
UNIT-V Replacement 
In real life we cone across a number of situations wherein items are to be-

replaced because ot their inefficiencies to serve economically or because of 
sudden failure or break downs. Hence there is a need to determine a most 

economical replacement policy which will help to serve most efficiently. Generall 
we come across such replacements for machines, trucks. electric bulbs. fuses 

etc.. and in problems of mortality and stafting. 

There are two types of failures that are considered in replacement theory 
They are 

) Gradual failure 

i) Sudden failure 
Gradual Failure: The failure mechanism under this category is progressive. 

that is as the life of an item increases, its efticiency decreases resulting in 

() increased expenditure for operating costs 

(11) decreased output of the machine 

(1i) decrease in resale value of the machine

Such situation arise in itens like cars. machines, trucks, automobile tyres, etc. 

Sudden Failure: This class of failure is not applicable to items that deteriorates 

wIith time but to items that fail suddenly after a period of use. But this period is 

not a constant but may follow a probability distribution which may be 

progressive, retrogressive or random. 

Progressive failure: Under this category, the probability of failure increases 

With the age of the item. For example such a thing occurs in electrical bulbs. 

automobile tyres, etc. 

Retrogressive failure: There are items having greater probability of failure in 

the early life and the chance of failure decreases as age increases. In otherwords 

the ability of the iten to survive the initial period of life increases its expected life. 

This types of failure occurs in aircraft engines. 

Random failure: There are items where in failure may occur randomly

independent of the age of the item. For example vacunn tubes in air-borne 

equipment have been shown to fail at a rate independent of the age of the tube. 

Preventive Replacement: There are items which may form a part of large 

complete systeni. IT any or he tem tails, then the entire system breaks down. The 

sudden failure ot scn tenis may result in loss of production. idle inventory, 

labour and other sc 
Tosses. If it is possible to predict as to when such item is 
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gng to tail then replac ing such item betore its lailure 1s possible prevailinuti he 
sudden breakdoWn ot the sy stem >uch a case I kOwn as preventiy 
replaceent 

Strhtegies of replacement: There are threc types o replacenent policies 
which tollow sudden failure mechanism 

They are (i) Replacement of an item as when it fails 

(i) Individual preventive replacement 

(1) Comnon preventive replacement. 

In the irst situation we conme across items which breakdown at differen 
times As and when they breakdown a new item is replaced or the old one s 

repaired This may arise in vacuunm tubes. Iransistors, ete. 
Indiv idual preventive replacement 

According to this an item lhas to be replaced immediately after its lailure or 

preventive maintenance is perlormed in it by know ing its optimum life. That is the 
item is replaced alter its known optimm ile period even though it may still 

survive 

Common preventive replacement: This strategy is applied for a system 
consisting of a grup of ilems 1 lere the individually failed items are replaced as 

and when they fail and all the items are replaced alter the optimal period. This 

situation Is also called group replaemeni 
Nevt our terest will be to determine the age of replacement of such items. n 

case of tems whieh deteriuraes w ith time we consider the following two situations 

(1) Replacemeit of itens whose maintenance cost inereases willh time 

and money vialue is not considered 

(ii) Replacement of tems Whose maintenance cost increases withh tume 

and money value changes with time 

We shall now derive tormula or replacenment of items in the above two cases 

For a machine. the maintenance cost always inereases with time and a stage 
comes when the nmantenanCe cost is So large. It is uneconomical to contunue ne 

item in service and hence we have to replace this item by a new one. Hence e 

have to determine the est age at which the replacement shonld take place 
Model TI 

Replacennent ot an ilem whose maintenanee cost increases with time " d 

money value is not changed. 

LetC he the cost of the item 

it he the operatng cost during the period r. rti ie the serap value (resale value) atter the period r 



which the averaye Is minimum. 

Example I: Following table grVes the running costs per year and resale price of a of a certain equipment whose purchase price Rs. 5,000. 

|4 5 
I500| 1600 1800| 2100 
3500 250u 1700 1200 

Year 
Running cost (Rs.) 

Resale value (Rs.) 
At what year is the replacement due? 

7 

2500 2900 3400 400K 
800 500 500500 

CA May 1985) 
Solution: 

Year fi) 
7, T 1S00 I500 3500 1500 3000 3000 

1600 3100 2500 2500 5600 2800 
I800 4900 7(X) 3300 8200 2733 
2100 700X) 200 3800 10800 2700 2500 9500 800 4200 13700 2740 
2900 12.400 500 4500 1600 2817 
3400 15,800 4500 20300 2900 

8 40X) 19,800 5OX0 4500 2430 3038 The average & cost reaches its mininmum value at the end of the 4th vear Hence the equipment should be replaced at the end of every 4th year. Example 2: The following table gives the costs per year and the resale vaiue of a 
certain equipment whose purchase price is Rs. 6500. At what age is the replacement due optimally. 

Ycar_ 3 
1400| 1 500 1700| 2000| 2400 2800 4000 30002200 1700 1300 1000 1000| 1000 

2 
Running costs (Rs.) 
Resale value (Rs.) 33003900 

-Solution: 

Year C-S1) 
1400 1400 4000 2500 39X) 3XX) I50X) 200 3000 3500 6400 20 700 4600 2200 4 300 2%7 

2850 
80 2000 1700 A8(K) 1400 240) I30X0 520X0 1420X) 280) | 1800 

550) 17300 2883 3300 15100 
20%AX) 2943 8 3MX) 1XXX) 10X) S5O) 2450) 3063 The average cost reacies ils in valuc at the end of the 5th s ear lence the equipment should be repliiceu al tne end ol sii year, i e., vhen its age is 5 



Replacement 

Eumple 3: he cost ot a machine is Ks 6100 and its serap value is k Ihe maintenance costs found Irom experience are as tollow s 

16.7 

1S T00 

Year 
Maintenance 
cOsts (Rs 

When should the nmachne be replaced' 
0 250 

01200 I600 2000 
Solution: 

Year L() sft) 

00 T00 100 6100 6100 
50 350 100 6350 3175 
400 750 100 6000 6750 S0 
6X0 1350 100 XX) 7350 1837 

2250 100 XX) 8250 1650 
1200 3450 100 9450 1575 
I600 5050 100 (AXX) I 1050 579 

8 
The average cost reaches its minimum value at the end of the 6th year The

machine should be replaced at the end of every 6th year. 

Example 4: A truck owner finds Irom his past records that the maintenance 

costs per year of a truck whose purchase price is Rs. 8000 are as given below: 

2000 7050 J0 13050 1631 

Year 
Maintenance cost 1300 17002200 2900 3800 4800 XX) 

cost (Rs 
Resale value (Rs) 400X) 20(0| 1200 0 S00 400 400 400 

Determine the time it is profilable to replace the truck 

Solution: 

s(1 
lear 

400X0 4000 5000 5000 1000 

1300 2300 2000 MXX) 8300 4150 

170X) 4000 1200 6800 12800 4267 

20X) 7400 |360X0 3400 2200) 
500 750) 16X) B320 91(X) 

38(0 12MX) 400 76000 20500 3417 

I80) 1770X) 40) 7600 25300 3614 
AMX) 23700 400 7600) 1300 3915 

The averac cost reaches s mininum value at the end of the 5th year. Hence 

the time of profitable replacenient is the end of 5th year. 
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Example 5: For a machine, the following data are available. 

0 4 6 
700 100 1400 1600 

1600 2000| 2600 

Year 
200 400 

Cost of spares (Rs.) 

| Salary of maintenance 

staft (Rs.) 
Losses due to 

break down (Rs.) 

Resale value (Rs.) 
Determine the optimum period for replacement of the above imachine. 

1200 20X) 1400 

700 1000 

2000 6000 3000 1S00 8X 400 400 
600 800 200 1600 

(CA Nov. 1987) 

Solution: Here f(t) 
= Cost of sparés Salary of maintenance staff + losses due to breakdown 

Year f) s( 

2000 2000 6000 6000 SO00 8000 

2400 4400 3000 9000 13400 6700 

2800 7200 1500 10500 17700 5900 
3600 10800 SO0 11200 22000 5500 

5400 
5467 

The average cost reaches its minimum value at the end of the 5th year. 
The optimum replacement of the machine is the end of the 5th year. 

Example 6: Following table gives the running costs per year and resale price 

4600 15400 400 1600 27000 
S800 21200 400 16X 32800 6 

of a vehicle whose purchase price is Rs. 5200. 

Year 2 

Resale valuc (Rs.) 
Running costs (Rs.)600 850 1000 12501400 1475 200 At what year is the replacenent due' 

3500 2700 1800 1000 850 600 425 

(ICWA Dec. 1985) 
Solution: 

Year f) 
3500 1700 2300 2300 850 1450 2700 2500 3950 1975 10X0 2450 1800 3400 5850 

1250 3700 4200 
1950 

1000 7900 
1400 S100 4350 

1975 
850 A50 

1475 6575 4600 1890 60 11.175 
20XX0 8575 TS63 425 4775 13,350 1907 The replacement is due at the end of 6 years 



Replacement 
Example 8: An equipment which costs Rs 15000 has to be replaced with new equipment The tollowing data has been estimated 

16.9 

Year 2 4 6 7 
Resale value 2000 9500 7500 5700 4200 39KO200 2000 
Annual maintenance 

G 8O 1050 1400 2100 3500 500o 6500 cost (Rs.) 
Ignore the time value of money and nflation 

Solution: 

s(t T T Year S(1) 

1200 30XX) 36) 360) 
140) 9500 5500 3450 

3317 
3288 

1050 2450 7S) 7500 9950 
140) 3850 5700 9300 13150 
2100 5950 4200 1080 16750 3350 

6 3500 9450 3) 100 20550 3425 
200 3793 1210 

1300)36250 
5000 14450 26550 

23250 200X) 4531 The average cost reaches its minimum value at the end ot the 4th year Hence 
the equipnent has to be replaccd at the end of the 4th year 

Example 9: An electro-nechanical equipment has a purchase price of 
Rs 

790) The running costs per ycar and resale values are given below 

5 6 
2300 20AX300) 35004100 4600 

Year 
Running cost (Rs.) 

Resale value (Rs.) 
At which ycar is the replacement due 

21K) 2100 

3KX)2200 16001400 700 700 700 
40X) 

(ICWA, Dec. 1986) 
Solution 

C eur 

2000 4000 500 
410) 4XX) 810 4050 

20%) A80) I1200 3733 2X) 
1600 S400 j 440) 3600 

120XX) 1400 76AX) 3520 
700 6300 1800 3633 1550X) 
70) 630) 5%) 3700 41( 

30) 305( 3813 700 2420% 
Tse avct age coost reachei is iinimu 

vauc at tic end of Sth vear 

44igottiETi! hias to be replaced at the end of 5th year 
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Example 10: The data collected in running a machine the cost of whih is R 

60,000 are given below 

Year 
Real value (Rs.) 
Cost of spares (Rs.) 

Cost of labour (Rs.) 
Determine optimum period for replacement of the machine 

14400 50 42.0000 20.0000 18400 

4270 4880 

1-4000 1G000| |80KXO| 2100%25000 
5700 4000 

ICWA, June 1990) 

Solution: 
T 

Yeur f 
18000 42000 60.000 60,000) 

180MX) 

38270 20000 58270 29135 
20270 

26517 
25563 

25850 

22880 61150 1S400 79550 

26700 87850 |14400 102250 

31800 4%00 9650 129250 

The average cost is minimum at the end of the 4th year. Hence tlhie machine 

should be replaced at the end of the 4th year. 

Example 11: (a) Machine A costs Rs. 9000. Annual operating costs are 

Rs. 200 for the tirst year and then increase by Rs. 2000 every year. Detemine the

best age at which to replace thhe machine. If the optimum replacement poliey is 

followed. what will be the average yearly cost ol owning and operatin tie 

machine? 

(b) Machine B costs Rs. 10,000. Annual operating costs are Rs. 400 tor the 

first year and then inereases by Rs. 800 every year. You now have a machine of 

ype A which is one year old. Should you replace it with B. If so wlien? 

Solution: (a) For machine A. 

Year fy -Sft) 

000 9200 9200 
200 200 

9000 11400 5700 
2200 2400 

5200 
5450 

4200 9000 1560X) 

6200 12800 9000 21800 

6XX) 
8200 21000 9000 300X) 

40200 10050 
10200 31200 000 

The average cost reaches ts minimum value at the end of the sru yca 

The machine A should be replaced at the end of every 3rd year. 
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b)For nachine B 

Hear 1) () s(1) C-sft) 

400 400 10000 10400 T0400 
1200 1600 I0000 1600 5800 
2000 3600 10000 13600 4533 
2800 6400 10000 16400 4100 
3600 10.000 10000 20,000 4000 

4067 4400 14400 24,400 6 10000 
The average cost reaches its minimum value at the end of the Sth year. Hence 

machine B should be replaced at the end of Sth year. 

Since the average yearly cost of machine B(Rs. 4000) is less than the average 

yearly cost of machine A (Rs. 5200), machine B should be replaced by machinc 
A. To find the time of replacement we have to compare the average cost of 

machine B with the yearly cost of A. For a one year old machine A, the yearly 

cost in the 2nd year is Rs. 2200, which is less than the average cost of machine B 

(Rs. 4000). Therefore continue machine A for the 2nd year. 
The average cost of machine A for the 3rd year is Rs. 5200 which is more 

than the average cost of machine B (Rs. 4000). . Replace machine A by 

machine B at the end of the 2nd year, that is when its age is two. 

Example 12: The data on the operating costs per year and resale prices of 

cquipment A whose purchase price is Rs. T0000 are given below: 

Year 2T 456 7 
1500 1900 2300 2900 3600 4500 5500 
5000 2500 1250| 600 400 400 400 

Operating cost (RS.) 
Resale value (Rs.) 

() What is the optimum period for replacement? 

(i) When equipment A is 2 years old equipment B, which is a new model 

for the same usage is available. The optimum period for replacement is 

4 years with an average cost Rs. 3600 should we change equipment A 

with that of B? If so when? 
(CA May 1986) 

Solution : 

/() T C- S( | ear f() 
1500 S000 5000 6500 6500 

1500 
3400 2500 7500 10900 5450 

190 

5700 1250 8750 14450 4817 
2300 

9400 18000 4500 
2900 8600 

9600 21800 4360 
3600 12200 

400 9600 26300 4383 
6 4500 16700 

5500 22200 400 600 31800 4543 
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Model 3: Replacement of items due to sudden failure 

Earlier we considered the models for replacement of an item which deteriorates with time and because of this the maintenance cost of the item increases with time. Now we consider the replacement of a item because of its sudden failure The sudden failure of an item (or items) may result in the complete breakdown of the system and hence there arises the need to determine a replacement policy. In Such cases two types of policies are followed. They are 

)Individual replacement policy 
(i) Group replacement policy 

According to individual policy the failed item is replaced immediately by a new item. For example in our houses we replace a fused bulb immediately by a new bulb. 

Group replacement policy: This policy is followed when we use a large number of items at a time in a system. 
Example: Number of light bulbs in a factory, number of transistors in a television or computer, etc. In such a situation the question of interest is to know when all the items should be replaced. We may know the probability distribution of life time of the items in the system. This may help us to determine the period of 

group replacement. The advantage of group replacement is that the cost of a item when the items are purchased in bulk will be much less than the cost of an individuals item. 

Let us now derive the optimal replacement period in the case of group replacement. 
Let N be the total number of items in the system. 
Let N, = Number of items failed during the ith period. i = 1, 2. 3.....(n-1) 
Let C= The cost of replacing an individual item. 

C The total cost per item in the case of group replacement. 
Cin) = Total cost of replacing the items (group replacement cost + individual 

replacement cost) in an interval consisting of n periods. 
Then C) = NC, +C|N,+N,+.N,-) 

***** () 
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From (5) we conclude that 

() Group replacement should be made at the end ot period n it the cost of 

Individual replacement for the nth period is greater tnan the average cost 

per period at the end of n periods. 

2) Group replacement should not be made at the end of nth period if the cost of 

ndividual replacement at the end of (n - 1)th period is not less than the 

average cost per period at the end of (n - ) periods. 

Example 1: Follow ing mortality rates have been observed for a certain type of 

luses. 

Week 
% failing before 

end of week 
There are 1000 fuses in use and it costs Rs. 5 to replace an individual fuse. If 

all fuses were replaced simultaneously it would cost Rs. 1.25 per fuse. It is 

proposed to replace all fuses at lixed intervals of time, whether or not they have 
burnt out, and to continue replacing burnt out fuses as they fail. At what intervals 
the group replacement should be made? Also prove that this optimal policy is 
superior to the straight forward policy of replacing each fuse only when it fails. 

15 35 100 75 

(C.A. May 1989) 
Solution: 

% failing % failing 

during the 
Prob. of 

failing 
dur ing the week 

0.05 

Week 

before the end 
f week Week 

5 10 0.10 
20 0.20 

4 5 0 0-40 
5 100 5 0.25 

Let P, be the probability that a fuse fails during the ith week. 
Then P, -0.05: P, =0.10; P,=0.20; P,=0.40 and P, =0.25. 
Let N, be the number of fuses failed during the ith week. 
Then N, I000 

N,P,1000x0.05 50 
NP+ N,P 

=1000x (0.10+50 0.05 100+2.5 » 102 
N, = NoP+N,P+ N R 

1000x 0.20+ 50x 0.10+ 102 x 0.05 
200+5+5-210 
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NGP'N,P, + N,P, N,P N 

1000 0.4+ 500.20+ 102 0.10+210 0.05 400 10 10 10.5 -430 

NPN, P; + N, P N,P + N, P 
N 

1000 0.25 + 50 040+ 102 x 0.2+210x0.10+430 0.05 
250+20+20+21 + 22-333 

When all the fuses are replaced the cost is Rs. 1.25 per fuse. Let us calculate 
the total cost of group replacement. 

End of 
weck 

Total cost Average cost 

per week 
1000x 1.25+ 50x 5 
1250+250 15000 

1550 

1500 102 x5 
1500+510-2010 

2 

1005 
2010+210x5 
2010+ 1050-3060 1020 

4 3060+430x5 

-3050+2150 5210 1302.50 

5210+333x5 

5210+1665=6875 1375 
The average cost has reached its minimum value at the end of 2 weeks. 

Group replacement period is 2 weeks. The minimum average cost per 

week is Rs. 1005. 

In order to show that this optimal policy is superior to individual replacement 

policy we have to calculate the average cost of individual replacement. First let 

us find the average life time of a fuse. 

| Week Probability Expected life 
of failure 

0.05 0.05 

0.10 020 

0.20 0.60 

040 1.60 

0.25 1.25 

3.70 

1000 
270 

Average number of fuses failing per week 
3.7 

Total average cost of individual replacement 270x5 Rs. 1350 

Comparing this with the average cost of group replacement we find that the 

SrOup replacement policy is superior to individual replacement policy. 
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type 
Example 2: The following failure rates have been observed for a certain tvn 

of transistors in a digital computer 

7| End of week 
Probability of 

failure to date 
The cost of replacing an individual failed transistor is Rs. 1.25. The decision 

is made to replace all these transistors simultaneously at fixed intervals and to 

replace the individual tansistors as they fail in service. If the cost of group 
replacement is 30 paise per transistor what is the interval between group 

replacement ? Is it preferable over individual replacement policy?? 

0.05 0.13| 0.25 043 0.68 088| 096| 10 

(C.A. May 1981) 
Solution: 

Let P, be the probability that a transistor may fail during the ith week. Then 
the probability distribution of failures is given below: 

WeekCumulative probability Probability P,| 
0.05 0.05 
0.13 0.08 
025 0.12 
043 0.18
0.68 0.25 

6 0.88 020 
7 0.6 0.08 
8 1.00 0.04 

Assume that 1000 transistors are in use. Let N, be the number of failure during the ith week. 

1000 

NgP = 1000 x 0.05 = 50 

N, NgP + N,PR 

1000x 0.08+50x 0.05=82 

N NoP +NP +N,R 
1000x 0.12 +50x0.08+82 x 0.05 = 128 

N NgP + NP +N,P + NsR 
1000x 0.18+50x 0.12 +82 x 0.08+128 x 0.05 = 199 

N NoP + N, P +N^P^ + N;P +N,P 
1000x 0.25+ 50x 0.18+82x0.12+128 x 0.08+ 199 x 0.05 281 
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16.33 Similarly we can calculate Ng, N,.Ng 
N=272 
Ny = 194 

Ng = 195 
Cost of group replacement 

Week Total cost 
|Average cost T000 x 0.30 +50x 1.25 363 nearly 363 

363+82 x 1.25 465 232.50 3 465+128 x 1.25 625 208.30 

625+197x 125 = 874 218.50 The average cost per week reaches its minimum value at the end of 3 weeks 
The period of group replacement is 2 weeks and the minimum cost per week is Rs. 208.30. 

Let us compare it with individual replacement policy. 
First let us calculate the average life time of a transistor. 

Week Probability|Average life time 
005 0.05 
0.08 0.16 
0.12 036 
0.18 0.72 
025 125 
020 120 
0.08 0.56 
0.04 0.32 8 

4.62 

= 4.62 weeks 
Average life time of a transistor 

1000 
216 Average number of failures per week 

4.61 

.' Average cost of individual replacement 
Comparing the average cost ot nGividual replacement with that of group 

replacement we find that group replacement is preferable. 

Rs. 216x 1.25 Rs. 270 




