CHAPTER 9

MATRICES
L MEANING

In 1B58, Cayley, the English Mathematician, invented the Theory of
Matrices. ww: array of numbers (real or complex) in rectangular brackets is
called ‘Matrix' In other words, Matrix is a collection of vectors. Fach Row
and Column of the Matrix in a Vecton

In Matrix, numbers are written i S

juare or Rectangular Brackets ||
or Parentheses (

) or pair double bars |11
NOTATIONS
This v o convention 1o denote Matrices hy capital letters such uy
A. B, C, XX, 70 The numbers which form a Matrix or wilhin a
Matrix are called its "Elements”. In other words. the entries in o Matrix are
called "Elements”. Usually elements are denofed by small letters a, b, ¢,
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TYPES oF MATRICES
1) Row Matrix
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2) Column Matrix
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3) Zero Matrix or Null Matrix
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Matrix” or “Zero Matrin”, Noll Matr i denoted by the symbol ¢ os ()
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1) Skew-Hermitian  Matrix |

A Nguare Matiy A = &) wosaid W be a UShew Henmtan Matrin®,
W AT = -A Thux Mamiy A is @ Skew Heomitan Mauin provided a, = - a
or all
T-M) Orthogonal Matrix

AR moxom Square Marix ‘A’ is called an “Orthogonal Matrix®, il
A" A= AAT = 1 where Lis an m x m Unit Matriy.

T-N) Commutative or Commute

WA and B are Square Matrices and AB
‘Commutative’ or said 10 he ‘Commute'.

L

BA, then A and B are called

7-0) Anti - Commute

1

1T A and B are Square Matrices and AB

- BA, then these Matrices A
and B are said 10 be " Anti-Commute™.

8) Nullity of a Matrix
For a system of homogencous ¢{uation

constitute a Vector space called the
this Null space is called the "N

$ AX = (), the solution vectors X
the "Null space" of A. The dimension of
ullity of a Matrix” A and is denoted by Ny
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(C) MULTIPLICATION OR PRODUCT

() Muluplication of 2 Matrix by a Number
or

Scalar Multiplication

To multiply & Matrin A of order m x p by a scalar or a number .ﬂ..,iﬂ
maluply every clement in the Matnix A by the scalar K. The new Matnx
thus obtained 1s the Matria KA and its orders 15 also m % n.

Therefore, KA = K [a,] = [Ka, |

AeB)-C
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) Multiplication or Product of » Row Matrix snd = Crlama
Matrix or Multiplication of Twe Vectors

Two Mainces A and B (1 ¢ . Coiumn and Row ) cam e muitipied of and
only if the number of columns of the first Matnx (12 A mes be cqual
the number of rows of the weond Matny (1e B ln other words
muluplication of two vectors A and B ic . Colume aad Row) n osby
possible when A and B are Contformabie  [f the aumber of codumes of the
first Matrix 15 equal 10 the number of rows of the secom! Matra them. the
two Matrices A and B are sand 10 be "Conformabie™ for multphxcaton

In the Mainx Product AB A s called the "Pro-Mulupher™ (Prefaceon)
and B is called the “Posi-Muluphber™ (Post-tacwor).
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4 -3
p -2 3
§ 1 -2 : qc=le 2 -1}
- 6 -4 |an
1. Given A= .M-m N_ml w -9 8 0 -4 3

show that (i) A (B +C)= AB + AC
(i) (A+B)C = AC +BC.

Solution : — g B P
8

0 =l-9 9 9||1! -5
iy AB+C) ﬁm o 3 7 13 1

ﬁmoi_. 14 -40+8426  32-5-22

45499463  45+72-117 _36-45+99
20-33+63 —30-24-117 24+15+99

1% =& 5

uﬁ:q 0 1% \ — (1)
60 -171 138

ﬁ 1 =21l =2 3

-9 9 9|5 6 -4
6 -3 9JL7 -9 8

84+45-14 —-16+6+18 24-4-
—9445+63 18+54-81 -27-36+472
6-15+63 —12-18-81 18+12+472

|_ w a

uTo :ou |A§
54 111 102

8 1 -2 4 -3 1

9 9 9 6 2 -1

mlmc crau

AC uﬁ
MH??: -8 816

30450 7741836 H9477
WAB0 18-6-% 64H2T

I_\_ _
2 —(3)
\os 16

17 -6 5§
AD+B)=AB+AC=| 117 o I8

Therefore, A (B4C) = ABAAC.
60 171 138 i F d

Madrtces
364
i _ 4 -3
(a+B)C = _m 5 6 2 |
~12 B () 4 3
3o~ 640 <27 . 4
- = .ﬂ _w .
=|-16 490 + () _M+.i...w: a+ ._ + 3
527240 -39 .9 1= ta v Iy
2T =24 -68 134924 5)
3 -33 13
= 22 4
M:a:_ 76 =4l
(8 1 =27F4-3 i3
AC=1-9 9 9 6 2 —|
L 6 -1 9 0 -4 3
[ 324640 244 248 8-|-6 W14 |
=| 3645440 27418-36 99427 = [1x 9 9| (2
L 24—184+0) —18-6-36 6+3+427 6 60 36
-2 3 4-3 |
BC=|5 6 -4 6 2 -1
L7 -9 ¥ 0-4 3
41240 -3-4-12 14249 £ ~19 |2
2043640 15412416 5-6-12 [=| 56 13 -13 —(3)
28-5440  -21-18-32 749424 =26 -71 40
0 -33 13
()+(3)=AC4+BC=| 74 22 -4
20 131 76

Therefore, (A+B) C = AC+BC.

’ X
B let A = _\ .A_- .HN “—_ and X = —rxm_“—

Caleulate AT and IX.
Solution:

>_.,_._ w_._ 010
L0 -24. 001
14040 D4 120 .::.__ — _
N _ 0 240 04044 .

a0+
x| = ‘_;:_. _ —
0+ xy
=\

; _:_
;a—:_ ; R
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Anuwerd :
Al = ._, ... __.— Iy = _ 5
b oA - ” .___ Cnhaw il AL SA Y=
Nolution - - b — i— - _
A" = _.— — _,__,._ Vol 8

) T.._—
A wT._ . EE ]
10 —:.
no=tlg1]”lun
Y & T _..,.___,:
ASA =] CTTE Bl T

. ‘ 1 ..:_ _::_::
ALSASTE =g 1ttt doo
PROPERTIES OF MATIIX MULTIPLICATION
A Mateie Multiplication is astocistive
e AN ) = (AL
by Matriz Moluplication iy not :_5__53 Cominnbative
1e Al # BA

o) Multiphication of Matrices s distribative with respect to Addition of
Matrices
be AARAC) = ABAC,

d AD=0A=0
THACE
The sumn of diagonal elements of » Dyuare Matriz A Gagy + gy 4. Vi)

i called the “Trace of A" The Trace of 'A'is tlerwited Tw Trim).
Frxample:

q‘
WA= 1:.. a‘._ﬁu._:}gka«c..wnq
4 -7-5] , .

We threrve that the T

| . ract 1w defined only for a “Sguare Matrix”,
I'he Trace satisfies the following Properties,

1 Tr \\\...rmnh =Tr m_.‘..__.J..—_. ;“»
N... »—.H ‘2 . ) ‘Hm—-h..n_ﬁ.-.;
w‘ Tr ...b.u-n._u “uw.u,‘mu\..\

4 i - -
) T =TrICAC), when Cis 2 “Non-Singular Matrix”.

.::i. i

AR }21_.:..._., { .
! WA Ma
Ly
i Now M,
| R U ITITR
TR RTITI TS :_____

e Panapiee AT AT Al
T ol Mt A figve
NIRRT

il s__:__ il

e
Fhat 4, il

___:._:__

P sl |

___._: i | m il e

_:_:E__:_ fnbey by ___:_:__:f. ot & ?_.._::_:_ o abialeinag o
A a & 2

.__z_____::. A =iy o by A i A

>_ in .}_ -- __:__.v

rnmplen
Wiy gy
(A R Dl A

Wty iy

;__ :_-_ “__._

>. - :____ __.,... .__:

_-_, | T ::
Vo
20 AT A =y
ol

VoS
Thereloe, AV = —\,“b ____

._._.
A= )] e ar

A= 87
99
Fropertivy

A) The Transpose of the Transpose of a Matriz is the Griginal Matriz. e
(A7) = A

mr.::—._ea" ‘

P2 3 147 Jidd
LitA= |4 4556 AT= |258].A1) = am”q

T89 369 187

3 ; 3
M=.> - 71 }._ i _mqm_. __\J.q‘_‘— = M "

M- . % :_. the
B) The Transpose of a sum of (W0 Matrices (A and B) s the sum
_aﬁ_xuwﬁ of the individual Matrices. »

.._.ﬂ‘. ﬁ>+m~.~ - ..__r.— + w._..
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Examples:

1 2 _H,ﬂ_
1. IfA= H..“ pu_u:m B= -

6 10
:c _ﬂ (A+B)T = r 12

3]0 i -5

=

_verify (A+B)T = AT+ BT.

A+B

__P.ﬂ.fmﬂ

Therefore, (A+B)T= AT+ BT

35 -7 135 .
3 WA= T 3 3 |andB=| 79 1 |, verify that (A+B)T = AT 4+ BT
B 1791 -35-5
7 8 -7 216 4
A+B = (16 6 4| . (A+B)’= | 8 6 <4
4 44 -24 4
397 -1 7-3 2 16 4
AT+BT= | 53 9|+ [ 3 9 5| =|8 6 4
-7 3 1 515 24 4

Therefore, (A+B)T = AT + BT,

C) The Trapspose of a product of Matrices is the product in reverse order of
their transposes.

Le. (AB)T =BT AT and (ABC)T =CT BT AT,

Examples:

DIfA = |3 | adB= § 7 | verify that (AB)T = BT AT.

AB = [1X0+2x6 1x- H+mx.; 0+12 -1+ 14
T L3%0 4+ 4%6  3x-1 + 4x7 0+24 -3+28

12 13 12 24
T —
24 25 (AB)! = 13 25

06 1 3
T -
. -T L = T L

BTAT TEL& oxw;xﬂ_ 0+12 0424 12 24
L1+ 7x2 ~Ix3 + Tx4 ~1414 -3428 _u .ﬁ

Therefore, (AB)T = BT AT,

,

367
2. :>nﬁ sawuﬁ_w .
2 2] verify that (AB)" = g1 AT
Nx_+:\ ,
>wnax_+wxw wa+_wu 2+2 64+ 77
2 4x343y ﬁ
_x_+ox.“_ : 2 =144+6 12+6
H— < X3 +0x 2 L1 +0 340
4 1
T _
(AB) = ﬁm 18 3
1 2
T 2 4
B [ 3 L %u_”_ 30
mﬂ>4n-dxm+mxm IX4 + 2x3 | x] + 2x0Q £
| 3x2 + 2% Ixd + 2x3 wx_+wxou_
H-N+N 4+46 1+0 410 1
LB+ 12%6 340] =

8 18 3
Therefore, (AB)T=BT AT,
D) Transpose of a Product of Scalar (e, a Complex Number) and a Matrix
1s the product of the scalar and transpose 9q the Matrix.
ie., (KA)T=KAT,
Examples:

L. :PH_HM _an and Kis 5. verily (KA)T = KAT.
-s|7 8 +_ [35 45
KA =5 _H 9 au_ ﬁ& %u (KAY= {40 50

7 9 35 45
T _o“_ ﬁﬁ-u: _L TS 50

Therefore, (KA)T = KAT,

AT

2. IfA n—‘, w_ WH_ and K 15 9, verify that (KA)T = KAT.

2, 2 13 18
A H_HNH NH_ Therefore, KA =9 Hm nu_ =lg 3¢
T 18 9
(KA =] 18 36
211 m aa‘?au@mm H_ H 8 H

Therefore, (KA)T = KAT.
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The Conjugate of a Matrix

; . on replacing its
The Martix obtained from any _E:.:. Zuﬁh ﬁawna is called the
elements by the corresponding conjugate COMPIE:

g .« A" and is denoted by A,
“Conjugate Matrix™ or " Conjugate of the Matrix A” an

= ' ) ) — —
Thus, if A = [ 4] man TN A= [a,] mam
where. .

a, is the conjugate complex ot 3.
If.Abea au.E,., over the field of real numbers, then
A=A

The Conjugate Transpose of a Matrix

The Conjugate of the Transpose of Matrix A is called the " Conjugate
Transpose 2.‘.,’” and is denoted by A .

Obviously. the conjugate of the transpose is the same as the (ranspose of
the conjugate.

ie. (AD=AT =A

Example :
1241 3+21
1. HA=| 34 3 -3i| then,
-2 03 -2
1 24 3-=2i Tl 241 3+2i
A=]3i 3 3i|A)T=|3-i 3 -3
3+ -3 =2 3-21 3 -2

il and (AT =| 34 I =3
2 -5 -2 -2 3 -2
ERMINANTS
A Determinant is 2 number associated with a Square Matrix. It is
denated by AL (

\

A) First Order Matrix
For example, if A = (3], then 1Al = 3.
B} Second Order Matrix
The value of a2 Determinant of

product of the principal diagonal ele

3 Second Order Maurix is equal to the
elements.

ments minus the product of off-diagonal
Examples:

LifA=| A

an m.mu. fnd AL 1Al = a; 2y, - I Ay

. S

369
~=>um~r~ |
3 4 |-findiAL 1y =446 = 10
w.:>um_m
2 4] fndlAL la1s gy o
C) Third Order Magriyx
Examples:
an a3 a),
1. HA=|ay a,, a3, find 14|
31 a3 ay,
a4, a
Al = a;, _“mmw e -1, Hmﬁ mBH +a n fay
3 Ay T Lay ay H 3y ay
=30 (2 233 —ay; ay,) A2 @n ay - ay) ay)+a,, (@) azx-a3; ay)
= An A -2y ay 2y, - ay ay, B33+ A2 83 4y + ay3 2y, 2y
= d13 a3, 2y,. o -
21 37
2. fA=|4 5 ¢ , find 1Al
7 8 9

SRR P

2 (5 %9 -6x8) -1 (4x9 — 7x6) +3 (4x8 - Tx5)
2 (45-48) -1 (36—42) +3 (32-35)
2(=3)-1 (-6) +3 N=-6+6-9=_9

z
no

1 2 3
3. Evaluate A={2 3 | =-12.
3 2
Al =1 (3-2) -2 (- +3 @-N=1+2-15=-12.
4 2 4
4. IfA=|0 1 4. findIAL
0 0 4

-

Al=4 @- 22 (MO =4 D) -0+0=16

[i.e.. product of the leading diagonal clement

s, since given Matrix is a
._,qasmapﬂ Matnx).
200
5. FindALitA=|1 2 0}
3 21
IAl=2(20)-0+0=2x2 =4 lie, the product of the leading
diagonal elements, since the given Matnix is a Triangular Main]

.
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Mathematical Methods

D) Fourth Order Matrix

1)

a

b)

2 21 4
g8 7 1 6|. qial
=>H" g 6 9:?
)
S g | 6 g 7 6 8 M Mg
_,_7,~,...+__moi._m.=
2((7(34-0) fquam.:+?5-.wf_

= =0
2 (7(54) -1 (1) +6 (- 50} =2(378 - I8 - 324)=2(36)=72.
2(8(4-0-1(

- 54) + 6 (0 - 50
]
=-2{8 (54 -1 (- 45)+ 6 (- 54))
~2 (4324 45324} =-2 (153) =~ 306.

R(T2-54)-T(9-54)+6(9-72))

1 (B (
1 {8(18) -7 (- 45)+ 6 (- 63))

1(144 +315-378) = | (459) - 378 = 81

LEElmS-.IOlm.S...:clﬂm:
L;TE.LTKI_T%:
- 4(-432 4378 -63)=-4(=117) =408,

Therefore, IAl = 72-306 + 81 + 468 = 315.
Properties of Determinant

A)

If any two adjacent rows (or columns) of a determinant are interchanged,

the value of the determinant changes only in sign.

Examples :

I

2

1 2
:>HT L JAI=2-6=-4

Matrix after interchanging rows

-

m.o.WH H..w WH _W_N@IMH.“__.

4 8
:}nr L.S_umﬂlmunum
Matrix after interchanging columns

) 8 4
ie.,B = —Hm 6l IBl = 48-200 = 28,

Matrices

p) If the rows and column 7

s of _
Matrix). the value of the det a aann_.:.::m::

erminan; pa are Interchanged (Transposed

not chan ge

e — or
‘_.n_z,u__.%”mm_% _w\_qu,Ww:“M: _,hm_ u_ _NM“; 'S the same as the determinant of the
Examples :
. A= “ _M JAI=70-72= .
AT = m _NH IATI=70-712 2 -2,
2. IfA= ”.,H m_,u__>_up|_wu1_a.
Al = HM .w“._?_._u.T_mnuZ.

C) Irall the elements of any row or column of a determinant are multiplied
hy a scalar (K), the value of the new determinant is K times that of the
original.
or
If all the elements of one row or of one column are multiplied by the
same quantity, then the determinant is multiplied by the same quantity.

Examples :
; 7 4
1. A= 2 L__>_uq-mn|_.

If we multiply the first row by 3 (i.e., Ry x 3), the new Matrix is Huw_ _wH—
Determinant of the new Matrix = 21-24 = - 3.

8§ 3
2 :..Pﬂﬁo g LAl =32-18 = 14,

; 8 3
If we multiply the second row by 4 (i.e.,Ry x 4) the new Matrix is _”m.u _ou_
128 - 72 = 56.

Determinant of the new Matrix

1l

3, =.>um w ._>_u;-z

.. 20 2
If we multiply the first column by 4 (i.e..C, x 4) the new M atnix is Fx 3
Determinant of the new Matrix = 60 - 56 = 4.

4. If >u_ww WH_ ._>_no|¢n1.».
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. Matrices

x 1) the pew Matrin s

D) I ey M
irti;i-;..
Fynmples o s ol

- - ! L A

2 ')t—m ”~.EIO-OIG 8
E H ol A=) (6-4D) SR - 1K)+ V(42 - 6)
& . . L -
eV .5..:5_..._3+_glc.
Matrix s muluple of another row (or

E) Y onc row (o colyma) of #
Columnr Bn.liinlgn-u_!z?.pu:.

Examples:
l __u.u—‘m “H.El_-u;lc
2 _;.—u H& Al = 80 - 80 = 0.

F) ¥ e addition or subtracton of any row (of column) to another row (or
cobamm ). the value of determinant remains unchanged.

Exampies
| _;.T,E.E.Pw.-w
2 3
The mew Matrix afier the addstion of row (R, + R;) IH:.N ?w“—
2 uu—
.T 4 ]
Determunant of the new Matnx = 6-9 = - 3.

-
2 __.)u_a MQ.E-NFuucnun.

Determinant of new Matrix = 6365 = - 2,

7647 7 _J
The new Matnx aficr the addinon of columns (C,+C)) = uf.uu_ﬂ_Hu 9

3 _;.? L.E;r.?:
The new Matrix after ‘
t!’ﬂ"iaﬂ.ﬁ._ = Ouu q-
-5 13

5 8
L |

gwge&inifrgnlumhlu:,
£ 3
4 __.)HHM L&.Sluu&lg
The new Matrix after the Eoﬂ.ﬂcﬂ:iﬂiaﬂg-n_.

-2 2-18 )

Determinant of the new Matrix = 16-(-|0) = 16+10=26

G) If any row (or column) consists entirely of reros, determinant
will be zero. N S

Examples :

00
I _;u_.u L.E..f.-a nira=|3 E_E-o&up
H) _:Z!:aau._.aha-e_lg.sﬂsugiwiSE
product of the elements on the leading diagonal.
Examples :

4 2 4
I. IfA=]0 1| 4/ findIAL
0 0 4

Al = 4 (4-0)-2 (0)+4 (0) = 4(4)0+0 = 16 (ic.. the product of the
leading diagonal clements 4x1x 4).

2 00
2. IfA=|1 2 O} findAL
. O

Al = 2 (2-0)-0+0 = 2 (2) = 4 (i.e., the product of the leading diagonal

elements 2x2x1) .
1) Determinant of the product of Matrices is equal to the product of the

individual determinanis.
i.c.. IABI = 1Al (BL

Examples : : =
- . “E
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L

g ote & % 4 cap A= - 2
aE —. ! ! il .—._!ﬁ . 53-8
L 3 - . - -
h ' i j= 2 X{= bvlluh.
", : oig inBi=2
LY n.;wa.”aﬂot.,ﬂ.;.

% 1 i+ (ABI = 1Al 1B
2 uaxl, L!;.T 3]

.,.U 4.:

-._.}ul:.o .?a.l m H

.&—,”” ._;,..:L n—.ué 12454 = La2 66
(5 - wil -

-

AR e d62 -3 = 2640
b-di 2 e 63
A= = - 42 and Bl = 63-0
Thesefore. (A [Bi= 42 x 2 = 2646 Therefore, |AB! = Al Bl

RANK OF A MATRIX

The #art of 8 Matrin A 15 defined as the maximum number of lincarly
mdependent rows (or columns ) 1n Matnx A That 18 the number of Non-zero
Veciors (Noo-sinpular Matna) Rank of » Matrix s denoted by -.:_:_ ._48
Rank of 2 Matris canngt exceed the number of rows of columns whichever is
sualles  The rank of "Null Matnix® is ze10.

Rank of First Order Matrix
FExamples:

I WA=[} thenr(A)=1

7 HA=|0] thent(A)=0.

1. WA= thenr{A)=1
Rank of Second Order Matrix

Examples:
I Finad the sank of Matrin

y -8
>-_ 2 L_
A= 15 C4)= 1%44= ||

The determinant of the piven Matiis 1o )1 Ia:nu. e piver Maithix
containg a fon singular Mais of viler

Thesefone e 1ank of Matis A e (A)=?

] L] ‘ v
o Eind the vank of Mansis A= — noA AL =19 1) =)

Ninew the given Maigiy §s sl fe
tanibrnarsin ) Vhon v duge
et ) (A) 1 )

e conailey o fval o) Matiia
PIAANE OF P fak onter Matiis 1 o 281

!..-—. noes

75
n‘igﬁnﬂilugrn!oa
3 )
_‘_}_,N.vvl.OHD.
noe the determinam & 7oz, | ]
S ,.n.,nnwina;u#{ﬂ,??_ue

1 23

Since the given Matrix 15 ner 3 4 M
defmed  Thercfore. let us comsider the sytymuy awwuﬂil.iﬁ

4 Find the rank of Matrix 4 = | 40 J

1_homu Uﬂshg"lr_.ulwﬂé‘
Therefore, 1 (A)=2
Rank of Third Order Matrix
Examples:
1 4 0
) Findtherankof Matrizo A= |2 5 0
360

1Al = 100-0)) -4 (04)) 40) (1215 ) = G4d) = )
Since the determinant is zer0 ie, the given Matrix is singular. |2t us
consider the submatrices of order 7.
4
Tw mH_ Determinam = 5-# = -3 £ (),
Therefure, rank ¢ (

>
n

.

12158 |

2. Find the rank of a Matriz A<{1 2 1 *
11

Sitice the given Matria ia it s squsre Matriz, deteriminmt conmol be definesd
Therefore, let na conaidet 327 Maitis

7 1 3
Do 2 3] =289 34 )53 2)= 2 =0
1A
LI |
M (2 4 3«08 m) Sa0a) Y= M) el
143
e TR
Wy [ 4 9| sdtia A RN RN AR R L
(T
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[ A I 1
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Do i e vankoob o Moty A = .” __, .. “ﬂ
LA L L

LR L A N I R R R T
Phorehow DAL = PR 0 00 )4 k- oY)
o e |e|
S et b b i ik of Mabiis | AN IR

RARIRERET)

—.. ’ .d_:._p': _.:___ i _1_-:_-:. Hd

W By i PRl
IR MR S A [T TR T

AT X T Y
TN

LT TR I TP Y by Mo R

LAY I T XTI L1 (TR T _:___ el b b R L A
SRR AL | ITPRRRTITYY I TAY SRS

LT TRTRN ,________,_:. ;_ ::__ IR IR
. ..d

LR R Feovallid e Mg Ul
b .

My ity
I .-._ ;.. w'_._

il T e W
Wl Wi

;: .:. Ny

UL AT T AR

iy Ly
Are g it i Mg W e My
il 0oty
T b bl Hye L [T My b, ?:.
Moy oy
Ny Ay v alld i Myl LR z._.
Ny s
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Kig iyt B vt e MG o ngg b, M
TNt e N
ik Nhd Fovabtiend the Mino ob pey e My,
TRl the N
Wy iy PRI e Mo ot iy e My,
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80 Marhematical Methods
ADJOINT OF THE MATRIX OR ADJUGATE O THE

MATRIX _ "Adjoint of
The Transpose of a Cofactor Matrix (A is called the Adjoint ol the

Muatrix A" or "Adjugate of the Matrix A" and 13 denoted by "Adj A"

That is to cet Adjomt of a Matrix, rows of the Colactor Matrix should
be conserted into columns and columns of the Cofactor Matrix should be
converted into rows
INVERSE OF A SQUARE MATRIX OR MATRIX INVERSION

A Marrix ‘B is said 1o be the “Inverse of a Square Matrix A" il it
satisfies the following property !

AB = BA =1 (Identity Matrix) i.e., AA"T = A"1 A =1, In other words,
one matrix is the inverse of the another if and only if (iff) their product is the
Identity Matrix. Inverse of a Square Matnix is denoted by A-'. Inverse of a
Matrin is also called "Reciprocal Matrix”. Only Square Matrices possess
inverses.  The necessary and sufficient condition for a Square Matrix 'A’ to
possess an inverse is that,

IAl 2 0 ie., A s a Non-Singular Matrix.

Computation or Formula for the determination of A-!
e oA o _AdiA
Al = _.u;}&._poﬂ. A = Al
Steps to Compute Inverse Matrix
1) Check that the given Matrix is a Square.
2) Find Al of the given Marrix. If |Al # 0 go to the step 3. If IAI=0, we
cannot find inverse,
3) Compute Minors (M;;)
4) Compute Cofactor Matrix (Ay)
5) Compute Adjoint Matrix (Adj A) i.e., Transpose of the Cofactor Matrix.
6) Compute Inverse (A1)
7) Check the Inverse by using AT A=L

Examples:

ﬁ‘ﬂﬁaﬁgcﬂﬁomaﬁzmﬁn}nﬁw W_H_ y
Solution:

Step 1 : Find the determinant of the given Matrix. -

2 1
gﬁﬂ.ﬂ“,wﬂruﬁu .&H “W\!wﬂm.

-

Since 1Al = 0. the Matrix A is invertible. That is if IAl = 0, we cannot find
EEVETSE.

Mattrices

Step 2 Compuie Minarg 4
Miu=4  M;a; M=

' . g n =
Therefore, Ming, ie., M, - 4 J 2=2
] ‘_ M

Step 3 ; Compute Cofacior M

atrix,
Apy=4 Ap=-3

Ay =-| Ay =2

Therefore, Cofacior Matrix je A. — _,‘ 4 |u~
e =

Step 4 : Compute Adjoint Matrix j e

-» Transpose of ;
Therefore, Adj A = _” ¥ = H_ pose of the Cofactor Matrix.
-3 9

Step 5 : Compute Inverse,

. 7 ..—
At =AA . A
1Al ‘& divide each element in Adj A ‘ e
il | ] A by the value of the Q » ﬁ
4 -1 S
>|_ i M H nﬂ _ u i M M ~ —..
S5L-3 2173 2 ._
3 5 L.h..;.r
Step 6: Check the inverse by using A-1A = | |
4 -7 w.
5 5 T _u H_ 0
=3 2 3 417 Lo _”_
5 5

2. Find the Inverse of the Matrix A = m w
Solution:

e
o
-
pm——
»

Step 1 : Find the Determinant of the given Matrix ,. \
. IAl =10-6=420. : [

Since the IAl # 0, the Matrix A is invertible. 9

Step 2 : Find Cofactor Matrix. Ry

-3
Therefore A= MMM m“_
Step 3 : Find Adjoint Matrix i.e., Transpose of the Cofactor Matrix.
; 5 |mu_
.-Pﬁ-._ A= ﬁlm M
Step 4 : Find the Inverse.

At AdLA
~ 1Al
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Mathematical Methods

4 0 2
ofA= 7 10 1L
1. Find the Inverse ﬁu 9 I

mo.-“..a_m-”&zu Determinant of the given Matnix.

!E.-t_o-_m,-oaaofu:m-wﬁ:
«d-8)-0(-4)+2(-12)
s-3-24n-%al

Since |A] # 0, the Matrix A 15 nvertible.

Step 2 : Find Cofactor Matnix.

-8 4 -SH_
=| 18 -2 -36
o ﬁuc -4 40
Step 3 : Find Adjoint Matrix i.e.. Transpose of the Cofactor Matrix.

-8 18 -20
)9)!# 4 =2 -4

~12 =36 40
Step 4 : Find the Inverse.
r -8 18 -20
oo oAtia [0 ;
N -6 |_12-36 40
£ 18 -20 8 1820
-56 -56 -56 56 56 56
4 2 4l |4 2 4
156 56 s6|7| 56 56 56
=12 -36 40 12 36 -40
-56 -56 -56J L 56 56 56

¢ -1 2
4. Find the Inverse of the Matnx >u—‘,— -2 .,.”;.
3 = =)
Solution:
Step 1: Find the Determinant for the given Matrix,
IAl=0(-2 +3) + {1 +9) 4201 +6)
=01)+] (10) + 2(7)
=10+ 14=24 20,
Since Al # 0, the Matrix A is invertible.

383

Step 4 : Find the Inverse
>|_ = ||._I.I.)_ﬁ_ A

=

T 4
24 24
=10 -6
24 24
1 =3
PL

1 3 -4
5. Find ihe Inverse of the Matrix A uﬁl_ -2 _H—.
2 4 -
Solution:
Step 1 : Find the Determinant for the given Matrix.
Al = 1{10-4)-3(5-2)-4(4 +4)
=16)-3(3)-4(0)
=6-9=_320,
Since, |Al # 0, the Matrix A is invertible.
Step 2 : Find the Cofactor Matrix.

6-3 0
}.c" I_ w N
-5 3 1

Step 3: Find the Adjoint Matrix, i.e.. Transpose of the Cofactor Matrix.

filob
AdjA=|-3 3 3

0 2 |
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A = -m -9 m 6. IF‘«H"EPH:; w_'u 'ﬂmm W_
a 15 -1 23 L1 Qu -
Sy 3 Faw o Adyorm Wimrn, 1 Transpose of the Cofacaor Marix. 2 1 -4 [s -3
o e g 7. Verify (ABf = BT A7, where A = ~ 3 1 imen=ly 7 &
PO ke . 15 ¢ L2 1 .4
LS 5 3 -2 7
Pfll—al'iﬂrnT -1 M._
,’ Fmd Inverse ’L.E -2
- 2 -2
2 ~-3131 9. E?rﬁ:al:l?.uﬂ_ o -&
s [7-3 24 24 u 3 4 0
Aex% | 73 -nf.| 2--3 -1 2 4
3 R Y 10, Find the loverse of the following Matrn A= 6 2 |
2 3 E 4 2
U 24 34

11. Determine the lnverse of the Matria )UT

-21
i 2
1 4 2
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386
TIONS

SOLVING A SYSTEM OF LINEAR EQUA
A) MATRIX INVERSION TECHNIQUE —
[) Two Simultancous m__sbzc...m in Two Un

Let A X = B be the given equation.

-1
Premuluiplying hoth sides by A ]

1TAX =A'B o
Q.”,.._ AX = A-'B ... (Since Associative Law)

IX =ATB ... (Since A A=10)
X =A'B |

Steps to Solve the rr.nu_.‘m..__i:c_.m

1) Write the equations 1n Matrix form .

2) Find the Determinant of the Coeflicient Maurix, 1f 1Al # 0, go to step 3,
T e if 1Al = 0, we cannot find inverse,

.ﬁ_‘uc:_v:_n7_9.:.:_,.17\:._#.
4) Find Cofactor Matrix (Ay).
§) Compute Adjoint Matrix i.¢., Transpose of the Cofactor Matrix (Adj A).
&) Find lnverse (A™Y).
7 Multiply the Inverse Matrix (A 1y by the Constant Vector (Bie., A\
AV B
Examples :
I Solve the following set of Linear Simuliancous Equations. -
i+ Mg w8 ioans s (B
Nx, -5% =6 ........(2).
Solution
Step 1: Write the above equations in Matrix form.
IR
11 -5 X - 6.
w X ®
A - Coefficient Matrix
X - Varable Vector

B - Constant Vector i
Step 2: Find the determinant of the Coefficient Matrix.
2 3
i — I ,_
SAlE-10-33m 43 ()
Since A # O, po o step (1),

Matrices
| 187
Step 3: Fingd Minors
g__ = J.m g
=1y 12 =11 M, = 3
. v My =3, Mp=2
My =[5 4
i 2
wne_u}an Find Cofactor Matrix.
1= Im. >_m = I—_. >w_ = Iw. Ay = 2
A =5 -11 -
L R

Step &: .TJ._E_ Adjoint Matrix (Adj A),
€., Transpose of the Cofactor Matrix.
152
=1l 2
Step 6: Find Inverse (AN,
-3

5
il BALA | —JJ % TR
1Al A4y L-11 2 ]F 0 )

. 43 41

Step 7: Multiplying the Inverse Matrix (A 1) by the Constant Vector (B)

=8 =37 Ia A 5 u i
o ) ,_
le.XmatB| 43 43 * 43 _A_.: :v
ﬁ _

Il 2 I S e ,
- 43 -43J L 6l 4% uv.‘ﬁ 43" ..v
-25-{8 - 43°
43 , 43 |
~55+12 43| —._
43 ] 4

BuX=A'H

§ X 1] .
Le., — x._ - — _ — Iherefore, Xy = 1 and x, = 1,

Proof :

Substitute the value of xy and x40 the equation (1)
A0+ Hy=45 .
2+1=8
£ =5
Henee, answer is conect

2 Solve for x amnd y

ik +ly =7 .. ()
dx + 2y =10, () &



—

L

Seluticn:
Step 12 Wit i al\ove ogquatnoas W Mawrix

HNINEY
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A \ B

Step 3 Foad the dewrmunant oL

’.—‘_ ..—

Wed 1l Seb

“oelforent Mamn

-

Smce WA 2 L po N sep (D
Srep & Famd Coiarne Namn

[% i

Shep & Bnd Adowst Matna de Transpose of the Cofactor Matoy

.,,._
4 2

Step & Fand lavense (A1)

r S, | | )

AgA L[ 23 5 8] |4 -8
A= ﬂ_._._.ﬂ_”....,._- 4 2% 2
41.. p.. ..N -—

Step 6: Muluply the Inverse Matnx (A~ by the Constant Yector (B).

[l =X 2

- s
X=A'B = |

> 4) Lo

AU; .Q A ' 20
Gy (o

7 =30 1480 -16 2

L+ S| _| % [ _|-8].
-7 10| T -14k10 -

2% 4 A -4 1

BuuX=A'B

<11

Answer: x=2andy =

Proof :
Substityie the value of
Xand y
Mg + I equation (1)
) & () =
& . _u =)
. - -

Henve, ihe
I Three s
SMmultancouns | 9
! Anear K
Examples: Fquations in Three Unknowns
1. Z..sz_.
N oA e

ANsSwer s cormect

W By e S m ..ua
) , = A s (J)
- \ 2 | p:

Solution:

Step 1: .5.:_., the above equations in Matrix form

“

2 -4 3 X N

16 8t |yl =f2
2 |\ 1 : 1

(A (X) = (B)
AX =B

Step 2: Find the Determinant of the CoetTicient Matrix.,
AL = 2005 44 44 1) 141D
2D+ 3 (R =24 - J=Q
Since 1Al # O, go o step (D
Step 3 Find the Cofactor Matrix,

[ 1 -6 -%
1 ]
L-2 2 4
Step 4: Find the Adjoint Matnix e, Transpose of the Cofactor Matrix.
[ 1 -1 -2
6 4 2
-% 6 4
Step 5: Find lnverse (A
] =1=d
2 i 2 1 -1
1 -1 =2 ) ; 3 !
6 4 2 2 2
.-woa £°6 4 -4 32
, 7 2 2
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. «ctor (B). q =2(-3-10) -4 (-
‘ 1y by the Constant Vector { : 12) =1 [5 -
Step 6: Multiply the Tnverse Matix (A DY =2A-13) 4 (-11) - | (5418, ,ﬁ _Nxh_
d Since . =-26+444-23= - 520
TEE 1 A”f ....V+ A w.xw + (-1 x1) .r.::,r:z_ﬂ:.x:_:m_n__awu
7 3 il | x| ; —
X=A"B=|", 5 2 (~33) ¢ G2 mu * _m | ) Step 3: Find Cofactor Matrix
ER (4 x3) + 3xD + X )
yAeL <2 10} 33
F 3 2 -2-2 0.s Ay=| -9 & 14
il P 2 - |4 5 -5 -0
il e 04441 4
St 1 Fi SO T
[-12+6+2 . 4 ep 4 Find Adjoim Matrix, i.e., Pranspose of the Cofactor Matrix
(=A'B | 1IN 9 5
But X = A - sl 17 :
e “..# - ...—. 23 14 —:
- 3 a4

Step 5 ¢ Find the lnverse
Answer :x s - 0.5 y=-4and 1= 4,

1y -9 %
Proof : Substitute the value of x,y.2 in the equation (h Adj A 1¥3-9  § 3 3 -3
IAyddr =) Al <AILA L K -8
IAl 5 11 & 1| =
20.5) 4 (-4)+3(4) =3 23 1410 =
YA _J.. _.._. (0
q
1613 =) Step 6 @ Multiply the |
‘o L PIy the dnverse Mateix (A1) by the Constant Vector (1) | e
. 13 0
Hence, the answer I8 correct . 4 “ 15
2. Solve the following set of Linear Simultaneous Hquitions: % = AE o TR B
Iny + Axy K w18 i 5w o s o6 N . 4 5
Ry My ¢ Dy =B s cna e (@) 21 14 -10
, L 5 s - 8.
a-ﬂ_ + Jﬂh Ry = .M.: R B Hﬂv. & = ).
5 . 2 i U \ oy
Solution: A > _..v _ A L ) A Y .:.v
Step 1 : Wnite these equations in Matrix form, g y
I ] 4
2 4 1 [x 15 - .,.._._.v. 5" JV_A g% 28)
1 -] 2 Ky | ™ 5 2 11 10)
6 5 | X W, ﬁ!A 5 " _Jv‘ PR )v. A . M ‘.zv
Step 2: Find the determinant of the Coefficient Matrix, [ =193 43 140 193 + 43 ¢+ 140
Kelf a4 @ 165, A0 140 1 165 40 140
6 5 | = 5 -] b 5
45 70 K0 M5 70 0 2K0

W e i g 8 s
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fnﬂ'iﬂ.-
T, e+ b8 -85 15

5yl 1 3% e eqpuanion (§)

148

v, 0 Y Yk, |‘f.!m_m
. é

4432-1=15

Ml..“ <

-medz =5 -(1)

seh-% =% _......... (7]

(S S N P — A3)
Sl wlak

Suep 1: Wrte e dhne couatons in Mawix form.

2 -3 ....n,_ _‘
I 2 m \.
H

..
Ll -1

rnnm!ﬁnﬁnﬂi &lgﬂlfﬂ.
_wm -3 4]
A=l 2 In“
L -1 )
W =2-2-3,+31-1+3) +41-1-2)
=-10+6-12=-22+ 6=-1620
mlnf?uo.masxnvg
runml&nﬁ&wuﬂ,g
-5 -2 -3
?“—\!ﬂ -6 -]
L1 10 7

bes

pr—

R

‘&w‘\w\\& ‘?.W

ey 4. Vindt 00 hsynae Wiasis i 4 W tamgrna of G Contlusimn Maein

. % -7
AMirs!-2 4
L-3 -1 71}
Bley S Find v Snrerse
2 2 1
15 -6 -4
>¢l§ 1 AHM .HM _m_“l 2 % 18
w6 |7 -4 -6 16
-3 -1 1) e
3 -1 7
R i
Shep & Mindtighy the lmvere Musss (A7) by e Comsizet Ve (8B)
- S S, &
16 16 16| |3
£ 2 6
A=ATPE % % 6 3
2 L T i
i 16 -
-5
m\ 5 &+ NKMQ At_m\ _v

z L
= _o\ et .u_au )

me.x 5 & _Pmlx E s l—mk _v

25 5% 25 + 56 — 1
:.+ + 1_ov 16
10 .la 10| | 10+48_10
= a+ 16" \I6) | 16
15 |+A v 15S+8-7
-;.+ -16 16
80
16 3
h.ﬂ ,
= . = U
16
16 1
]



