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RE%@&EWE UNIT- V ReplaCEH:llént

In real “‘1"-' ‘_“-’ “_“"t‘ 'ﬂL‘_TUSSHH Inum_her of situations wherein items are to be
replaced ITCLL1115:: of their mefficiencies to serve economically or hccau;; (,L,
sudden 'Imlurc or break dl.l'“'l'lb. Hence there is a need 1o dé[enninu 4 mos
economical replacement policy which will help to serve most efficientlv. Generall:
we come across such replacements tor machines. trucks. electric h'ths. fuses
etc.. and in problems of mortality and staffing.
There are two tvpes of failures that are considered in replacement theon
They are '
(1)  Gradual failure
(i) Sudden failure
Gradual Failure: The failure mechanism under this category 1s progressive.
that is as the life of an item increases, its efficiency decreases resulting in
(i) increased expenditure for operating costs
(i) decreased output of the machine
(iii) decrease in resale value of the machine
Such situation arise in items like cars. machines, trucks. automobile tvres, etc.
Sudden Failure: This class of failure is not applicable to items that deteriorates

with time but to items that fail suddenly after a period of use. But this period is

not a constant but may follow a probability distribution which may be

progressive. retrogressive or random.
Progressive failure: Under this category, the probability of failure increases
with the age of the item. For example such a thing occurs in electrical bulbs.
automobile tyres, elc.
Retrogressive failure:
the earlv life and the chance of fatlure decreases as _ It
the abilin of the item to survive the initial period of life increases 1ts expected lite.
This types of fatlure occurs in aircralt engines.
Random failure: There are items where
independent of the ase of the item. For example vacum |
equipment have been shown to fail at a rate independent of [ | —
Preventive orm a part ot 1dis

enl.

lity of failure in

There are items having greater probabt |
ords

qge NCreases. In otherw

in failure may occur randomlIy
acum tubes mn air-borne
e age of the tube.

Replacement: There are items which may 1 .
It any of the item tails, then the entire svstem hreaks down. The
¢ such items may result in loss of production. idle inventory,
- o predict as to when such e

complete sy
sudden failure ©
labour and other suc

T BE
h losses. It is possible L
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omg to tal then replacing such item belore its Larlure s possible Prevanling i,

adden breakdown ol the svatem Such a case 15 known s preventyy .,
replacement

Strategies of l‘cphiﬂ'lllclll: There are threce types ol replacemen Policyes
which tollow sudden failure mechanism

Fhey are (1) Replacement of an item as when it fails
() Individual preventive replacement
(n) Common preventive replacement.

In the hirst situation we come across tems which breakdown a differen
times - As and when they breakdown a new item is replaced or the old one 1.
reparred. This may anise o vacuum tubes, transistors. et
Individual preventive replacement

Aecordmg to this an tem has 1o be replaced immediately after ns failure o
preventive mamtenance is pertormed in it by knowing its optimum life. That is the
Hem s replaced after ats known optimum life period even though may stll
SUrvive

Common preventive replacement: This sirategy s apphied for a svstem
consisting oba eroup ot items Here the mdividually faled ems are replaced as
and when they fail and all the items are replaced after the optimal period. This
situation s also called eroup replacenment

Nentour mterest will be to determine the age of replacement of such items. In
casc of items which deterorates with time we consider the following two situations

(1) Replacement of items whose maimtenance cost increases with time
and money value 15 not considered

() Replacement ot items whose maintenance cost increases with time

and monev value changes with time

We shall now derive tormula tor replacement of jtems in the above two €ase

For a machine, the mamtenance cost always mereases with time and a s1age
comes when the mamtenance cost s so laree It i« uncconamical to continue the
item i service and henee we have 1o replace this item by anew one Henee W
have to determime the best ave at which (he repl '

Model |
Replacementolan item whose mainte
money valueis not changed.

acement shonld take place

nance cost increases with time and

| ot C be the cost ol the nem

fer e the operating cosy during e

ol period
vil W' ‘ | E A T " g .
criap value (resale value) after the period ¢
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which the average 1s minimum )

Example I: Following table gives the running costs per year and re

sale price o |
certain equipment whose purchase price Rs 5,000

Year | 2 } 8 5 f)
Running cost (Rs ) 15000 1600 | 1800 | 2100 | 2500 20(X)
Resale value (Rs. ) 350002300 [ 1700 | 1200 | 800 SO0

Al what vear is the replacement due”
(CA May 1985

Solution:

Year fit) 2f (1) S(t) - 80t !/ [ 1
[ 1500 1500 3500 1500 3000 3000
2 1600 3100 2500 2500 5600 2800 1
3 1800 4900 [7(4) 33000 8200 2733 |
2100 7000 1200) 3800 | 10800 [2700]

S 2500 930X 80X 200 | 13700 2740
6 2900) 12.400 SO0 4500 | 16900 2817
7 340x) 15.800 S(0) 4500 | 20300 20(0)

8 4000 19.800 SO0 4500 | 24300 3038

The average & cost reaches its minimum value at the end of the Jth vear
Hence the equipment should be replaced at the end of cvery dth vear

Example 2: The tollowing table gives the costs per year and the resale value of 4

certain equipment whose purchase price is Rs 6500 At what age is the replacement
due optimally.

Year e ] 5 o 7 8]
Runnin;,- Costs (Rs ) 14001500 | 1700) 2000 [ 2900 2800 13010) ‘uuﬂ
Resale value (Rs. ) 100013000 | 2200 [ 1700 13001 1000 | 1000 IHIJ”J
- -
Solution:
Year 1t 2 (r) Yy CoNP1) A T J
| 140) 400 4NN 2S(K) 39(X) N
2 I SOK) 2000 300K) 35(0) OA(X) 3200
3 | 7(M) A600) 22(0) d3(0N) SHN) 2067
4 RIVY Y OOOX) 1 700) A8(X) | 1400 KA
24000 XN I 300) S2000 | 1200 (3570]
6 80 I 1800 1O S50 1 7300 883
7 1K) 51040 (M N ) S5O0 200040 RONR:
8 100 XK 1000 SS(N) 24500 061

Ihe aver: ¥ ’L cost reaclies its M . e

l I|I|, l.IIl.l lll lflt Sth MU H ll‘L'T'ILt-'
the equipment should be replaced at the end o) <), yearore

- When its aee s S
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Example 32 The cost ot a machine |<N

S O and 11«

[he mamtenance Costs found trom experience

-

Yeal

erap valye |
AT as lollow <

S Rs

1

'Maintenance T = 7 | 8§
COsts (Ks ) [ S i) AN O J | |
 Hindiimaii . i o LY |:III ) :
When should the machine be replaced” - “_d—”'Liﬂj
Solution:
Year i) 21 () 5(t) C-sft) _;' T
{ ll‘ll [(X) 100 OO0 6100 6100
! 230 330) 10X) OO0 6350 3175
) 400 730 10X (UK (7 M) 2250
} o0 1350) 100 6000 7330 1837
5 AN 2050) 1) (UNK) 8250 1650 |
§) LK) 3450 100 (N 9450 l_‘??."\l l
7 165X 5050 1(X) o000 | 11050 1579 |
8 2000 7030 1K) G000 | 13050 1631 |

Ihe averace cost reaches its mimimum value at the end of the 6th vear The
machine should be replaced at the end of every 6th vear

Example 4: A truck owner finds from his past records that the mamntenance
Costs per vear ol a truck whose purchase price is Rs. 8000 are as given below

| he averd;
the time of pf'ntlt

¢ cost reaches its mimimum value at the end of the 5th year. Hence
rable replacement is the end of Sth year

Year | 2 ) J 3 6 B § ]
| Maintenance cost LOOO | 1300 | 17001 22001 2000 | 3800 | 4800 | o0 ;
cost (Rs ) 1||
Resale value (Re 1| 4000 [ 2000 1200 600 | 500 | 400 | 400 | 400 |
_“.l)uiurmim: lh;l;l;w it 1s profitable to replace the truck
Solution: -
i }11‘”-_“ J(,f”J LAt Nl CoNet A f:_
B 100 [0 4000 4000 SO00 S000
o 1200 2500 2000 (LNN) 8300 4150
X 1700 Q000 | 1200 | 6800 | 12800 1067
A 2200 (200 o0 | 7400 | 13600 3400
3 IO 10 SO0 T30 | 16600
6 3800 | 29 400 7600 | 20500 317
7 4800 1 7700 400 o0 | 25500 ,‘mi-f
- 00 25700 400 7600 [ 31300 3915 |
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Example S: Fora machine, the following fata are -':l\Lllldhli]:‘. i o
e 0 | 2 ‘ 0
C““' re—Ty 500 | 400 | 700 | 1000 | 1400 | 1600
0st Of Spares tiks. = : 3 .
Salary of maintenance - 1200 1200 | 1400 | 1600 | 2000 | 2600
staff (Rs.)
Losses due to
break down (Rs.) 600 800 700 1000 | 1200 [ 1600 .
Resale value (Rs.) 12000 [6000 | 3000 | 1500 ] 800 400 |
Determine the optimum period for replacement of the above machine.
(CA Nov. 1987)
Solution: Here f(t)
= Cost of sparés - Salary of maintenance staft - losses due to breakdown
Year fie) (1) s(t) c—8(1) I I
I 2000 2000 6000 6000 8000 8000
R, 2400 4400 3000 9000 | 3400 6700
3 2800 7200 | 500) 10300 17700 5900
4 3600 10800 800 1200 22000 5500
3 600 15400 400 | 11600 | 27000 (5400]
6 5800 21200 400 | 1600 32800 5467

The average cost reaches its minimum value at the end of the Sth vear.
- The optimum replacement of the machine is the end of the Sth vear.

Example 6: Following table gives the running costs per vear and resale price
of a vehicle whose purchase price is Rs. 5200,

Year | 2 3 1 5 7
'Resale value (Rs.) 3500 | 2700 | 1800 1000 | 850 600 425
'Runninge costs (Rs) | 600 | 850 | 1000 | 1250 | 1400 | 1475 | 2000 |
Al what year is the replacement due”
- IC 5
Solution : et
Year fit) () St Cosit) T T
| &_l(} 600 3500 1700 2300 1300
2 830 450 | 2700 2500 | 3950 1975
3 1000 2450 1800 00 | 5850 1950
4 1250 3700 1000 200 [ 7900 1975
5 1400 S100 830 4350 | 9450 ;:;b
1475 6575 &0 1600 | 1 -
- b A75 1863 |
) 20000 8575 425 4775 13.350)
I'he replacement is due at the end of 6 vears ‘—‘_-—_'““"‘-——1-9—0?_
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Example 8: An equipment which costs Rs 15000 has 1o

new equipment  The following data has been estimated

be replaced with a

Year 1 2 3T 41T T 17 77 —?—r"—*-]
Resale value 12000 1 95001 7500 | s700| 4200 Y0 | 2900 rx rt
I,a'lmnu::tl maintenance —
lcost (Rs.) BOO | 1050 [ 1400 2100 | 3500 | 5000 IG‘-U:!
Ignore the ime value of money and inflation -
Solution :
[m fry i) (1) c-5(t) I }"i
o o) 6| 12000 30000 360X) WK
| 2 8% 1400 | 9500 5500 | 6900 3450
| 3 1050 2450 T500) T506) 9950 3317
1400 ®50 | 5700 9300 | 13150 3288
5 2100 5950) 42(0x) | OROK) 16750) 1350
6 31500) 9450) 3 L1100 20550 3425
7 SO0n) 4450 200 [ 2106) 26550 3793
| 8 6EN) 3250 J00N) 13000 | 36250 4531

I'he average cost reaches its minimum value at the end of the Ath vear Hence

the equipment has 1o be replaced at the end of the 4th vear

Example 9: An clectro-mechanical equipment has a purchase price of R
7006 The running costs per vear and resale values are given below

e ———— —

rear _'J T _1{ -i_ T i L % v T [
Running cost (Rs.) 2001200001 2300 2600 | 5000 | 3500 | 4100 | 4600
HKesale value (Rs.) A0 | 30001 2000 [ 1600 | 100 | 700 | 700 | 700
A which vear 1s the replacement due”
(TCWA Dec. 1986)
Solution : o
"' Yeir 111 v 5(1) =, s T ]
r ) e WA UNH) SONH) AN
} ) 2100 4100 000 K K100 4050
L 23000 GUn |00 4800 | 11200 3733
= WhN) KA [ 64X) A0 1 4400) 600
! UK | AN 1400 AN 1 7600 (350
. ; 605, | 2800 700) , WK) RN 3633 |
7 11001 [ (AN | 700 6H306) TN 370x) !
. i) 24200 | 700 6300 30500 | ELIENY
’ Crmnimum value at the end of sth vear Hence Ih,

RITF Y -r:.m cersl reache

{ Sth vear
be repls fwi at the end 0

)
eriiprnen! bias Moy
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Example 10: The data collected in running a machime the cost ol wingh 1« g

60.000 are given below

R s D ——

| 3] 3 4 -

Year D :
Real value (Rs) 12,000 | 20000 | 18400 | 14001 9050

Cost of labour (Rs)) | 14000 | GO0 ..L'H‘“_l,]_ 2.“”1 . 3‘:'!“

Determine optimum period for replacement of the machine
(HC WA June 199,

Solution:
Year i S/ cos(1) / I
| | 8OO0 18000 | 42000 | 60.000 | 60.000
2 20270 38270 | 20,000 58270 29135
3 22880 61130 | 8400 79330 26517
26700 g7850 | 113400 | 102250 | [ 25565
3 31800 49600 9630 129250 25850

I'he average cost 1S minimum at the end of the dth vear Hence the machine
should be replaced at the end ol the Ath year.

Example 11: (a) Machine A costs Rs. 9000. Annual operating costs are
Rs. 200 for the first vear and then mcrease by Rs. 2000 every vear Determine the
best age at which to replace the machine If the optimum replacement pohcy o
followed. what will be the average yearly cost of ownmg and operating the
machine”

(b) Machine B costs Rs. 10.000. Annual operating costs are Rs 400 tor the
first vear and then increases by Rs. 800 every vear You now have a machine of
tvpe A which 1s one year old. Should vou replace it with B. If so when?

Solution: (a) For machine A,

Year | s | () | s (1) 1 7, |
| 200 00 9000 | 9200 TET|

2 22(0) 2400 OO0 11400 <7(N)
3 4200 6O NN 156(X) |
! 6200 12800 - o000 | 21800 430 |

3 8200 21000 - o000 | 30000 LY
6 10200 31200 9000 | 40200 10030_|

A

Ihe average cost reaches its minimum value at the end of the 3rd yedr

The machine A should be replaced at the end of every 3rd vear



Jeenli ‘ment

|E‘T|]t-.

rmachme B

._HH

Yoear fit) C—5f1) ." _
400 400 10000 | 10400 10400
2 1200 1600 10000 | 1600) S8(0X)
| 3 2000 SO0 - 10000 1 36(X) 4533
4 2800 6400 0000 | 16300 4100
3600 10,000 10000 | 20,000 4000
6 +400 14400 10000 | 24400 4067

['he average cost reaches its minimum value at the end of the Sth year. Hence
machine B should be replaced at the end of Sth year. -

Since the average yearly cost ol machine B (Rs. 4000) is less than the average
vearly cost of machine A (Rs. 53200). machine B should be replaced by machine
A. To find the time of replacement we have to compare the average cost of
machine B with the vearly cost of A. For a one year old machine A, the yearly
cost in the 2nd vear is Rs, 2200, which is less than the average cost of machine B
(Rs. 4000). Therefore continue machine A for the 2nd year.

I'he average cost of machine A for the 3rd year is Rs. 5200 which is more
than the average cost of machine B (Rs. 4000). - Replace machine A by
machine B at the end of the 2nd vear; that is when its age is two. |

Example 12: The data on the operating costs per year and resale prices of
equipment A whose purchase price is Rs. 10000 are given below:

Year I 2 3 4 5 § 7
Operating cost (Rs.) 1500 | 1900 | 2300 | 2000 | 3600 | 4500 5500
| Resale value (Rs.) 5000 | 2500 | 1250 600 | 400 | 400 | 400]

(i)  What is the optimum pu*iod for replacement?
(ii) When equipment A is 2 years old equipment B, which is a new model
for the same usage is available. The optimum period for replacement 1s
4 vears with an average cost Rs. 5600 should we change equipment A

with that of B? If so when”

(CA May 1986)
Solution :
Year i) (1) s(1) c—5(t) T T
| 1500 1500 5000 5000 63500 6500
L 19X 3400 2500 7500 10900 5450
3 2300 5700 1250 8750 14450 4817
;l 2000 8600 600 9400 1 8000 4500 |
3 12200 400 0600 | 21800 1360
tLH :lﬁ[IJ 167(X) 400 9600 26300 4%8;‘:
7 5500 22200 400 9600 | 31800 4543
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Model 3 : Replacement of items due to sudden failure 9

Earlier we considered the models tor replacement of an item which deteriory,
with time and because of this the maintenance cost of the item INcreases, Wit

time. Now we consider the replacement of a item because of its sudden failur,
I'he sudden failure of an item (or items) may result in the complete breakdowy, of
the system and hence there arises the need to determine a replacemen policy 1y,

such cases two types of policies are followed. They are
(1) Individual replacement policy
(i) - Group replacement policy
According to individual policy the failed item is replaced
new item. For example in our houses we replace a fused bulb

immediately by 4
immediately by a

new bulb.
Group replacement policy: This policy is followed when we use

of items at a time in a system.

Example : Number of light bulbs in a factory, number of transistors in a
television or computer, etc. In such a situation the question of interest is to know
when all the items should be replaced. We may know the probability distribution
of life time of the items in the system. This may help us to determine the period of
group replacement. The advantage of group replacement is that the cost of a item
when the items are purchased in bulk will be much less than the cost of an
individuals item.

Let us now derive

replacement.
Let N be the total number of items in the system.

a large number

the optimal replacement period in the case of group

Let .V, = Number of items failed during the thperiod, 1 =1.2.3 (n—1)
Let €, =The cost ofreplacing an individual item.
Cy =The total cost per item in the case of group replacement.

]

C{n) =Total cost of replacing the items (group replacement cost + individual

replacement cost) in an interval consisting of n periods.

Then Cln) = NC, + [N, + N, 4. +N, ]

e
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From (5) we conclude that

» made : .« end of period n it the cost o
(1) Group replacement should be made at the end ot | ]

» - T ¥ . ldoe ¢ .
individual replacement for the nth period 1s greatel than the average cost
per period at the end ot n periods.

(2) Group replacement should not be made at the end ot nth period it the cost of

individual replacement at the end of (s — 1)th period is not less than the

average cost per period at the end of (n — 1) periods

Example 1: Following mortality rates have been observed for a centain lvpe of

luses o i S
Week | 2 3 4 5
% failing before ) _
end of week 3 15 35 75 100

There are 1000 fuses in use and it costs Rs. S to replace an individual fuse, [
all tuses were replaced simultaneously it would cost Rs. 1.25 per fuse. It s
proposed to replace all fuses at fixed intervals of time, whether or not they have
burnt out, and to continue replacing burnt out fuses as they fail. At what intervals
the group replacement should be made? Also prove that this optimal policy is
superior to the straight forward policy of replacing each fuse only when it fails,

(C.A. May 1989)
Solution:
Week % failing % failing Prob. of
before the end during the Jailing
of week week during the week
I 5 5 0.05
2 15 10 0.10
3 35 20 020
4 75 40 040
5 100 25 025

Let P, be the probability that

a fuse fails during the ith week.

Then P =0.05; P,=0.10:P =0.20; P,=0.40and P.=0.2s.

Let N, be the number of fuses failed during

the ith week.

Then NU 1000
N] N”PI ~ 1000 % 0.05 = 50
N: = NyP 4+ NP
— 1000 <010 +50 . 0.05=100+25= 10>
N —

"‘l'uﬂt + .-\"r] ‘P, + _\'_1_ PI

o
5

1000 = 020 - SO=010+102 « 0.05
= 200+45+5=210
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N, \f‘l-xl;*.\_,n_\,.
1000 04 4 <020+ 102 -0
<> 010+ 2 L
400+ 10 - 10 ““ 0 10+ 210« 0.0
N \ ;"..'\_}H;\I‘i-_,\_‘p‘,}.i}ul
1000 <025+ 50 - n4n >
25042020 +.2] + : :Lfi <02+ 2100104430 - 005
When all the tuses are replaced llu: cosl 5
l is Rs. 1.25 per fuse. Let us calculate
the total cost ol group replacement. e SisRcasibsteline
[End of lotal cost dverage cost
week per week

1 1000 = 1.25+50 « 5 1550
= 1250+ 250 = 15000

2 1500+ 102 x5
= 1500 +510=2010 1005

3 2010+ 210 %5
=2010 + 1050 = 3060 1020

4 3060 +430 x5
=3050+2150=5210 1302.50

5 5210+ 3335
=5210+ 1665 = 6875 1375

The average cost has reached its minimum value at the end of 2 weeks.
. Group replacement period is 2 weeks. The minimum average cost per
week 1s Rs. 1005
[n order to show that this optimal policy is superior to individual replacement
policy we have to calculate the average cost of individual replacement. First let

us find the average life time of a fuse.

| Heek Probability Expected life
of railure
| 003 005
2 0.10 020
3 020 0.60
4 0.40 |.60
5 025 1.25
370
. s e failino per wee ;1%]:2?0
Averace number of fuses failing perw ech 37

Total average cost of individual replacement = 270 x 5 =Rs. 1350
age cost of group replacement we find that the

Comparing this with the aver
individual replacement palicy.

eroup replacement policy is superior 10
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_ Example 2: he following failure rates have been obscrved for a certain type

of transistors in a digital computer

s
—

(]

N

3

| ¥

End of week ‘ |
robability of
[Trnhd it 0131025 1043 [068 | 0.88

. , 5 10
fatlure to date 0.0 — : T =
The cost of replacing an individual failed transistor is Rs. 1.25. The decis, o

is made to replace all these transistors simullum:nusly at ﬁ.\:::d inlt.:nrals_and to
replace the individual tansistors as they fail In service. It the cost of group
replacement is 30 paise per transistor what 1s the lnler\.f'al between group
replacement? s it preferable over individual replacement policy?

(C.A. May 1981)

[

Solution:
Let P be the probability that a transistor may fail during the ith week. Then

the probability distribution of failures is given below:

| Week | Cumulative probability Probability P

] 0.05 0.05

2 0.13 0.08

3 0.25 0.12

4 043 0.18

5 0.68 025

6 0.88 020

7 0.96 0.08
L8 10O 0.04

Assume that 1000 transistors are in use. Let NI be the number of failure during
the ith week

N, = 1000
No = NP =1000x 005 =50
N, - NP+ N
= 1000 % 0.08+50 % 0.05= 82
Ni = NeP+ NP + Ny A
~ 1000x0.12+50% 0.08+82 x 0,05 = 128
N, =;%ﬁ+Mﬂ+Mﬂ+Nﬂ
- lﬂdeM8+50x0J2+&2x&08+HBxDﬂS=Im}
N, N NGPS*“N!P-I+N:ﬁ+:\’3f’:+N4ﬂ

1000025450 018+ 82 %012 + 128 x 0,08+ 199 . 0.05
- 98] _
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Replacement

—— 16.33
Similarly we can calculate N, N, N
i T .0V g
N, =272
N, =194
Ny =195
Cost of grou P replacement
We e ,

eek Total cost Average cost

! 1000030 +50 % 125 = 363 nearly | 363

2 363+ 82 1.25 = 465 232 50

3 465+ 128 % 125 = 625 208.30

4 0254197 x 125 = 874 21850

T'he average cost per week reaches its minimum value at the end of 3 week«

The period of group replacement is 2 weeks and the minimum cost per
week is Rs. 208.30.

Let us compare it with individual replacement policy.
First let us calculate the average life time of a transistor.

Week Probability | Average life time
| 0.05 0.05
2 0.08 0.16
3 0.12 0.36
4 0.18 0.72
5 025 125
6 020 120
7 0.08 0.56
8 0.04 032
462
Average life time of a transistor = 4.62 weeks
. o 1000
Average number of failures per week = 26l - 216
Average cost of individual replacement = Rs. 216 x 1.25=Rs. 270

Comparing the average cost of individual replacement with that of group
omparing

placement we find that group replacement is preferable.
rc P .

——





