CHAPTER 6 .

DIFFERENTIAL CALCULUS

CALCULUS .
nch of mathematics of change, motion and

MEANING: Calculus is the bra . . . . .
growth in related variables. Itis the science of fluctuations. Therefore, 1n
Economics, Calculus has a role to play when we consider how ,:5 sales 1s

4 when there is change in the price or how the total cost, price €lc., are

affectex !
affected when there i change in output and s0 on.

gnx:n:& of Calculus
The branches of Calculus are:
A) Differential Calculus and
B) Integral Calculus.
W\ /A) Differential Calculus

Meaning: Differentiation is the process of fin

variable quantity is changing. To express the rate © .
we have the concept of the "Derivative’ which involves small change in the

dependent variables with reference to a small change in independent variables.
The problem is (0 find a function derived from the given relationship between
the two variables so as [0 €Xpress the idea of change. This derived function
is called the "Derivative” of a given function. Thz process of obtaining the
derivative is called "Differentiation”. When a function hus a Derivative, it 15

«aid to be Differentiable.

ding the rate al which a
[ change in any function,

.;E.
1) The Marginal Cost is the rate of change of total cost with change in

quanuty produced.
2) The Marginal Revenue is
in quantity produced.
3) The Marginal Ulility is the rate 0
quantity consumed.
4) The Marginal Productivity is the rate of
change in factors of production.
ﬁ\n& Differential Calculus of One Variable
Let 'Y’ be a continuous and single valued function of 'x’. Then an
increase in the value of x will produce a corresponding increase or decrease in
the value of Y. Thatis a function is differentiable at a point only if it is a
single valued function of a continuous variable at that point. In other words,
the derivative of y with respect Lo x exists only when the function is a single

valued function of a continuous variable.

the rate of chan'ge of total revenue with change

f change of total utility with change in

change of total productivity with
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Therefore, Y = f(x)
. - Il A._
which is read as 'Y is a function of x'. ,..
Give an increase m the value of x. This wi
e i W t : is will produce a correspondi
increase or decrease in the value of y. These increments are mw_mm.__.m“_:_m
denoted by the symbols (Greek equivalent) Ax, Ay respectively !
Let the new value be,
Y + Ay = f(x + Ax) —(2)
By equations (1) and (2)
AY =f(x + Ax) - Y
‘ or AY = f(x + Ax) — f(x) {since Y = f(x)] —3)
For one unil increment in x, cause how much i i [
in X, ncrement in y? That 1s
the average rate of change of Y with respect (o x is ’ b

Ax — Ay
1 — ay
AX
In other words, dividing both sides of the equation (3) by Ax
AY » filx + Ax) - f(x)
Ax Ax —

A
The average rate of change Amv tends to a definite limit as Ax tends to

zero or allow A x — 0,

Lt Ay f(x + Ax) — f(x
Axyl ax —ARFY Ew - ==
ﬁ_wn in the right hand side, limit exists, then the left hand side limit written
as o and is called " Differential Co - efficient”.

The "Differential Co - efficient” is also called the "Derivative".

This Y implies- derivati ; .
& mplies derivative of y with respect to x. The Differential Co-
efficient of f(x) is written generally as I%M (fx) or f'(x) or y or ﬁ__mm where
¥y =f(x).

dy _ Fox) = Limit "f(x + Ax) - f(x)

dx T Ax——0 Ax

dy . 5
Thus, mrw; is the rate of change of y with respect to a change in x and is
called the derivative of the function y with respect to X.
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RULES OF DIF

Rule No. |

Polynomial
The dematne of a

Functions Rule of
powet function ¥y =

number) s na'
Symbaohcally

a) If y = x". then dx

dy _ 11 = x0 =] (since anything 1o the

- - =2
by If y = x. then &
Examples:

I Iy =2t w = 10n'0- 1 = 10x,

.::..:Q:cz....:.. Methods

FERE NTIATION

Power Functions -n.s_n
fix) = x* (where 'n" is any real

power of zero is 1)
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! dy
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Rule Neo. Il
Constant Function Rule
A} Derivative of a2 Constant

.—._.._ﬂ H\..r.u_._v.., 14 Ca ] .-(.C_Buf.»bﬁ mu—:.hﬂ:ﬂ:— mum . -.AI; - ﬂ— —m Zero,
1€, constant disappears under differentiation. In other words, the increment

dx m z wil] produce no change i1n ¢
If y = C. where C 1s Constant,
dv _d

Then 4 = a1 (©

0

- B - —
= ln_;‘._. l=_Ix "= xn .

-9

——

e -
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Examples:

_q dy_
1. Zmlq.e.lc.

185

% o 31y =73.% =0,

B) Derivative of the product of a constant and a function

The Derivative of the product of a constant and a function is equal to the
product of that constant and the derivative of that function.

If y = ax", where "a’ is constant and a =0,

gy _d . .. 48
_:m:ax |au?§ »lmn_x
dy _ =
n_uluax:
Examples:
s e dy
= 12
1. Ify=10x .rnaax‘
& _ 9 02
&r_cnx X
=10 (12x'")
: = 120x'!.
dy
3. Ify=7x5 fi )
y X2 _:agx
dy d
= Ty &)
=7 (5xY
=35 %%
d
5. Ify=9x4, ay
y=9% m:a&..
9y _ 16,5
n_xllwma

7 H:nu:u-o.?aw .

dy _ 10
o = 99x

Rule No. III
Linear Function Rule

(x")

2. Hy=3%, mnamw.m :

& _d
dx dx
3 (4x%)
= 12x3.

(x*)

4. If y =5x, m:amk

&
dy . d
pre lu.au:c
=5i.1)
=35.

dv

6. Ify =—4x7, find =

dy _ p
& = - 28x

If y = mx + ¢, where 'm’ and 'c’ are constants, then

dv _d d

dx  dx

(¥) =4, (mx + ¢
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Rule No. IV )
vddition Rule or Derivative of a Sum or

the soparate donvatines

sum Rule

he Diervative of a Sum of twe functons s siply equal o the sum of

he differentiable functions of X,

Iy =0 e, where vand v aiet
d dy R W, - e
then ““ = z_h + dr (r.¢ . Denvative o the :..‘L :__‘:.__:: +
Derivative of the second function)
Examples: 2y
I Hy=x"+x% find .»H 2. Mfy=x*+x"+x'', find rolh
ly _d d s dy _d g, 400 +.a )1
& a0 o gl & g0
= 3x7 + 8. = 4xV 4 9x8 + 11x10.
o 0¥ . dy
3. My=7x"+ 3, find ..m , 4. Ify=27+2¢ find o
dy d d dy _,4 0 s S
..m,nq%;,:&b: & 1..&Qv+u&c:
=7(5x") +0 =2(2x) + 3 (8x")
= 35x4. = 4x + 24x7.
5. liye __u‘.ﬂ+.»x‘c+.wx+q,m=ahw..
L AP B 4, o 4 d
% = W g BE)ea X )+ 4 B0+ ()
== 33x* -36x°10 4+ 3,
6. fy=7x*+x%+6x+ 11, :E_n“.W.

d

dy _,4 (x%) + e %.ZQR::W::

dx dx dx
7(4x3) +9xE+6(1) +0
28x% + 9x* + 6

« v rvTiam L o

Rule Nooh

Subtvaction Rule
The denmvam ol adille

onee of two functioy S e = i
the sopun CHONS 18 equal to the difference of

CHVALIVes

Mty =u v whom y:
Cwhere vand voare the differentiable tunctions of X

e .:.._:;..
dix dx = dx Cies Derivative of the the first tunction - Derivative

ol the second function)

Examples:

oIy = x' xS find Mﬁ 2. Myext—x?_xt :_i@w
o ¥ 9 -
dy d \ d dy d
- Nl ] Ay B d d
dx Q.Aa: ) dx %) dx lnwﬁzk_vlm_a.;f_lmr =1
= 3x? - 8x7. = 4x' — 9x® _ 1410, |
3oy =70 288, find ,._m 1 4. Ify =5x" -8, find ﬂwm .
dy d d .
ot =7 —(x _ 2 sl hb = d 7 d
& n?C,,. _w&xt; . lmmﬁquﬁﬁmu
=T (7x% - 8 (8&x7) o =58 -0
= 49x° — 64x7. = 35x9,

5. :.wn_ot-xfﬁum_.:_aw.
dy d d d
0 -S o179 -9
& =104 0N-Fah-74 w-Lan

10 (3x) - 4x3 =7 (1) -0
N w@% -4x3 7.

1

1]

]

6. Ify =3x-9_7x7 _g§x . m.mmamm .
dy
dx
Rule No. VI

=-27x"10 4 49x8_8g

Product _ﬁ_.__m or Multiplication Rule or Derivative of a Product

,_..:m Umz.q.m:é of the product of two functions is equal to the first
E:nacs Hc:.:u:na by the derivative of the second function plus the second
function multiplied by the derivative of the first function.

If y =uv, where u and v are the differentiable functions of x. then
dy dv du

—al

dx =" m_ﬂ +v. wﬂ [(i.e., (I function) (Derivative of the 11 function) +
(II function) (Derivative of the I function)].
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Solwtion:
d _ [ .
&u:.:.r: 1y (¥ I%:_:
A% (% 4 __m
Jae oy on o
TREIE
it l)-(a-1) x+t] ....._.H 2
(x 1 1! (x4 1) (% 4 1)
. ot
Voobnd e denvative of the tunciion y = - | =
LY
Solution:
_Qrf _‘_.‘.u;,...:.b‘¢_:.:
dy (x - )
L :..4 1) = N.x,_ - 2% - x3 & | .r.x..u = By s
(X~ 1) o - ;J_um .

fuffeieadlol € ali e

| Hye " _ _::;_E

s i
Bt biewi i
A N NN R NPT Y
____ _t__ ] __..
SRR AV Y L T VI LN N T L T S L
Aty 1y (e 4 1! (2?4
A ily
J
yow N i p
Palwdbipns
y U L) (!
iln (v 4 1))
It Pt Wt _
e !
Ko _.\_ dy
oy e
' LAY B | _:_:_ e
Malutiong
dy oy e 2y ) (2 2
iy ! _ (!
) J
- t& -_ ] Jx .I-_._ _-r _r
’ (s 4+ 1y
- N
L Wy A5 g
. | ihy
Solution:
dy O - D)@ = () D tdng (Y ) - 12
Al (%3~ |} . (- 1y
exY = 2x - 2t 2y A4y
- (x* - 1) “ad - I
_ ! -1 . .d
B y= "= fina®
y Aok L dx
Solution:
dy O 1K) -7 - 1) 2%y 2% 4 2n - (20
- : - - - )
iy (X" + 1) (% + 1)
A A - M e x4
(x2 4 1)° (x*+ 1)

%)

e A 2 el

= m—_
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9 Uﬁi.ﬁ& fe sk
. T e
Solution: ) : 2
dy (x-2) 3x) -(xH () _3x1-6x7=xt wm!.,n]ow‘ .
& - (x=2)° - (x - 2} (x -2)
»
; P
10. Find out x fory = = )
Solution:
&  (xN()-(x-2)(3xY)
e (x*) :
x? - (3x? - 6x2)  x'-3x3 + 6x2 _ -2x7 + 6x?
= — e xQ - KO O
5 x4 1 dy
1. Giveny = 5 uvn._.:a out o -
Solution:
d (X} +2x) (2x) - (x2 + 1) (3x% + 2)
T (x7 + 2x)?
_ 2x*+4x? - (3x* + 2x2 + 3x2 + 2)
- (x? + 2x)?2
o 2xt +4x2-3x9-2x2-3x2 -2 —x4-x2-2
- (x3 + 2x)2 T (x3 + 2x)?
#
. dy X3+ 2x B
12. Calculate mrw. for v T
Solution: N
dy _(x?+1) (3x2+ 2) — (x> + 2x) (2X)
i (x2 + 1)2 L
_ o 3xt 4+ 2x2 + 3x2 4+ 27— (2x4 + 4x7)
(x2+1)2
358+ 2x2 4+ 3x242 - 2x4 - 4x2 x4 4 x24 2
(x?+1)2 T o(xZ+ )2 )

Rule No. VIII
Chain Rule or Function of a Function Rule or Derivative
of a Camposite Function

If'y is the function of u where u is the function of X, then the derivative
: — . dy .
of y with respect to x (ie., mm ) 1s equal to the product of the derivative of y
with respect to u and the derivative of u with respect to x.

If y = F(u), where u = f(x),

£-@ (@ _
a dx ~ \du dx A

/

£

Differential Calculus o

Examples:

I. Ifz=7Ty+3, wherey = 5x. find ﬁﬁ_% :
do dz  dy
€ _ o e ‘
dx dy x| q.ﬂ_,;_lu:x.
2. :hu_mf_awn?_;n%‘
& _drdy _
A dy ok =15(2) = 30.

9y e M

3. Find the derivative of the function 7 with respect o x (ic.. £
L

y=4xand z = y-.

de _dz, dy _, _ e
By e = J.T.ij\u T.:..xx (4) = 32x.

4. Ify=x?and x = | + 1% lind m__w ;

L
dy _dy dx = : )
il == =2x{(2u=2 =) (2 SINCE X = -
i ot X (20 =2 (1 4+1=)(21) ... (since x =1 +17)
=(2+ 2% (1) = 4L + 47,

5. Ifz= 15y2, where y = 2x°. lind ﬁuw_h
dz _dz dy . , , ; ,
T i = = 2x- 5 4 = *
& ~dy* dx 30y (4x) m_.v.%.&fi.f.v... . (since y = 2x°)

= (60x?) (dx) = 240x°,
6. Find the derivalive of the tunction 7 with respect to x (i.c.. am“ )tk
y=x’+3xand z=y2 + |.
dz _dz dy

_— e

I d ™ 2y (2% +3) =2(x% 4+ 3x) (2x + 3)...(since y = x2 + 3x)

=(2%7 + 6x) (2x + B =4x3 +6x2+ 1257 + 18x
=4x7 + 18x2 + |8x

7. Ifz=y*+3y?and y =6x+9, find .,M_IM .
d dz. d 2

24yY + S4y2 =24 ( 6x + 9)1 + S4(6x +9)° ... (since
: y=06x+9)

S184x' + 25272x2 + 40824 + 21870,
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= sor The EaCTOB.
- jo Tochaagee OO
¢ Fimi = In wang e Cpoin K
- &
T H«—hlm.ﬂh
e = ek St Uy
H.“.u — -nl.\.d.#
g =vmiy=v=3
da _da B a3
& & &
=3v-3 2% 43
s ¥ =X F 3X)
= Iul.ﬂ.,ﬂ UF'W;".«#M*?HH.THVH{..—.W#
=4y - rﬂu,.rmﬂ-.:
W Fmi, . Hz=pf 3.
7 &
P 4 :
lanWuaﬂnﬁrNHWumn
m”nﬂm..wwuﬂ ..\n.
Lx ¥ =" =30
e N“dh .
& & & T ST
= o= = =33 =3¢ S 30k +3)
dx & & “ 3
s b S 3 = 6 = 187 + I8x
- =6x" + 24x7 + 80
I By=e?-ar . .
o~ &
~ . d¥
Wz find = by the Chain Rule
&
y= G-y
E G"lﬂ.ﬁn.inﬂﬂ
L
v

=338 - 4xf (6x —4)

-h

jes
H'...Hqim.,ﬂu!tnmhlﬁ ﬁ..nn..mﬁlﬂhﬁw |
) Cos1 Feschioe
2 H..n.wmuﬂ%ﬁmnﬁmrwﬂn&niiﬁﬁpﬂwnnﬂih
= pe C =2 + 3x3). find the Margigal cost
Solution:

W find the Manginal oSt ﬁﬂ!ﬂv by the Chan Rule

ﬁh_fu\_rm..ﬂn.h
Lez ...Il.,u.,.-.u.a.u..waaﬁ..ﬂw.n
- &

_gcy _dC &
Eﬂmﬁ.ﬁ.ﬁ.%%ﬂrm: ) " ay "
H...r.o_‘a:,_.."u_n.v.uf -

unh.fniu:?-__uuhﬂ.vm?...

Iy (6ex)

..a:nn-.u ...
Toual cost (ie. Q) =2+ A
=4+ —“.ﬂ.n + WH'..

Therefore. MC Amh. ,an = 24x + 36

Rule No. IX

Parametric Function Rule

If both 1 and ¥ are the differentable functons of 1. then the ,an:a ative of
v with respext 10 X is obtainad by dividing the dervative of y with respect ©

Y by the derivanive of x with respect 1ot { tis the parameter)
Thatis if x = {0 and ¥y = g1} then
dv dy dt- dy dx

{(a + by formuia]

Example:
miw Jifx=at® and y = 3at.

& _dy dx_3a 1
& a a 3ad

Rule No. X

Implicit Function Rule
Anoquation ¥ = ©* + 7x - B directly expresses y in terms of X Hence.

this function is "Explicir Funcrion”™.
Again an equation X7y + ) + 3x = 0 does not directly express ¥ o icrms
of x. Hence. this function 1s “fmplicit Function”™.

dy . e
To And iy for the Implicit Function, every term in both sades of the

ax
function is (o be differentiated with reference o v
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Examples:
dy

Find i of the following functions
X
I, 2x -3y =0. : .
. sa=A
& M 3
dy
B
2-3 s
dy
=3 &
dy
dx

R4S, <0 RURD AL E LAt
L4 -

Mathemalical Methods

U}
=

d 2 m Hlﬁnw
o XD+ Bxy) =4 G

.ax...‘uxﬁww,+wwn

wxmw
& _
dx
3. xy=6. d
d Loy
g M+y. () =
Loy
L.
dx
Xy =6
x~m§+w X =
&Y
xmw .
.
dx

=0 ... (Product Rule)
=-4x - 3y
—4x — 3y .
3x ’
e
— (6) ... (Product Rule)
dx
=0
=¥
=Y
-
0 ... (Product Rule)
=~ 2xy
2x -
- Hu.m ar IxM ;

—

-

d e

e P
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5. xy+yl=4,
+ +mqn._..w. =0
YT &

B dy

... (Product Rule)
dx

B::,M_Lm: =0

Elx.nw =—y
dy vy _ y
dx " 2y + x (2y + x)~
6. x?+2xy+y?=4 .
ma+m_mﬁuc+m<+ mv}wm =0 ... (Product Rule)

Mw (2x +2y) =-2x -2y

dy lluxlwwllmﬁn.fwul
dk T 2x +2y  2(x+y)

=~ 1

Rule No. XI
Inverse Function Rule or Derivative of an Inverse Function

The derivative of the Inverse Function Am.n._ ] is equal to the

reciprocal of the derivative of the original function A_.o; L v
dy/dx

If x = f(y), we may find the Inverse Functions as, y = f(x)
: dx __1
- dy ~ dy/dx
provided both the functions are single-valued.
Examples:
1. Find the derivative of the Inverse Function y=x2,
, dy _
= 2x
dx 1 |
then S
Sy Ty T2
. . dx
2. Find the derivative of the Inverse Function y = x3 4 3x.
B_n =i 2 iy
e = 3x2 43
dx 1 1
then = =— -1
dy dy."3x2 43
dx

- AR N -'_"'l'
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U Ll the Jderivating ol the In _.7 -
4
_’_z |
»7 Lm
W
o |
.7 .-.. _, C 1..;. Ju
. x4 L)
[ind the denyait® of the Invene Function 3 < (N
L ! Tt i
' R dy _f.._:;.::,),_,:.;_
i\ ; W+ u.’. i .J.A._ & ix
=51 4 I 4+ X
dv 1
& dy
x
dx ...‘uu o
dy :.mxb+uxu+h_x ..
‘ i I
& Find the derivative of the Inverse Function y =" 7
R K= l=p=t =t
. .wlww__u..lﬁ_lww e _E=~ 13 (a- 1)
ﬁ.nrn ;.I:u :ﬁl_w
& _ 1
&~ dy
dx
PR B 8 ) e £ D
m =" . =1 3 =
= I
Rule No. XII
r Orders

jvative or Derivative of Highe

Derivative of a Derl
Differentiation

or Higher Derivatives or Successive

dy . . ey o I
dY o the first order derivative of 'y’ with respect 1o 'x. The second order

oo
derivative is obtained by differentiating the first order derivative with respect

o 'x" and is writien as

n_m. a_._ %.
mw.w = _._wﬁmm _ mmw is also denoted by ' (x) or [,
Higher order derivatives or Derivatives of Higher Order can he defined

sirmularly.

Isnmples

J9

Difffereniial ¢ ol

Iy axt

dy Co0x !t 4 bxd, L (st Order Derivative)
Ik

._:\. —60x? 4 172x ... (Second Order Derivative)
[ &

.__w_ . n e Derivative
i " 120x + 12 ... (Third Order Derivative),
(1 h

Find the Third Derivative of y, if y = Ix6 + 2x4 + k7

“W = 18x5 + 8x} + 2x

”m.m =90x! + 24x? + 2

mw = 360x" + 48x.

wmw = 4x° + 3x + 5, find the First, Second and Third Derivatives.
m =20x4+ 3

% = 80x?

M.M.w = 240x2.

Mm = x4+ xm. + X, find the Third Derivative of y.
& = 4x3 + 2x+1

Mlmm =12x?+2

M__Iwm = mnx., |

Rule No. XIII
Exponential Function Rule

The derivati i i
ve ol an Exponential Function is the exponential itsell, if the

base ion is ‘e’
of the function is ‘e, the natural base of an exponential

d

y = e, then & S g @) =e
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i) _—fle..so_._w =-et

i) If y = e* then .,__.H_ « ae*™ . (ais constant)

B) If y = e¥ where u = g(x), then
dy d . du - u
Soa T g™ Aa.

Examples :

| Determine the derivative of the function f(x) = He*.
& ger
i

2 Ilfy= e, find ”w. ‘
letu=n'+13

ysc*

\
Hence dy o A_E = (3nd) = In? (eM) = X! An. ¢ .v (since u = x'+3),

..?.. i

LI} qtnk.::;ﬂw\_
let u=n’

v.l..

. .__ _. _
__nin.”w ....._ A._r_v....:w:tn. E,::_ﬁ.:n::_

!
PO y = e/ find the derivative.
let uw22’
y =¢*

g , ,
::.q“w_ - ﬁ” ...._..:.:..S:,:eax:.:_:.:_:._T. t:,

._ ...;.
g __::__M_:.‘..... il

' vl v T and y = ¢
.,ﬁ‘!
-“.\

w9 s My (Y2t 4 W) (Y)

J a1l u

Harws ‘.N

l a.t

LTI UTTY B e (wifea fi = W Sl )

Differential Calewlus 201

Rule No. XIV

Logarithmic Function Rule

A) The denvative of u logarithm with natural base such as
d |

|
y = log x, then f..w. " (log x) =

ik X

dy dy du du

= ____:._u.: ax

I Iy = log v, whe =g the = _
y Oy e u = gix), then dx iy dn d

= dy 1 A,!
e u Wk
Example:

—
My = log a3, {i §
y = log nd s

| I/ du | 1
Letusx ywlogu, ' = A v B !
e RNy -logy, de  u \ik u (3%%) u

Sxd . . .
= . = (sinceu=1a')
X X

Aliter:
y s dog = S log x

dy _v 5
-4 -
x Ax X
The Derivative of ‘T'rigonometric Functions

The dollowing are the some standird esults o i the denvitives of
Frigonametnie functions

Tuble 0.1 ¢ Devivative ol ‘Trigonometric Functions

i
N Fune tion Fiepivalive A_ v v
(e
—_—————— - e —— o N ——— S— e ———
| Y o= hiloK Lein A
4 Y= Loy A ST
§ ! _
¥ o= lian n LY W )
Lim K
i I
4 Y o= il K W TYATRR W )
i s
-
i Y = 8% A LTSS S YT
] Yo LU R NIDE BRI

e Difteventiol € aloalos of Two e Mare Viarlahles

W Dl s o the Dienrvative e B tiis ol Do e pendent vatiahiles

aply sinee e T e of e variabilles age angaon

|

erarsee» 5. %ced s HN

|
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pecause of mere bend in the curve
derivative is equal 1o Fero.
inflexional I this casc 3l
the point is inflextonal and
Rut the second onde

equal to zen
Thus, if 'Cis to be “Infles

At the :._:.:5:_:._ P
“Inflexional points 1
(st and 8¢
yon sl
¢ denvative is O
al paint". then

:.:___E:_:-...: i

s wecond order

ol 1
vy he slationary aned
Jerivatives e et 11

seond onder e cs il .
fer derivallve 18 not

v, the fjrst e
._:..__ to 2610,

’ ,__J./J, e ;143.

1) e 0and also 1) e
Examples: i . N
1. Given the function y = o - 3x? 4+ 7, find the point of inflexion.
Solution:

y=x'-3x1+7

d _ 352 -6x

dx

& _q

The first condition for inflexion is &

Therefore, 3x2 - 6x =0

x(3x-6)=0
i) x=00r iN3x-6=0
x=6
xnwnm.
nw
d:;.% uo.iro_:n,oo:uw.
The second condition for inflexion is
2
_Mkmﬂoxlm
-6 =0
6x =6
X nm;_ 0
g > 0.

a) Ifx uc.<ueuulwﬁoun+ﬂ

-

b) :,xum_wuﬁvutn:m%tu
y=8§-12+7=3

&y

axmuo

The point of inflexion is x =0 andy =7orx=2and y = 3.

.\\ VN
Solution:
y =xl-dx-5 Gmu -
% 2x -4
Al the maximum or minimum dy =
x
* Therefore, 2x -4 =0 .
2x =4
X {w_ =1
=5 =%

Find the maxima or minima of the function y = x?-4x - 5.

P

;

y Or maximuim at x =

The function may be a minimun
& . Ix —4
dx
Ay . O
herel Y _ 25 0i.e, posiuve value.
Therefore, 2 p

Therclore, this function has minimum atx =2

1 Find the maxima and minima of the function y = 2%} — 6x

Solution: i
dY _ ¢y2

= 2x* - =6x2-6
y = 2X 6x %

Al the maximum or minimum mu.x. =0

Thercfore, 6x2-6 =0

6
x? =1
x =%£1 ; ..\.ﬂh o
: ry
« = 1and x = 1 give maximum or minimum 35 &/
&y _co_g &y _
i =6x2-6 axul_wx _ 61\
@y .
When x = - 1, = _ 12 <0ie., negative _ A
dx? .

When x

Therefore, x = — | gives the maximum value of the function and
x = | gives the minimum value of the function.

d? % ;
1, Mm =12 > 0i.e., positive.

4. Find the maxima and minima of the following function
y = 2x} - 3x2 - 36x + 10.
Solution : %

y =2x' 3% - 36x + 10 @Mu.oxwlox|wo .

&
Al the maximum or mini dy ,.
inimum =
(
Therefore, 6x2 — 6x — 36- =0
F .Hrw .H.m/.l T = c
x2 -3x 4+ 2x=6 =0 .
x(x=N+2x-3) =0
Therefore, (x =3) (x +2) =0 |
Therefore, x=30rx =-2



Masihawwitis ol Meihady

e
A 2 oand v e | give manimm o NG
6 g ..J .
= fy- w2y B
b B W e
Whea v = 2 .-.u. = MW < Oie, negative
i
d'y
When v = .u¢ = W) > 0o, positive
y

Thesekwe, = - 2 grves the mavimum value of the function and

ve 1 gives the minimum value of theunction

3 Invesngaie the maxima -.r_ minima of the function

y e ' - I e br’ el
Solution
y =h'-Im'+n’eS N w 12x" - 30x? 4 12x
>_SI.=-_E=525_._.=E=_AW =0
Theredore, o o ‘....2\,
12x' - 30x7 + 12x =0 "
'-52+ 2 =0 : ‘J
2(2x7-5x 4 2) =0 G
s (2x-4x-x+2) =0
L (2aix=-2)-1(x=2)] =0 ’
() (x-2)(2x = 1) =0 T 2 . .
r=0orrslor2x=| Rl I.w
: %
-.-n“J
x =0 a-..ipu‘n:naﬁn_:._:ao::_:—a: < N
& . it & bl
QI_M-.-E-..Q_M» R WM. 60x + V2
n‘
When x = 0., mw =12 > 0ie, positive.
Y “\
i—ﬂanuwad =3>0ic¢ it '
i €., positive.
1 4 :
When x 3 .unu..n 9<0) 1e.. negative.

Therefore. x =0 gives the minimum value of the function,
x = 2 gives the munimum value of the function and

I _
. gives the maximum value of the function.

x=,

— ]

Ehferenitid € iodo il 17

B Dxwrcomiie the masiimes and maniima of i Tam om

I S T TR T
Saolution

yea' o etine .w..: v 10% # A
i

i
At the s and i n -
i

I ¢ 10n ¢+ N e 1)
I ey +de b B =0
Wwix ¢+ 2)+dn e 2y =0

(x» (v 4) =)
i) n=-12
i) um -4

. 4
ol
o4

A=-—2and x = give the maximum or minimum

.. ) 4 10x + 8 c.u_..u? + 10

dx dx-

When x = - 2, ”.__aw, =6(-2)+ 10=-12+10=-2<0is-ve

2y

When'x = ”_.,.__4 oA av‘._culxic 2> 018 +ve

Therefore, x = - 2 gives the maximum value of the function and

4 5 . .
X = -3 gves the minimum value of the function.

7. Find the exterme values of the function

y = 15x} - 9x* - 8x.
Solution:

y = 152" - 9x% - 8x W = 45x% - 18x - 8
At the maximum and minimum ..W =0
Therefore, 45x* - 18x-8 =0

4552 -30x + I2x~-8 =0
15x _uw....v.faﬁxlu_ =0
(3x = 2) :#t: =0

1) Ix=-2=0 or w15y + 4
3x =2 15x

"W n
=
£

X =

lwd (b2
e
n
|
wn
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Vhathemwaiioal Methody

T ] Fable 6.0 Conditlo for Maxima and Minima
Mg C Mima
: ¢ PR o IR ‘ 5 s N . N
\ - T pive the masimn Mictnabive nodabion [ Notation Alteonative Natation | [ Notation
\ I\ s e ———————)
y Wy I8 ! LA | [, =0 p B o I I, wt)
\ .7 1%y I8y N m wWh ' O , = iy ’
) y e 4200 TN o Jdu
When o 43 w ( ) 1xead - e d2> 0l 4\ ) 0 20 =0 2 ) 2., w0
i \ s 1 ' o iy
— \ L B ..._n .V WMe M 8= <ie, -ve . 2 0 L 0 i ¢ =0 11, >0
Nhwon = 4 da 1 i il - dxd -
. ! bt ) u ,
— Thorehue, & = | gives the minimum value of the tunciion and A _ Vet 41, <0 4 .. , >0 4 Ty >0
(A" t ?_.
— (T v gives the mavimuam value of the Thention ”. | du du 51 I ] L.,: __..: T Y
“ N .;_ Lf._ Ay vy L./.. L<.. wlyy
| )
. . ;T o oy : ) ! -
; AANIAMA AND MINIMA OF TWO OR MORE VARIARLES “ _ sl (1,10 >0 u_ .__ > 0 (f,) >0
LLAYEAY axay
W shall diowss the funcions of two vaciables only, sinee the Tunetions ' :
of move than o vanables are analogons -

I = o) then the conditions tor ‘saddle point' and ‘no information’ are

Mavima and Minima of Two Varlables povenan Table 64
Let ws consider a function U« (v y) Hwe plot this function, the | Table 6.4 @ Conditions for Saddle Point and No Information
function takes the form ax given in the Figores 62 and 6.3, - - .
‘ Saddle poin No Information
Alternatve Notation I+ Notation Alternative I~ Notation
Nolation
du . T
. I 3 =0 Lol =0 L5 =0 I f,=0
) : dx
-X " 5 du 0 % Fim Ju
/ - oy n B o ly = 2 = 2. f =
- Jy ¥ 3y 0 2.6,=0
v o v , o dlu ; A a 3%
CaxT T ay? boladyy 3. oxl " ov?
- ] , ! i X dy
Fig 6.2 Maxima Fig. 6.3 Minima o du )2 2
& o <) (f.) <0 gu -
W _— dxdy () < 3 =0
¢ vall the point "M in Figure 6.2 a maximum, because the value of 'U' . \dxdy
at this pomt s higher than any other value on cither side of ‘M. Similarly, i
V . ‘n B ' Tl
we call the point ‘N Figure 6 4 ay mimum, because the vilue of 'L “kmples:

this pornt s sma

than any ulher

ue on cither side of 'N*. L L. Investigate the maximum or minimum value of the following function

condivions for maxima and minima are given in =48 - dxT - 2y% +'16x + 12y,
Solution:
_ 2= 48 —4x? — 2y? 4 16x + 12y
0z
i . ™ —8Bx + 16

U= 1y ), then the
Fable 6.3,
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A arhe sl W Merhonds Dyifterential Calonlns
ad 'z = Y (10 - 2x) = 2« ()
. -,_.l. .41
Ny Y - 0 : .ﬁ_‘. ] _d _4: ..m/ y & u o :
Ky @ LR .vw. N :
o = L d .L\V - d (10 - 2x) = ()
« AP Axdy  dy Lax dy
, 8 ) . . % _ 0
S . T % 2 i) ) dy
- dy el ax MW -2y=0
" 0-2x =0 A
f..:..:-: e 2=0 2% % =K - :ﬂ
: _Hd ' e X = .ﬁ W‘ -
dy =~ Id We get the point {5.10)
. ox?’ bw.w dIxdy . )
. nimum value at (2.3 ; ,
TR S Thus. 7 is maximum at (5, 10) and the maximum value
#r @ Aev N PTWE T Py = 10(S) + 20(10) - (5)? — (10)* = 50 + 200 - 25 - 100 = 125.
a’  a \ox ax 3. Examine the maxima or minima of the function
. d [ d _ =3x2 + y1 = 3xy.
A =Yy +12)=-4<( Z b4
v dy m,v &‘A d Solution: ,
£ . - =3x2+y?-3xy
. 9 for 0 . ‘
9t _9 () _ L ( 8x+16)=0 :
dxdy  dy \dx &A . . wlm = 6x — 3y — (D
#’z d'z &z \? 2 3z
: e =L Bx-4)-(00=32-0=32>0 L . —
a3y n.wwwv (-8x-~-4)-(0) = =2y -3x | @
This function has minimum value at point (2. 3). _ L ﬁ -6>0
Mimimum value Ax
2.
hu.m._nﬁmranu|uw~+_ox+_uw WiN.m =250
= 48 - 42 - 2(3)? + 16(2) + 12(3) wu e
= 48-16-18+32+136 ! I.F”| Aivu.mlmﬁxlw%wﬂlwho
= 116-34=82 dydx dy \dx/ oy
4 - 2 2 2 2
2. Find the maxima or minima for the function 9z ¢z - G2 At -
mnau‘.mc.,\lx“..wm. mxm.wwn wx.mw =6X2-(-3)
Solution: ; =12-9
e _ 6x - 3y o s )
x =10-n uuxmug =0 — 1}
a (Hx-3 =~ 18 +9% =0 — M
.wl%‘ =20-2y (2)x6 ® - 3 =) — (4)

Iy =0
¥ =)
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- in the equation (2)
Let us substituting the value af y = 010 the equa

2y -3x =0
200)~3x =0

ix=0

x=0

We get the point (0.0,

u\ =6>0
dx

2 .
o= =250
3y

Thus. 7 is minimum value at (0,0}
3(0)+ (0P =3(0) (0) = 0.

Minimum value = :
4. Find the extreme values of the function

zZ =T +xy-y’+2x+y
Solution:
72 =xT4xy-y 4204y
oz
N = -2x+y+2
gz
¥ = x-2y+1
3
mxw =-2 <0ie, ncgalive
d’z
MJI. =-2<0i.e., negative
o’z J > ¥ ;
dxdy gy TRty F 2)=1>0i.e., positive
The first order derivative Mm and uﬂn become zero.
Therefore,
22X +y+2=( —m
X-2y+1=1 )
Solve the equations (1) and (2)
(Hx1- “2X+y+2 =0 ) A_\...C
@) X-2->2 +4y-2=9 : AM_
~3y=-4
w.v‘ =4
4
¥ =3

e

223

Differential Calculus

Let us substitute the value of y = N n the equation (1)
-2x+y+2 =0
2 hm+m =0
-2X +w =
-4
,lmx = -2
4-6 _-I0
=% =g =3
_ -0 _-10 _-5
X T3x2 T &8 3
_2
*=3
5 &lv
We get the point 3 3
dz d’z 2
qo Lo 5 == <0
a2 2<0 ay*

5 4 i :
Thus, z has maximum at Am i wv and the maximum value is,

z=-x24+xy -yl +2x+y

)-C = D-6) +(xD)-

umm+wlo|+|+|
9 9 9 3 3

-25+20-16 +30+ 12
9
62 — 41 21
= =3 = 2.33.
5. Find the extreme values for the function
Z=4x2 —xy +y2 — X3,

Il

Solution:
z=4x2—xy+y2-x3

oz 0z

mxlmx q 3x? u|u_.|ix + 2y
The first order an_.:.m:,.ﬁa m:a vmnoao Zero.

ox " dy

Therefore,

8x —y — 3x? =40

- X +2y =0

(1) X2 —16x-2y -6x2 =0
(2) X-1->+x-2y =0

— (1)
—{(2)
—=(3)
— (4)



