ;zm.@_.p.w -3
3264 _128-64 64
4 TRt T g eim

3. Calculate the area beneath (he curve y

=x3 between x = 3 and x = 6,
Solution :

6
The required area =1 x3 dx
3
x3+1q8 x47°8 64 34
= uiu—u H_HAH_Q.HH&H__HMFH_
1296 81 1296 - 8] 1215
=Ty == 3 = = 303.75.

EXERCISE 7.3

1. Find the aren of the portion bound between the curve
y? = 4ax and the X axis X=0andx=24

Find the arca of the curye yl=

Find the area above X g
¥edx—-x2w3 xu

2x and the liney =4x - 1.

Xis bound by
land x =3

Find the area between y

4.

=x3andy =9x2,
5.

Find the area above the X axis bound by
xlmu:n_uo;num:mxnm.

APPLICATIONS IN ECONOMICS AND BUSINESS

COST FUNCTIO NS

In &:.n_,oi._m:o:. we have seen that

Oulput x is given, we have 1o find out the
order derivative of the total cost (C).
g dC
le., MC = i

Thus in integration,

if total cost (C) of producing an
Marginal Cost (MCQ), that is first

if MC is given, we have to find out the toral

ot o . . dcy .
"OST(C). That is Total Cost (C) is the integral of Mc. A:._. =) with
reference (o x.



